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éuÛ�ê p, ·���d�g�{½Â� Legendre ÎÒ:

(
n

p

)
=


0, p | n

1, ∃m¦�m2 ≡ n (mod p)

−1, ÄK

´���~ Û�¼ê. Í¶��gp�Æw�·�§k��éØ²��5�,

'u§�Ù§5�KØ@oN´
. ~X, XJ·��� p�����g�

�{, §¬´õ�Q? UØU�Ñ��Ø²��þ.?

���{´é?¿��ê n < p, �ÄXe�Ú:

T (n) =
n∑

k=1

(
k

p

)
.

w,, e T (n) < n, K� p�����g��{ ≤ n, ��½,.

@oXÛ�O T (n)���Q? 8U·��?Ø� Polya-Vinogradov Ø�

ªw�·�, Ú\Eêé�Où�¢�¼ê¾,´k�Ï�! �d·���


O�ó�, Ú\ {1, · · · , p}þ� p�E�¼ê χj, 1 ≤ j ≤ p. §�¡�� p�

(\\\555)AAA���.

½Â 1. � p��ê, AAA��� χj (1 ≤ j ≤ p)½Â�l {1, · · · , p}� C�¼ê:

χj(k) = e
2πijk
p , 1 ≤ j ≤ p, 1 ≤ k ≤ p.

ùp i´Jêü .

½Â 2. ½ÂGaussÚÚÚ: Sj =
p∑

k=1

χj(k) ·
(

k
p

)
, 1 ≤ j ≤ p.

éu GaussÚ Sj, ·�kéÐ��O, ù�´·��O T (n)��{�Ø%.
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Ún 3. Sp = 0; |Sj| =
√
p, 1 ≤ j < p.

y²

p∑
j=1

|Sj|2 =
p∑

j=1

∣∣∣∣∣
p∑

k=1

e
2πijk
p

(
k

p

)∣∣∣∣∣
2

=

p∑
j=1

(
p∑

k=1

e
2πijk
p

(
k

p

))( p∑
l=1

e−
2πijl
p

(
l

p

))

=
∑

1≤k,l≤p

(
k

p

)(
l

p

) p∑
j=1

e
2πi(k−l)j

p

=
∑

1≤k≤p

p

(
k

p

)2

(�'ê�¦Úõê�ÿ� 0)

= p2 − p. (1)

qw, Sp = 0, éu 1 ≤ j < p,

Sj =

(
p∑

k=1

e
2πijk
p

(
jk

p

))(
j

p

)
= S1 ·

(
j

p

)
.

�é?¿ 1 ≤ j < p, k
∣∣Sj

∣∣ = ∣∣S1

∣∣. Ïdd (1)7k∣∣S1

∣∣ = ∣∣S2

∣∣ = · · · = ∣∣Sp−1∣∣ = √p. �

·�y3�{¦T (n)�ÃSj (1 ≤ j ≤ p)LÑ.XJEêλ1 = λ1(n), · · · , λp =

λp(n)¦��§| 

p∑
j=1

λjχj(k) = 1, 1 ≤ k ≤ n

p∑
j=1

λjχj(k) = 0, n < k ≤ p

(2)

¤á, K

T (n) =

p∑
k=1

(
k

p

) p∑
j=1

λjχj(k)

=

p∑
j=1

λj

p∑
k=1

χj(k)

(
k

p

)

=

p∑
j=1

λjSj.

www.nsmath.cn 2



ldÚn 3, ∣∣T (n)∣∣ ≤ √p p−1∑
j=1

∣∣λj∣∣. (3)

y3�O
∣∣λj∣∣, ·�F"^��{l (2)¥�)Ñ λj. �Ä∣∣∣∣∣

n∑
k=1

χj0(k)

∣∣∣∣∣ =
∣∣∣∣∣
p∑

k=1

χj0(k)

p∑
j=1

λjχj(k)

∣∣∣∣∣
=

∣∣∣∣∣
p∑

j=1

λj

p∑
k=1

χj0(k)χj(k)

∣∣∣∣∣
=

∣∣∣∣∣
p∑

j=1

λj

p∑
k=1

e2πik(j−j0)

∣∣∣∣∣
=
∣∣pλj0∣∣ . (4)

(5. ØJu�ù��)Ñ� {λj} (¢´ (2) �), y²3�Öö.)

d�'ê�¦Ú, � j0 6= p�þª�à ≤ max
{
C1p
j0
, C1p
p−j0

}
. Ù¥ C1´�

~ê ([!�Öög1ÖÑ). �∣∣λj0∣∣ ≤ max

{
C1

j0
,
C1

p− j0

}
. (5)

�\ (3), Ù�NÚ?ê�Ü©Ú´ log?O��, ·���3�~ê C2 ¦�

|T (n)| ≤ C2
√
p log p. ·���
êØ¥ Polya-Vinogradov Ø�ª����{

ü�/.

Ïd� n > C2
√
p log p�, |T (n)| < n. ù�, ·�Ò��� p����g�

�{�õ��´ p
1
2
+εþ?� (ε > 0?¿�).

���`²�´: ùp·�/)�§0�L§^�
�5�ê¥/IO�

�Ä0�5�. ·�¦±��ê�, (\5)A��¤�|IO��Ä, �
·�

éÐ��ê(� (�Ún 3 9 (4)ª), â¦�·��y²�±¤á. (5) ª��

O´¤¢/Fourier Xê0��O. k,��ÓÆ�±���'©z.

·��OÜ©Ú T (n)�E|¡�/Ö�¦Ú0: Q,éu
(

k
p

)
�Ü©Ú

·�ØÐ�O, @oÒ�{r§=z�3�ã 1− pþ�¦Ú (Gauss Ú), l

|^ GaussÚ�(�5�O��8�.

·�����I 1
2
+ εéØ²�, �§�Ø´�Ð�. Vinogradov Qòd�

Iü� 1
4
√
e
+ ε. ·�ß�§��U?�?¿ ε > 0. �ù�¯KéJ, 8c�[

�éØ��{y²§.
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