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1�K. y²: l?¿ 9 �ØÓ�¢ê¥�±ÀÑo�ØÓ� a, b, c, d, ÷

v

(ac+ bd)2 ≥ 5

6
(a2 + b2)(c2 + d2).

(uH���Æ¥ìNá¥Æ 4�< øK)

y² (�â�g¥ÆÜèÓÆ�)��n):

du��k 9 �¢ê, ·��±�ÑÙ¥ 8 � x1, y1, x2, y2, x3, y3, x4, y4, ¦

� xi � yi ÓÒ, �Ø�� |xi| ≤ |yi|. �ÄéA�o��þ ui = (|xi|, |yi|), §�

�Ì�þ3 [0, 45◦] �m. dÄT�n, �3 ui � uj, §��Y� θ ≤ 15◦. -

a = xi, b = yi, c = xj, d = yj, K

|ac+ bd| = |xixj + yiyj| = ui · uj = |ui||uj| cos θ,

Ïd

(ac+ bd)2 ≥ (a2 + b2)(c2 + d2) cos2 15◦ =
2 +
√

3

4
(a2 + b2)(c2 + d2).

ù'�y²�(Ø�r. �

µ5 (1).����N¥g��, À��âÆ�Û�Ð, �H��N¥4Ù

(, är¥ÆÙ9z,  (�Ú�fS�ÓÆ±9�H�â�¥ìè��Ñ


�K��()�.

(2).þ¡��{��±U?. k,��ÓÆ�±ïÄ¦�Ø�ª¤á��

`~ê.

1�K. � p > 3 ´�ê. y²: |Üê
�
3n
n

�
H{ (mod p) ����{X.

(MÃ�Æ+¡) øK)

y² (�âär¥Æ4ó¤ÓÆ�)��n):
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A^ Lucas ½n��é?¿��êm,n, t, �� pt > 3n Òk 
3ptm+ 3n

ptm+ n

!
≡
 

3m

m

! 
3n

n

!
(mod p).

u´ {
�
3n
n

�
} � p �{ê8Ü A 3¦{eµ4. du ap−2 ≡ a−1 (mod p), A ¥

�"��3Ø{e�µ4.

�y A = {0, 1, 2, . . . , p − 1}, ·�^8B{. w, 0 ∈ A, 3 ∈ A, Ïd

3/3 = 1 ∈ A. é p > 3, Kd Lucas ½n�
� 3p+3

2
p+1
2

�
≡ p+3

2
(mod p). u´ p+3

2
∈ A,

l
 (p+ 3)/(p+3
2

) = 2 ∈ A. b�·�®k 0, 1, . . . , k− 1 ∈ A, Ù¥ k ≥ 4. XJ

k ´Üê, @od¦{µ45�� k ∈ A. ¤±b� k > 3 ´�ê, � k = 3n+ 1

½ 3n + 2. d��Ä
(3n+3

n+1 )
(3n

n )
= 3(3n+1)(3n+2)

2(n+1)(2n+1)
∈ A. 5¿� n + 1 < 2n + 1 < k, Ï

d©1 2(n+ 1)(2n+ 1) ∈ A. 
©f´ 3k(k ± 1) = 6k · k±1
2

, Ù¥ k±1
2
< k áu

A. u´^¦Ø{µ45·�ÒUy² k ∈ A. �

µ5 (1).är¥Æ���, �VW±9�H��N¥4Ù(ÓÆ��Ñ


�K��()�.

(2).k,��ÓÆ�±ÁXy²dK�(Øé��ê��¤á. ����

��ê, 8c�`�(Ø´ Erdös, Graham, Ruzsa Ú Straus 3 1975 c���:

é?¿ØÓÛ�ê p, q, �3Ã¡õ���ê n ¦�
�
2n
n

�
� pq p�. ·�$�

Ø��´Ä�3Ã¡õ���ê n ¦�
�
2n
n

�
� 105 p�—– Graham øy 1000

{7)ûù�¯K.

1nK. Xã,34ABC ¥, AC > AB,LS% I

� AI �R���� BC uK. E,F ©O3 BA,CA

�ò��þ, ¦� BE,CF þ�u4ABC ��±�.

y²: EF � AK.

(2Ü�² ©� øK)

y² (�â�g¥ÆÜèÓÆ�)��n):

�y EF � AK, ��y ∠AEF = ∠KAB. 


∠AEF + ∠AFE = ∠KAB +KAF,

��Iy:
sin∠KAB
sin∠KAF

=
sin∠AEF
sin∠AFE

. (1)
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·�k

sin∠KAB
sin∠KAF

=
sin∠KAB
sin∠KAC

=
KB

KC
· AC
AB

=
IB · sin∠KIB
IC · sin∠KIC

· AC
AB

=
IB · sin C

2

IC · sin B
2

· sinB

sinC

=
IB · cos B

2

IC · cos C
2

=
p− b
p− c

=
AF

AE
=

sin∠AEF
sin∠AFE

.

(2)

u´ (1) ª¤á, ·K�y! �

µ5 þ°E�N¥�Ë©����, þ°½ï²¥Æ.Ùõ, �®o¥�

��, úô�L�¥Æ�h¥, úô��ì{1n¥Æ�f®, úô�è²�¥

fðÀ, úô�É²�¥4Ó�, XÀp?¥ÆÜ�¤, ����N¥g��,

À��âÆ�Û�Ð, �H��N¥4Ù(, �â½�¥Û��, ÇVË, är

¥Æ4ó¤, �VW�ÓÆ��Ñ
�K��()�.

1oK. �½��ê n > k ≥ 2. n ��*l�¤��, ¦�z<Ñkm º

ØÓôÚ�lf. ¦��� m = f(n, k), ¦�ÃØ�Ð©u�lfôÚXÛ,

ÑU4z��*l�þ�º¦�lf, ¿�?¿ëY k ��*l�lfôÚp

Ø�Ó.

(MÃ�Æ+¡) øK)

y² (�âøKö�)��n):

�Y´m = d n
bn/kce. 7�5éN´: d^�, z«ôÚ�lf�õ� bn/kc

�<�, Ïd��o�k n
bn/kc «ØÓôÚ.

�y¿©5, ·�Äky²�I�Ä k | n ��¹. b�·�®²y²@�

��z�<k k ºlfÒ�±¦ëY k �<�lfôÚpØ�Ó. é���

n, k, XJ k - n, K

m ≥ n

bn/kc
>

n

n/k
= k.

·�3·�� �\�
< (lfôÚ�¿), ¦�o�kmbn/kc �<. d

uz�<km ºlf, 
m �Ømbn/kc, 3dö��·��±¦ëYm �<
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�lfôÚpØ�Ó. ��y�5 n �<¥ëY k �<�ôÚpØ�Ó, ·�

��·�/\<, ¦��5?¿ëY k �<Ñ3ö���,ëYm �<¥. �

d, - t = mbn/kc − n < bn/kc L«I�\�<ê. ·��±3�5 n �<¥

é� t �<, ¦�z�<�e��<�^��ålþ� k, 
����<�1�

�<�ål��´ k. XJ3ù t �<�^���¡�\��<, KØJwÑ�

5?¿ëY k �<Ñ3ö���,ëY k + 1 �<¥.

e¡·��Ä k �Ø n, 3d�¹ey²�z�< k «ôÚÒv

. -

Ai ⊂ N L«1 i �<�ôÚ8Ü. �Ä±e�õ�ª:

P (x1, . . . , xn) =
nY

i=1

k−1Y
d=1

(xi − xi+d).

ù�·�r�K=z�±e�ê¯K: b� k | n, Ké?¿�k�8Ü

A1, A2, . . . , An, �3 xi ∈ Ai, 1 ≤ i ≤ k, ¦� P (x1, . . . , xn) 6= 0. 5¿� P (x) �

gê´ (k − 1)n =
nP

i=1
(|Ai| − 1), Ïdd Noga Alon�|Ü":½n, õ�ª P

3 A1 × A2 × · · · × An þþ�"�7�^�´ P ¥ (x1 · · · xn)k−1 �Xê�".

ù�(Ø�y²´ÏL�{Ø{, aqu 07 c IMO 18K��«)�, ·�

3ùpÑ�.

e¡·���y²� k | n �, õ�ª P ¥ (x1 · · ·xn)k−1 �Xê�". XJ

k = 2, n ´óê, ´�ù�Xê´ 2. é��� k, ��¦ù�Xê¿ØN´. �

e5�'��{´r":½n�L5^. äN5`, - B = {0, 1, . . . , k − 1}, �

Ä P 3 B ×B × · · · ×B þ���. @od�©úª, ·�k

((k − 1)!)nλ = ∆k−1
1 · · ·∆k−1

n (P (x1, x2, . . . , xn))

=
X

0≤b1,b2,...,bn≤k−1
(−1)n(k−1)−

P
bi ·

nY
i=1

 
k − 1

bi

!
· P (b1, b2, . . . , bn),

(3)

Ù¥ λ ´ P ¥ (x1 · · ·xn)k−1 �Xê, 
∆i ´1 i ���©�f.

y35¿� P (b1, b2, . . . , bn) 6= 0 ��=� b1, b2, . . . , bk ´ 0, 1, . . . , k − 1 �

��ü�, � bi+k = bi, ∀i. ¿�d�

P (b1, b2, . . . , bn) =

� Y
0≤i<j≤k−1

−(j − i)2
�n

k

.

�\ (3) ª, ·���

((k − 1)!)nλ = k! · (−1)
n(k−1)

2 ·

�
k−1Y
i=0

 
k − 1

i

!
·

Y
0≤i<j≤k−1

−(j − i)2
�n

k

. (4)
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z{�� λ = k!, u´·K�y! �

µ5 (1).�K n = 100, k = 2 ��¹´�Ûd@c���¿mK. 3@A

Ï�¹e8B{½N���, �´ÑKö��Ðg´Ò´^õ�ª�{.

(2).�K´ãØ¥��/Úê¯K, 
^��õ�ª�{Ñy3 Alon Ú

Tarsi 1992 c�Ø©. �� Alon, Nathanson Ú Rusza ^aq�{é Cauchy-

Davenport ½n±9�'�|ÜêØ¯K?1
ïÄ. Cc, õ�ª�{�¤õ

A^uk��þ� Kakeya ß�, ±9 Erdös pÉål¯K. 3�c��Ï;9

þ, Üa�é�ö?1
�\0�.
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