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I. ÁÁÁ KKK

1. � n, a1, a2, · · · , am ∈ Z+,é 1 ≤ i ≤ m,P Ai ��NØ�u n�3�

8 {a1, a2, · · · , am}¥��k i�Ïê���ê�¤�8Ü.¦y:
m∏
i=1

|Ai| ≤
m∏
i=1

[
n

ai

]
.

(�®�ÆÆ)�¢�øK)

2. � n ≥ 3´�ê,�½²¡þ�àõ>/ P1, P2, · · · , Pn,Ù¥ Pik ai�

º: (1 ≤ i ≤ n).P

S = {G | G� A1, A2, · · · , An�%,Ù¥ Ai� Pi�º:}.

¦y: �3�¢ê Cn,¦�é?¿ P1, P2, · · · , Pn,þk

|S| ≥ Cn(a1a2 · · · an)
3
n
− 1

n·2n−2 .

(¥I<¬�ÆNá¥ÆÆ)��1øK)

3. 3 4ABC ¥,M � BC �¥:, D, E ÷v 4ADM � 4CDB ^�q,

4AEM �4BEC ^�q.¦y: �(ADE)� �(ABC)��.

(�®�"�¥ÆÆ)+gAøK)

4. �½�ê p Ú a ∈ Z+. ¡��ê t ´“Ð�”, e�3 x, y ∈ Z+, ÷v

?¾FÏ: 2024-04-09.
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(p, xy) = 1� pt = ax2 + y2.é n ∈ Z+,P pn �Ø�L n�Ðê�ê.¦y: �

3� nÃ'�~ê α, β,¦é?¿ n ∈ Z+,

αn− β ≤ pn ≤ αn+ β.

(¥I<¬�ÆNá¥ÆÆ)oU�øK)

5. O��½4ABC �	%, P �4ABC S�Ä:,÷v ∠ABP = ∠ACP.

BP,CP � AO �u E, F.± AP ��»��� 4BPC �	��2�u Q.y

²: �3ü�½�� �QEF ��.

(¤Ñä�¥ÆÆ)o�ÊøK)

6. ��ê p ≡ 1 (mod 8).¦y:∑
1≤i≤ p−1

2

( i
p)=1

1

i
≡

∑
1≤i≤ p−1

2

( i
p)=−1

1

i
(mod p2).

(¥I<¬�ÆNá¥ÆÆ)�:høK)

7. ¦����~ê c,¦�é?¿ n ∈ Z+, x1, x2, · · · , xn ∈ R+,þk∑
1≤i, j≤n

{
xi
xj

}
≤ cn2.

(�u�ÆÆ)ô¢øK)

II. )))������µµµ555

K 1 � n, a1, a2, · · · , am ∈ Z+,é 1 ≤ i ≤ m,P Ai ��NØ�u n�3

�8 {a1, a2, · · · , am}¥��k i�Ïê���ê�¤�8Ü.¦y:
m∏
i=1

|Ai| ≤
m∏
i=1

[
n

ai

]
.

y² 1 éz� i = 1, 2, · · · , m,P

Bi =
{
x | x ≤ n, x ∈ Z+, x ≡ 0 (mod ai)

}
,

K |Bi| = [ n
ai
].=y: é?¿m ∈ Z+þk

m∏
i=1

|Ai| ≤
m∏
i=1

|Bi|.

ém8B,m = 1�(Ø²�.m = 2�,k

A1 = B1 ∪B2, A2 = B1 ∩B2.
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� |A2| = 0�,(Ø¤á.� |A2| 6= 0�,P

|B1 \B2| = a, |B1 ∩B2| = b, |B2 \B1| = c,

K

|A1| · |A2| ≤ |B1||B2| ⇔ b(a+ b+ c) ≤ (a+ b)(b+ c),

þãØ�ªw,¤á.

b�m�(Ø¤á.�Äm+ 1�,é?¿ 1 ≤ i ≤ m,P

Ci = {x | x ≤ n, a1, a2, · · · , am¥�� i− 1�ê� xÏf� am+1 | x}.

-

A′i = Ai ∪ Ci (1 ≤ i ≤ m), A′m+1 = Cm+1 = Am+1.

d�
m+1∏
i=1

|Ai| ≤
m+1∏
i=1

|Bi| ⇔
m+1∏
i=1

|A′i| ≤
m+1∏
i=1

|Bi|.

dm = 2��(Ø�

|A′i| ≤
|Ai| · |Ci|
|Ai ∩ Ci|

, (1 ≤ i ≤ m).

(Ü8Bb�,�Iy²
m+1∏
i=1

|Ci| ≤ |Bm+1| ·
m∏
i=1

|Ai ∩ Ci|.

 C1 = Bm+1,þª�du
m+1∏
i=2

|Ci| ≤
m∏
i=1

| Ai ∩ Ci|. (∗)

eyéz� 1 ≤ i ≤ m,k

|Ci+1| ≤ |Ai ∩ Ci|

¤á.¯¢þd½Â

Ci+1 ⊆ Ci, Ci+1 ⊆ Ai,

Ïd

|Ci+1| ≤ |Ai ∩ Ci|,

�
m+1∏
i=2

|Ci| ≤
m∏
i=1

|Ai ∩ Ci|,

= (∗)¤á.

nþ���·K¤á. �
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y² 2 (���âââ<<<���NNN¥¥¥������111ÓÓÓÆÆÆ���)))������nnn) Ó){ 1½Â Bi,duØ�

ª�>Úm>©O´

A1 × A2 × · · · × AmÚ B1 ×B2 × · · · ×Bm

����ê,�Iy²?�m���êê| v3 A1 ×A2 × · · · ×Am¥Ñy�g

ê (�� A′) ØõuÙ3 B1 × B2 × · · · × Bm¥Ñy�gê (�� B′),d�é�

N v¦Ú=y�K.

�E�Üã G,�Üº: V1 �L v � m�©þ v1, v2, · · · , vm (#Nk�

Ó),,�Üº: V2 �L a1, a2, · · · , am.eé vi ∈ V1 Ú aj ∈ V2,k aj | vi,K3

aj Ú vi�më>.

é��ê x,�mx´ x3 v�m�©þ¥Ñy�gê,P

c =
∏
x∈Z+

mx!, A = c× A′, B = c×B′.

�y A′ ≤ B′,�Iy A ≤ B.w, A´÷v

d
(
vσ(i)

)
≥ i, i = 1, 2, · · · , m

� {1, 2, · · · , m}��� σ ��ê(Ù¥ d (v)�º: v 3 G¥Ýê), B ´ G�

�{���ê.Ø��

d (v1) ≤ d (v2) ≤ · · · ≤ d (vm) ,

d�e�3,� i ¦� d (vi) < i, K A = 0, (Ø¤á. e� d (vi) ≥ i, i =

1, 2, · · · ,m. ��¡, U i l����^S, ò vi ��� V2 ¥ÿ��Ed�

d (vi) + 1 − i�º:��,�����
m∏
i=1

(d (vi) + 1− i)��{��; ,��¡,

U i l����^S, �Ä σ−1 (i) ��U�: �±´ 1, 2, · · · , d (vi) , �Ù¥

σ−1 (1) , · · · , σ−1 (i− 1)®�^L,��õk
m∏
i=1

(d (vi) + 1− i)�ù���� σ.

Ïd

A ≤
m∏
i=1

(d (vi) + 1− i) ≤ B,

�y. �

y² 3 (���âââ���uuu���ÆÆÆ���¢¢¢ÚÚÚÓÓÓÆÆÆ���)))������nnn) Ó){ 1½Â Bi,�Iy
m∑
i=1

ln |Ai| ≤
m∑
i=1

ln |Bi| .

du lnx����êð��,�âKaramataØ�ª,�I�yê| (|A1|, |A2|, · · · ,

|Am|)`�ê| (|B1| , |B2| , · · · , |Bm|).

Ø�b� a1 ≤ a2 ≤ · · · ≤ an,@oBk |B1| ≥ |B2| ≥ · · · ≥ |Bm| ,�w,k
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|A1| ≥ |A2| ≥ · · · ≥ |Am| .

Äk,
m∑
k=1

|Ak| =
n∑
i=1

∑
aj |i

1 =
m∑
j=1

∑
1≤i≤n,aj |i

1 =
m∑
k=1

|Bk| .

Ùg,�½,� 1 ≤ k ≤ m.é?� 1 ≤ t ≤ k,- Ct ��NØ�u n¿�3

�8 {a1, a2, · · · , ak}p��k t��ê���ê�¤�8Ü, K Ct ⊂ At,¿�

k∑
t=1

|Ct| =
n∑
i=1

∑
1≤j≤k,aj |i

1 =
k∑
j=1

∑
1≤i≤n,aj |i

1 =
k∑
t=1

|Bt| ,

¤±
k∑
t=1

|At| ≥
k∑
t=1

|Bt| .

ù�¤
`�^���y. �

µ5 dK´¥�JÝ�|ÜK.ÄkéØ�ª�>?1|Ü�È,)û¯K

�â»�3u}Ám = 2�¯K,l¥�÷&E.

K 2 � n ≥ 3´�ê,�½²¡þ�àõ>/ P1, P2, · · · , Pn,Ù¥ Pik ai

�º: (1 ≤ i ≤ n).P

S = {G | G� A1, A2, · · · , An�%,Ù¥ Ai� Pi�º:}.

¦y: �3�¢ê Cn,¦�é?¿ P1, P2, · · · , Pn,þk

|S| ≥ Cn(a1a2 · · · an)
3
n
− 1

n·2n−2 .

y² (���âââøøøKKKööö���)))������nnn) Äk0�XeÚn:

ÚÚÚnnn (Crossing Lemma) é²¡þ�ã G(V, E),e |E| ≥ 4|V |,K

f(G) ≥ 1

64
· |E|

3

|V |2
,

Ù¥ f(G)� E ¥k��:��ê.

Ún�y²�±3#(�)1 49Ï1 4K¥é�,Xêk¤�É,�éu(

Ø~ê��35�¯Kóù´Ø���.

e£��K,é n8By²�·K.¯K3�IX¥?n,¿�

an = max
1≤i≤n

ai.

n = 1�²�.b� n− 1�¤á,�Ä n��/.òõ>/ P1, P2, · · · , Pn−1
�gÀÑ��:,?1�I�\,��8Ü T.N´���l Pn ¥ÀÑëY�

dan
2
e^>,¦�å©Ú(å�ü^>���ò����.òÀÑ�ù
>�º:
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P� X1, · · · , Xt+1,¿�

T ′ = T + {X1, X2, · · · , Xt+1}.

½ÂãG(V,E), V = {Y +Xj | Y ∈ T, 1 ≤ j ≤ t+1}.éz�Y ∈ T,3: Y +Xj

Ú: Y + Xj+1(1 ≤ j ≤ t) �më>,� |E| = t|T |.dÀÑ�>�5�´�:é

?¿ A, B ∈ T, A + xj � A + xj+1(1 ≤ j ≤ t)�>�¤�ã/M Ú B + xj �

B + xj+1(1 ≤ j ≤ t)�>�¤�ã/ N �õk 2��:.�

f(G) ≤ 2

(
|T |
2

)
< |T |2.

(1)e|E| ≤ 4|V |,K

|T ′| ≥ t

4
T ≥ an

12
Cn−1 (a1a1 · · · an−1)

3
n−1
− 1

(n−1)2n−3 .

(2)e|E| > 4|V |,KdÚnk

|T |2 ≥ 1

64
· t

3|T |3

|T ′|2
,

�

|T ′| ≥ 1

8
t
3
2 |T |

1
2 ≥ 1

8 · 3 3
2

a
3
2
nC

3
2
n−1 (a1a1 · · · an−1)

1
2

(
3

n−1
− 1

(n−1)2n−3

)
.

d an���5��3 C.nþ���3ÎÜK¿� C. �

µ5 �K´(J�¯K.dK´ïá3ØÙ�� Crossing Lemmaþ�.Ï

dØ���{A�Ø��,¿�Ún�¦^J:3uXÛÏé��Ü·�²¡

ã,¿�§�|êI�k��Ün�þ..

K 3 34ABC ¥,M � BC �¥:,D, E÷v4ADM �4CDB^�q,

4AEM �4BEC ^�q.¦y: �(ADE)� �(ABC)��.

D

X T

R

S

M

A

B C

E

y² P AM ¥:� X, �(ADE)� AB, AM, AC �u: S, R, T.dÙ�

(Ø,�Iy² ST �BC.
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d 4ADM ∼ 4CDB, X, M � AM, BC ¥:� 4AXD ∼ 4CMD, �

4ADC ∼ 4XDM. ∠ARD = ∠ATD,� R, T �4ADC Ú4XMD��q

éA:.=
AT

TC
=
XR

RM
.

dé¡5� AS
SB

= XR
RM

,�
AS

SB
=
AT

TC
.

y.. �

µ5 dK´{ü�AÛK,�Ñ AM ¥:|^�qéA=�)û.

K 4 �½�ê pÚ a ∈ Z+.¡��ê t´“Ð�”,e�3 x, y ∈ Z+,÷v

(p, xy) = 1� pt = ax2 + y2.é n ∈ Z+,P pn �Ø�L n�Ðê�ê.¦y: �

3� nÃ'�~ê α, β,¦é?¿ n ∈ Z+,

αn− β ≤ pn ≤ αn+ β.

y² (���âââEEE������ÆÆÆoooÂÂÂlllÓÓÓÆÆÆ���)))������nnn) eØ�3Ðê.� α = β = 0

=�,ÄKP���Ðê� k.k?Ø p�Û�ê��/.

ÚÚÚnnn em, nþ�Ðê,Km+ n�Ðê.

y² ¯¢þ,P

pm = ax2 + y2, pn = az2 + w2.

d (p, xy) = 1� (p, a) = 1.u´

pm+n = (ax2 + y2)(az2 + w2)

= (axz + yw)2 + a(yz − xw)2

= (axz − yw)2 + a(yz + xw)2.

e axz = ywK x
w
= y

az
= t,�

ax2 + y2 = at2w2 + a2t2z2 = at2(w2 + az2),

Ïd p | at2,= p | t,l p | x.gñ! � |axz − yw| ∈ Z+. Ón |yz − xw| ∈ Z+.

l

p | axz + yw ⇔ p | yz − xw

⇔ p - yz + xw (^� p 6= 2)

�þãü«L«7k�÷vK�.?�Ú��m+ n�Ðê.Ún¼y.
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dÚn�¤k k ��êþ�Ðê. eyù��NÐê. ¯¢þe�3

l ∈ (mk, (m+ 1)k), m ∈ Z+,¦ l´Ðê.�

pl = ar2 + s2, pmk = ax2 + y2,

�½M, N ¦
ar2 + s2

ax2 + y2
= aM2 +N2.

dþã.�KFð�ª,�4s = axM + yN

r = xN − yM 6= 0

, ½

s = axM − yN

r = xN + yM 6= 0

.

5¿�I r, s 6= 0=�÷vK8¥��ê�^�.)�

M1 =
xs− yr
pmk

, M2 =
xs+ yr

pmk
.

eyM1,M2 ¥7k�ê.¯¢þ

pmk | ar2 + s2, pmk || ax2 + y2 (L« pmk | ax2 + y2� pmk+1 - ax2 + y2),

K

pmk || ax2r2 + y2r2 − ax2r2 − x2s2,

�

pmk || (yr + xs)(yr − xs),

=M1, M2 ¥7k��ê.N´�y l −mk�´Ðê,ù� k���5gñ! �

pn =
[
n
k

]
,� α = 1

k
, β = 1=�.

� p = 2�,·�äóem, n�Ðê,Km+ n− 2�Ðê.P

2m = ax2 + y2, 2n = az + w,

�

2m+n = (axz + yw)2 + a(xw − yz)2

= (axz − yw)2 + a(xw + yz)2.

� 4� a ≡ 3 (mod 4).u´d (2, axyzw) = 1�

axz + yw, axz − yw, xw − yz, xw + yz

þ�óê� axz + yw, axz − yw7k� 4{ 2ö,�m+ n− 2�Ðê.

u´aqþ¡�?Ø�� ik − (2i − 2)(i ∈ Z+)��NÐê.d�k i(k −

2) + 2 ≤ n,�
[
n−2
k−2

]
�Ðê,E�3 α, βÜK.
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nþ=y. �

µ5 dK´¥� J�êØK,Ì��{´�â.�KFð�ª5�Ñ�

�ÜK�Ðê.

K 5 O��½4ABC�	%,P �4ABCS�Ä:,÷v∠ABP = ∠ACP.

BP,CP � AO �u E, F.± AP ��»��� 4BPC �	��2�u Q.y

²: �3ü�½�� �QEF ��.

y² ©�üÜ©y².�Ý$��k��.

1�Ü©y²�(QEF )�±B, C�à:,½'� AB
AC
�CÅÛZd��ω1�

�.

X

Y

K

Q

F

E
O

A

B C

P

��� AP � �(PBC)�u,�: K,�� PB, PC � AP ��»���

u,ü: X, Y,P ∠PBA = ∠ACP = θ.dK��

KB

KC
=

sin∠BPK
sin∠KPC

=
sin∠APB
sin∠CPA

=
sin∠APB

sin θ
· sin θ

sin∠CPA
=
AB

AP
· AP
AC

=
AB

AC
.

d

∠QXB = ∠QXP = ∠QY P = ∠QY C, ∠QBX = ∠QBP = ∠QCP = ∠QCY.

¤±4QBX ∼ 4QCY.dK�� Rt4ABX ∼ Rt4ACY.¤±
QB

QC
=
BX

CY
=
AB

AC
=
KB

KC
.

¤± A, Q, K n:3 �ω1 þ.du A, B, C n:�½,l �ω1 �½�.e¡y

² �(QEF )� �ω1��.

dK��

∠AEB = ∠(AE, EB) = ∠(AO, AB) + ∠(AB, BP ) = ∠ACB +
π

2
− θ,

9 êÆ#(�





∠AQB = ∠(AQ, QB) = ∠(AQ, QP ) + ∠(QP, QB)

=
π

2
+ ∠(PC, BC) =

π

2
+ ∠(PC, AC) + ∠(AC, BC)

= ∠ACB +
π

2
− θ.

� ∠AEB = ∠AQB.¤± A, Q, E, B o:��.Ón, A, F, Q, C o:��.Ï

d

∠AKQ+ ∠QEF = ∠PKQ+ ∠QEA

= ∠PBQ+ ∠QBA

= ∠PBA = ∠ACP

= ∠ACF = ∠AQF.

ù`²
 �(QEF )� �ω1��u: Q.

1�Ü©y² �(QEF )�± B, C �à:,½'� DB
DC
�CÅÛZd� �ω2

��.

R

D

Q

F

E
O

A

B C

P

��� AO� �O�u,�: D,± DP ��»��� �(PBC)�u,�

: R.dK�� AB ⊥ BD, AC ⊥ CD,�

∠DCP = ∠(DC, CA) + ∠(CA, CP ) =
π

2
+ θ,

∠PBD = ∠(PB, AB) + ∠(AB, BD) =
π

2
+ θ.

=∠DCP = ∠PBD.d1�Ü©�y²L§�A, C, Q, F o:��,A, B, E, Q

o:��.Ón, B, D, E, Ro:��, C, D, R, F o:��.¤±

∠EQF = ∠(EQ, QF ) = ∠(EQ, QA) + ∠(QA, QF )

= ∠(BE, AB) + ∠ACF = ∠PBA+ ∠ACP
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= 2θ,

∠ERF = ∠(ER, RF ) = ∠(ER, RD) + ∠(RD, RF )

= ∠EBD + ∠DCF = ∠(BP, BD) + ∠(DC, CP )

= ∠(BP, AB) + ∠(AB, BD) + ∠(DC, AC) + ∠(AC, CP )

= ∠PBA+
π

2
+
π

2
+ ∠ACP

= 2θ.

¤± Q, E, R, F o:��.aq�y �ω2 � �(REF )�u: R.du D, B, C

n:�½,l �ω2�½�.

nþ��, �(QREF )�½� �ω1Ú½� �ω2��. �

µ5 ��¥�JÝ�AÛK,'�3uuyé��´C¼�,¿��âé¡

5�±é�1��¤¦��.

K 6 ��ê p ≡ 1 (mod 8).¦y:∑
1≤i≤ p−1

2

( i
p)=1

1

i
≡

∑
1≤i≤ p−1

2

( i
p)=−1

1

i
(mod p2).

y² 1(���âââ<<<���NNN¥¥¥������111ÓÓÓÆÆÆ���)))������nnn) Äky²XeÚn:

ÚÚÚnnn � 2 | t, (p, xi) = 1, p�Û�ê.e
t∏
i=1

xi ≡
t∏
i=1

(p− xi) (mod p3),
t∑
i=1

1

x2i
≡ 0 (mod p),

K
t∑
i=1

1

xi
≡ 0 (mod p2).

y² ¯¢þ,d
t∏
i=1

(
p

xi
− 1

)
≡ 1 (mod p3),

�
t∑
i=1

1

xi
≡ p

∑
1≤i<j≤t

1

xixj
=
p

2

( t∑
i=1

1

xi

)2

−
t∑
i=1

1

x2i

 (mod p2).

� (
t∑
i=1

1

xi

)(
p

2

t∑
i=1

1

xi
− 1

)
≡ 0 (mod p2).
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Ïd
t∑
i=1

1

xi
≡ 0 (mod p2).

Ún¼y.

£��K.½Â

A = {i | 1 ≤ i ≤ p− 1, 2 - i,
(
i

p

)
= 1}, B = {i | 1 ≤ i ≤ p− 1, 2 | i,

(
i

p

)
= 1},

C = {i | 1 ≤ i ≤ p−1, 2 - i,
(
i

p

)
= −1}, D = {i | 1 ≤ i ≤ p−1, 2 | i,

(
i

p

)
= −1}.

Kdî.OK, A� p−B´�Ó8Ü.� |A| = |B|,Ón |C| = |D|.

|A|+ |B|+ |C|+ |D| = p− 1, |A|+ |B| = |C|+ |D|,

�

|A| = |B| = |C| = |D| = p− 1

4
= k

� k�óê.P A = {a1, a2, · · · , ak},aq B, C, D.u´

k∑
i=1

1

a2i
≡ 1

2

k∑
i=1

(
1

a2i
+

1

b2i

)
≡ 1

2

p−1
2∑
i=1

1

i4
≡ 1

4

p−1∑
i=1

1

i4
≡ 0 (mod p),

Ïd
k∏
i=1

a2i ≡
k∏
i=1

(p2 − a2i ) ≡ 22k
k∏
i=1

p+ ai
2
· p− ai

2
≡ 22k

k∏
i=1

ai

k∏
i=1

bi (mod p3),

Ù¥���Ú´du� p ≡ 1 (mod 8)� 2´ p��g�{,� p+ai
2
, p−ai

2
�H

ai, bi.Ïd
k∏
i=1

ai ≡ 22k
k∏
i=1

bi (mod p3).

Ón
k∏
i=1

ci ≡ 22k
k∏
i=1

di (mod p3).

Ïd
k∏
i=1

aidi ≡
k∏
i=1

bici =
k∏
i=1

(p− ai)(p− di) (mod p3),


k∑
i=1

(
1

a2i
+

1

d2i

)
≡ 0 (mod p),

�dÚn�
k∑
i=1

(
1

ai
+

1

di

)
≡ 0 (mod p2),
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�
k∑
i=1

1

bi
≡

k∑
i=1

1

p− ai
≡

k∑
i=1

(
− 1

ai
− p

a2i

)
≡ −

k∑
i=1

1

ai
≡

k∑
i=1

1

di
(mod p2).

Ïd
k∑
i=1

1
bi
2

≡
k∑
i=1

1
di
2

(mod p),

y.! �

y² 2 (���âââ���uuu���ÆÆÆ444������ÓÓÓÆÆÆ���)))������nnn)

·�y²�½ p ≡ 1 (mod 8)��ê,k

p2 |

p−1
2∑

n=1

(
n

p

)
1

n
.

Äk�Ñ��ÚnÚ�
 Bernoulli õ�ª��'(Ø.

ÚÚÚnnn 1 �½ p ≥ 5��ê,K

n
p2−p

2 ≡
(
n

p

)
(mod p2).

y² e (n
p
) = 1,K�âî.�OOK, n

p−1
2 = 1 + kp, k ∈ Z.Ïd,�â

LTE, νp(n
p2−p

2 − 1) = νp(kp) + νp(p) ≥ 2, y..

e (n
p
) = 0,(Øw,¤á.

e (n
p
) = −1, K�âî.OK, n

p−1
2 = −1 + kp, k ∈ Z. Ïd, �â LTE,

νp(n
p2−p

2 + 1) = νp(kp) + νp(p) ≥ 2,y..

½½½ÂÂÂ Bernoulli êêê bn½ÂXe:

t

et − 1
=
∞∑
n=0

bn
tn

n!
, ∀t 6= 0, t ∈ C,

�ÏL8By² bn ∈ Q.O��� b0 = 1, b1 = −1
2
,d� t

et−1 +
1
2
t�ó¼ê,�

� n ≥ 3��Ûê�, bn = 0.

�A� Bernoulli õõõ���ªªª½ÂXe:

Bn(x) =
n∑
k=0

(
n

k

)
bkx

n−k, B0(x) = 1.

ÚÚÚnnn 2 Bernoulli õ�ª÷v±e)¤¼ê:

text

et − 1
=
∞∑
n=0

Bn(x)
tn

n!
, ∀t 6= 0, x, t ∈ C.

y² |^½ÂÐm�
∞∑
n=0

Bn(x)
tn

n!
=
∞∑
n=0

n∑
k=0

bkx
n−k

k!(n− k)!
tn

13 êÆ#(�



=
∞∑
k=0

bkt
k

k!

∞∑
n=k

(xt)n−k

(n− k)!

=
∞∑
k=0

bkt
k

k!
ext =

text

et − 1
.

ÚÚÚnnn 3 Bernoulli õ�ª÷v±e'X:

Bn(x+ 1)−Bn(x) = nxn−1, ∀n ≥ 1.

y²
∞∑
n=0

[Bn(x+ 1)−Bn(x)]
tn

n!
=
te(x+1)t − text

et − 1
= text =

∞∑
n=1

nxn−1
tn

n!
.

d�?êÐm���5,�y.

ÚÚÚnnn 4 �½ p ≥ 5´���ê,K Bernoulli ê÷v±eÓ{5�:

(1)e p− 1 - n,K νp(bn) ≥ 0. (Ù¥ νp(
a
b
) = νp(a)− νp(b),éuknê¤á. )

(2)e p− 1 | n,K νp(bn +
1
p
) ≥ 0.

(3) νp(b p2−p
2

) ≥ 1.

y² é?¿ t ∈ C, t 6= 0,k

t

et − 1
=
t
∑p−1

r=0 e
rt

ept − 1
=

p−1∑
r=0

tert

ept − 1

=
1

p

p−1∑
r=0

∞∑
n=0

Bn

(
r

p

)
(pt)n

n!

=
1

p

∞∑
n=0

[
pn

p−1∑
r=0

Bn

(
r

p

)]
tn

n!
.

d�?êÐm���5�:

bn = pn−1
p−1∑
r=0

Bn

(
r

p

)

= pn−1
p−1∑
r=0

n∑
k=0

(
n

k

)
bk

(
r

p

)n−k
= pn−1

n−1∑
k=0

(
n

k

)
bk

p−1∑
r=0

(
r

p

)n−k
+ pnbn.

Ïd,·�k:

(1− pn)bn =
n−1∑
k=2

pk−1bk × Cn, k + nb1

p−1∑
r=0

rn−1 +
1

p

p−1∑
r=0

rn.

Ù¥

Cn, k =

(
n

k

) p−1∑
r=0

rn−k ∈ Z, 2 ≤ k ≤ n− 1,
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� b1 = −1
2
.

e p− 1 - n,K p |
p−1∑
r=0

rn,e p− 1 | n,K p | 1 +
p−1∑
r=0

rn,l�±��8B�

�(Ø (1)Ú (2) .

éu (3),� n = p2−p
2
.5¿�: e k ≥ 2,K

νp(p
k−1bk) = k − 1 + νp(bk) ≥ 1.

�âÚn 1k
p−1∑
r=0

r
p2−p

2 ≡
p−1∑
r=0

(
r

p

)
= 0 (mod p2).

(Ü νp(nb1) ≥ 1� (3)¤á.

£��K,k p ≡ 1 (mod 8)´�ê,� p ≥ 17�(
2

p

)
=

(
−1
p

)
= 1.

Äk5¿�
p−1
2∑

n=1

(
n

p

)
1

n
=

p−1
2∑

n=1

(
2n

p

)
1

n
=

∑
1≤n=2k≤p−1

(
n

p

)
2

n
,

(Ü (−1
p
) = 1,koÚ

p−1∑
n=1

(
n

p

)
1

n
=

1

2

p−1∑
n=1

(
n

p

)(
1

n
+

1

p− n

)

=
p

2

p−1∑
n=1

(
n

p

)
1

n (p− n)

≡ −p
2

p−1∑
n=1

(
n

p

)
1

n2

≡ −p
2

p−1∑
n=1

n
p−5
2 ≡ 0 (mod p2).

Ïd,�Iy²Ûê�Ú÷v

p2 |
∑

1≤n=p−2r≤p−1

(
n

p

)
1

n
.

dÚn 1,ù�duy²

p2 |
∑

1≤r≤ p−1
2

(p
2
− r
) p2−p−2

2
.

(ÜÚn 3,k∑
1≤r≤ p−1

2

(p
2
− r
) p2−p−2

2
=

2

p2 − p
∑

1≤r≤ p−1
2

[
B p2−p

2

(p
2
− r + 1

)
−B p2−p

2

(p
2
− r
)]
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=
2

p2 − p

[
B p2−p

2

(p
2

)
−B p2−p

2

(
1

2

)]
,

5¿�:� n ≥ 3��Ûê� bn = 0,� 4 | p2−p
2
,�

B p2−p
2

(p
2

)
≡ b p2−p

2

+ b p2−p
2
−2

(p2−p
2

2

)
p2

4
(mod p3).

� p ≥ 17�,·�k p− 1 - p
2−p
2
− 2,Ïd���é p3��� 0.Ïd,·��I

y²:

p3 | b p2−p
2

−B p2−p
2

(
1

2

)
.

,,du
∞∑
n=0

Bn

(
1

2

)
(2t)n

n!
=

2tet

e2t − 1
=

2t

et − 1
− 2t

e2t − 1
=
∞∑
n=0

(2− 2n)bn
tn

n!
.

�â�?êÐm���5,k

Bn

(
1

2

)
=

2− 2n

2n
bn.

Ïd,

νp

(
b p2−p

2

−B p2−p
2

(
1

2

))
= νp

(
2

p2−p
2 − 1

2
p2−p

2
−1

b p2−p
2

)
= νp(b p2−p

2

) + νp(2
p2−p

2 − 1)

≥ 3,

Ù¥���Ø�ª^�

2
p2−p

2 ≡
(
2

p

)
= 1 (mod p2).

nþ,K8�y. �

µ5 dK´¥� J�êØK,Ì��{3ué�g�{Ú��g�{�

Ûó©a,l��8I�«m��.

K 7 ¦����~ê c,¦�é?¿ n ∈ Z+, x1, x2, · · · , xn ∈ R+,þk∑
1≤i, j≤n

{
xi
xj

}
≤ cn2.

) (���âââ���®®®���"""���¥¥¥ÆÆÆ+++gggAAAÓÓÓÆÆÆ���)))������nnn) ��¡, �

xi =


1 + iε, (1 ≤ i ≤ 2

7
n)

2 + iε, (2
7
n+ 1 ≤ i ≤ 5

7
n)

4 + iε, (5
7
n+ 1 ≤ i ≤ n)

.
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Ù¥ ε→ 0+, 7 | n� n→ +∞ (n · ε→ 0).�� c ≥ 9
14
.

eyé?¿ n ∈ Z+, x1, x2, · · · , xn ∈ R+,þk∑
1≤i,j≤n

{
xi
xj

}
≤ 9

14
n2.

5¿é?¿ i ∈ {1, 2, · · · , n}, xi ∈ R+,��� xi = 2ai(ai ∈ R),u´=y∑
1≤i<j≤n

({2ai−aj}+ {2aj−ai}) ≤ 9

14
n2.

5¿

{2t}+ {2−t} ≤ f(t) =

1 + 2−t, t ≥ 1

2t + 2−t − 1, 0 ≤ t < 1

.

u´

LHS ≤
∑

1≤i<j≤n

f(|ai − aj|).

äó: �±N�¦�é?¿ i = 1, 2, · · · , nk ai ∈ Z+� f(|ai − aj|)Ø~.

�EãG(V, E), V = {a1, a2, · · · , an}, ai� aj ë>��=� |ai− aj| ∈ N.

5¿� G�z�ëÏ©|Ñ´��ã,u´e GØ´��ã,K G��� 2��

�ã�¿.?¿�����ã,Ùº:e�I�¤8Ü A,Ù{�e�I�¤8Ü

B.ò A¥�z�� aiÓ�\�� x,-

g(x) =
∑
s∈A

∑
t∈B

f(|as − at + x|).

5¿ f(t)3 [0, 1]� [1, +∞)þþ�eà¼ê.=?Ø as−at3(−∞,−1), [−1, 0],

(0, 1], (1, +∞)þk����¹,Ù{�/aq.P

M = max
{

max
s∈A,t∈B
as−at<−1

−1− as + at, max
s∈A,t∈B

−1≤as−at≤0

−as + at, max
s∈A,t∈B

0<as−at≤1

1− as + at

}
,

m = min
{

min
s∈A,t∈B

−1≤as−at≤0

as − at + 1, min
s∈A,t∈B

0<as−at≤1

as − at, min
s∈A,t∈B
1<as−at

as − at − 1
}
.

� x ∈ [−m,M ]�, as − at� as − at + xáuÓ��«m.deà¼ê5��

g(0) ≤ max{g(−m), g(M)}.

��3 A� B �më�^>,¦�ëÏ©|�ê~�,ÏdØ�� G���ã.

2d ai��²£ØC5,�4 ai ∈ Z+(i = 1, 2, · · · , n).

?�Ú,é?¿ k ∈ Z+,P��� k� ai��ê� yk,K

9

14
n2 =

9

14

(∑
yk

)2
,
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 ∑
1≤i<j≤n

f(|ai − aj|) ≤
∑(

yk
2

)
+
∑
k<k′

(2k−k
′
+ 1)ykyk′ .

��Iy²:

1

2

∑
y2k +

∑
k<k′

(2k−k
′
+ 1)ykyk′ ≤

9

14

(∑
yk

)2
. (∗)

P cos θ = −3
4
, θ ∈ (0, π).e¡y²:é?¿ t ∈ Z+,

cos(tθ) =
at
2t+1

(at ∈ Z), sin(tθ) =
bt
2t+1

√
7 (bt ∈ Z),

� at ≡ bt ≡ 1½ 3 (mod 4).

é t8B. t = 1�·K¤á.b� t�¤á,�Ä t+ 1�,K

cos((t+ 1)θ) = cos(tθ) cos(θ)− sin(tθ) sin(θ)

=
at
2t+1

· −3
4
− bt
√
7

2t+1
·
√
7

4
=
−3at − 7bt

2t+3
,

�

−3at − 7bt ≡ at + bt ≡ 2 (mod 4).

�K 2�ÜK.q

−3at − 7bt ≡ at − 3bt (mod 8)

�

at+1 ≡ 1½ 3 (mod 4),

Ón�é bt+1 8B.(Ø¤á!

28By² at ≡ 2t+1 (mod 7)é?¿ t ∈ Z+.� t = 1�¤á.b� t�¤

á,�Ä t+ 1�,K

at+1 =
1

2
(−3at − 7bt) ≡ 2at ≡ 2t+2 (mod 7)

¤á!

£��K.5¿ at 6= 2t+1,�é?¿ t ∈ Z+Ñk cos(tθ) < 1.�

2t+1 cos(tθ) ≤ 2t+1 − 7.

d�

(∗)⇔ 1

2

∑
y2k +

∑
k<k′

(1− 7 · 2k−k′−1)ykyk′ ≥ 0.

5¿�

1− 7 · 2k−k′−1 ≥ cos(k − k′)θ,
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u´

LHS ≥ 1

2

(∑
i,j

cos(i− j)θyiyj
)
=

1

2
Re
(∑

i,j

εi−jyiyj

)
=

1

2

∣∣∣∑
i

εiyi

∣∣∣2 ≥ 0,

Ù¥ ε = cos θ + i sin θ.y.�

nþ, cmin = 9
14
. �

µ5 dK´(J��êK.kI�?1�
}Á¦�ª�� n2 �þ?,2

�N�Ý¦�Xê�����`�ê.��Ä θwq 5�),¢K´éK8�

���Ä.���J�´, 2023c IMO÷©7ý�Ì¤ÊW�Ñé�¯K���

��?n.
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