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(1. uÀ���ÆêÆ�ÆÆ�, 200241;

2. þ°½Ø%êÆ�¢�­:¢�¿, 200241)

3d¥IêÆ¬Þ�� 2022c�I¥Æ)êÆc���ûm(CMO)�1

213¥IåfêÆc���(CGMO)¥, )ö�Jø
���MmK. ùü�m

K�M�²{äk“õ�ã”Ú“��mªÝ”��Ó:. �©ò±§��Ì�Y

~, 0�êÆ¿m¯Kõ�ãM��eZ²{, (Üég�M�L§A:�@£

±9éM��Ç�g�, JÑ'uêÆ¿m¯KM��eZ¢�ïÆ.

�©éêÆ¿m¯K�“M��ã”�“õ�ãM�”���Xen).

(1)eM�ö3�ãëY��mS�±'5,�M�ÌK, ¿k�A�M�

?Ð, KÀTãëY��m���M��ã.��M��ã�Uáu�F½ê�

�, ��U±YêF½ê±, 3dÏm, M�öéM�ÌKA�©ª�±'5, �

Ø7ëYØÊ/Ý\g�.

(2)eM�ö¥�
é,�M�ÌK�'5, q3²L�ã����m (Ï

~±�½±cO) �2g'5TM�ÌK, ¿�3#(Ø�uy½#¯K�JÑ

þ��²w�?Ð, KÀ�?u��#�M��ã.

(3) “õ�ãM�”´����¹ü�M��ã�M�¹Ä.

I. 2022ccc CMO111 1KKK���MMM���²²²{{{

¯K 1 ��¢ê� {an}, {bn}÷v:é?¿��ê n,þk

an+1 = an −
1

1 +
n∑

i=1

1
ai

, bn+1 = bn +
1

1 +
n∑

i=1

1
bi

.

(1) e a100b100 = a101b101,¦ a1 − b1��;

?¾FÏ: 2024-03-03.
�©´þ°½Ø%êÆ�¢�­:¢�¿�K/êÆ¢�”(�8?Ò 22DZ2229014) �ï

Ä¤J��.
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(2) e a100 = b99,'� a100 + b100� a101 + b101���. [1]

( 2022,�I¥Æ)êÆc���ûm)

¯K 1´ 2022c CMO1�U'm�1 1K, ÙM�L§kn��ã.

1.1 ¯̄̄KKK 1 ���MMM������ããã���

Äku 2020c 9�JÑeã¯K 1.1.

¯K 1.1 �½�ê a,�ê� {xn}, {yn}÷v: x1 = y1 = a,

xn+1 = xn +
1

1 +
n∑

i=1

1
xi

(n ∈ Z+), yn+1 = yn −
1

1 +
n∑

i=1

1
yi

(n ∈ Z+). ¬

y²:ê� {xn + yn}üNO, ê� {xnyn}üN~.

¯K 1.1åÐ�M�ÄÅ´:�¿/JÑ�
¡m�é#L�4í'X, ïÄ

´Ä�±Ø�(J/¦Ñê��Ï�. ²L��}Á�5¿�, �Ð� x1, y1 �

?¿�ê a�, d4í'X¬�Å�½Â��Ã�ê� {xn}, {yn},¿��dêÆ

8B{ (½·����E|) ¦Ñ {xn}, {yn}�Ï�©O�

xn =
a(a + 2) · · · (a + 2n− 4)(a + 2n− 2)

(a + 1)(a + 3) · · · (a + 2n− 3)
, yn = a

(
a

a + 1

)n−1

.

ê� {xn}� {yn}�4íªéãó�, �Äò§�Ü3��¯K¥, ¿}ÁJÑ

�
UÓ��9 {xn}� {yn}�¯K. Ïm'5�(¿�y
)ê� {xn + yn}�

{xnyn} �üN5, l
/¤
þã¯K 1.1. ½�ÄLV\�½�^�(~X

x21y21
x20y20

= 20
21

), �¦)Kö¦Ñ a��, C¤��W�K.

ù�M��ãåÐ¿Ã²(�8I, 3}Á5/JÑ4í'X¬¿k¤&Ä

�, ýÏM�¤J�JÝ�º�bCp¥ém�Á. )ö@�¯K 1.13äk�

½Ôöd��Ó�, ��¿ØÑç, �6�3�, �±�?�Ú'5ÚuÐ.

1.2 ¯̄̄KKK 1 ���MMM������ããã���

2021c 10�, )ö£�kc�M��á�, ?�Ú�g¿JÑ
¯K 1.2.

¯K 1.2 ê� {xn}, {yn}÷v x1, y1 > 094í'X¬. e x100 = y101, �

'� x101� y100���.

¯K 1.2U^|JÑ, Ì��Ãu¿£��±{ø^� x1 = y1 = a�åP,

ù�K8¥�gdCþl��O\�ü�, Cz��´L.

du� x1, y1 > 0�, {xn}� {yn}©O�üNO��ê��üN~��
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ê�, ���é,
 k, l, ?�Ú�	 xk+1

xk
� yl

yl+1
���'X½ xk+1 − xk �

yl − yl+1���'X. ~X, ��½ x100 = y101,¿�¦'�
x101

x100
� y100

y101
���(�

�±´'� x101 − x100� y100 − y101���)�, K�du¯K 1.2.

¯K 1.2�)�g´´:PÐ� x1 = a, y1 = b,kd x100 = y101��'X

a(a + 2) · · · (a + 196)(a + 198)

(a + 1)(a + 3) · · · (a + 197)
= b

(
b

b + 1

)100

, ­

2ò¯K8(�'� x101

x100
� y100

y101
���, ?
=z�'� a + 199� b���, |

^{ü�©ª� E|, �±y² a + 199 ≤ bØ�U¤á, u´ a + 199 > b,l


k(Ø x101 < y100.

ù�){¦+Ú½�õ, �\ÃN´, ���!�g´g,, � �°t, v

kAO��g�a�, Ïd)ö��ý�¯K 1.2?up¥ém�ÁØ¶K½\

ÁN´K�Y², 
�Ä��©:���, ½N�·Ü�� CGMO mK, ½öJ

,JÝ��� CMO mK (Ï�U�cm�, CGMO � CMO zKU
©Ñ 7 �

�©:, 
p¥ém�Á)�K�\ÁN´Kþ�U
©Ñ 4 ��©:). 3¯K

�Lãþ, ½�ò“x1, y1 > 0” U�“{xn}� {yn}þ��ê�”, ±²(w�K¥

¤�9�êþþk¿Â, ¿�K�
Ø­��ín�!.

ù�M��ã��
����¤.�M�¤J, �¿�¿©�ÄÙ�õ){

Ú[!(¯¢þéJÝ�µ��¿ØO(). duØI�=�3,�¿m¥¦^,

�òÙ6�3�, �·�|Ü?�Ú��.

1.3 ¯̄̄KKK 1 ���MMM������ãããnnn

2022c 12�, )öI�� CMO O����êK, �}Á3¯K 1.2�Ä:

þuÐÑ��I��°[� �O�?Ö. ¦+}Á�L§¿Ø^|, �3�E

}ÁÏm5¿�
)û¯K 1.2��^$».

d4íª¬?1{ü�8B, (Ü^� x100 = y101��

0 < x1 < · · · < x99 < x100 = y101 < y100 < · · · < y1, ®

2g|^¬, =�

x101 = x100 +
1

1 +
100∑
i=1

1
xi

< y101 +
1

1 +
100∑
i=1

1
yi

= y100. ¯

du�3ù�$», ¯K 1.2�¢SJÝ'�Ðý���$, ¦Ï��Ø2´7

I�.

�dÓ�, #�)Kg´�uy#(Ø�5
êÅ. AO/, 3®, ¯�Ä:
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þUYí�
101∑
i=1

1

xi

=
99∑
i=1

1

xi

+
1

x100

+
1

x101

>

99∑
i=1

1

yi
+

1

y101
+

1

y100
=

101∑
i=1

1

yi
,

?
k

x102 − x101 =
1

1 +
101∑
i=1

1
xi

<
1

1 +
101∑
i=1

1
yi

= y101 − y102,

£�� x101 + y101 > x102 + y102.�dJÑ¯K 1.3.

¯K 1.3 ê� {xn}, {yn}÷v x1, y1 > 094í'X¬. e x100 = y101, �

'� x101 + y101� x102 + y102���.

¯K 1.3 �ín'¯K 1.2 õ
���g. ½��ì¯K 1.2 �Ð�)

{, lê��Ï�\Ã, 3­�Ä:þ8(�'� x102−x101

x100
= a+200

(a+199)(a+201)
�

y101−y102
y101

= 1
b+1
���(EP x1 = a, y1 = b ), 2ÏL�°[�� �¤)�.

¯K 1.3�JÝ�¯K 1.2k¤þ,, )KL§�E,§Ý�ûu\Ã�Ý

XÛÀ�, ¢SJÝ�U��up¥ém\ÁN´K.

1.4 ¯̄̄KKK 1 ���mmmccc������������KKK���¹¹¹

du�3 CMO I���N´��êK, �3¯K 1.3�Ä:þ?1��.

Äk, ���1 (1)�K, ý­��Ä���êC/, 
ò¯K 1.3��1

(2)�K, ý­��� E|, ±��¡/��ëmÀÃ��êÄ�õ. 1 (1)�

K´uþÃ, �ü�K�éÕá, =¦1 (1)�K¦)�}�Ø¬��1 (2)�K

Ã{\Ã, ù�k|uü$ëmÀÃu��ó,5. d	, 1 (1)�K���½õ

½�¬ò)Kö�g�Ú�ê��Ï�, l
é1 (2)�K¥��|¯$�� 

´»å��½�“ùo”�^, ¦)û��¯K�g��¦q��J,, ýOJÝ

U
�� CMO N´K�Y².

Ùg, du¦) {xn}� {yn}�Ï�úª�, cö�Ju�ö, ���ü�

ê��¥ygS(PÒ {yn}Ú {xn}�A�¤ {an}Ú {bn} ), ¦¯K�¥y�Ü

�“d´9J”�Ü6.

��òK¥��I�N, ���ªmK (¯K 1), Ù)��ë�© [1], [2].

²m�ÚO, �K�©Ç�� 0.83,� 60%�ÀÃ�é (21©) ½C��é

(18©), k�Ln©���ÀÃ�
 9©!12©!15©, ¦�Ì�´31 (2)�

Kþ�©, �e�4�êÀÃ�½õ½���
?Ð, d	�KéuÕý�NC

�ÀÃkéÐ�«©Ý [2]. Ïd@�, �KÜn¿�
 CMO 1 1K��Ú, �
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�·K|�Ä�¿ã.

II. 111 21333 CGMO 111 5KKK���MMM���²²²{{{

¯K 2 Xã 1,34ABC ¥, K,L´SÜü:, D´> ABþ�:. ®�

B,K,L,Co:��,�∠AKD = ∠BCK,∠ALD = ∠BCL. y²: AK = AL. [3]

(1 213¥IåfêÆc���)

ã 1

¯K 2´ 2022c CGMO 1 5K (1�U'm�1 1K), ÙM�L§kü�

�ã.

2.1 ¯̄̄KKK 2 ���MMM������ããã���

¯K 2M��“éuÔ”´eã¯K 2.1.

¯K2.1 ®�:O´b�4ABC�	%, M,N,P ©O´>BC,CA,AB�

¥:, 4BOC,4MNP �	���u: X, Y,� X, Y 34ABC �SÜ. y²:

∠BAX = ∠CAY. [4]

( 2013, l��æêÆc���)

ã 2

¯K 2.1�y²�ë�©[4]. ,�«�äE|5�y{´éã/�± A�¥

%! AB·AC
2
����üC�, 2�'u ∠BAC ²©��é¡C�. 3dEÜC�

5 êÆ#(�



e,Xã 2,:B,C©OéA:N,P,:OéAA3BCþ��K T,Ù¥ T TÐ

�34MNP �	�� ω (�´4ABC �Ê:�)þ, �4BOC �	�� Ωé

A� ω,(Ü: X, Y 3ü�þ� �, �� X � Y �péA, u´ AX,AY �

∠BAC ����, ?
� ∠BAX = ∠CAY.

2018c 10�, )öïÄ¯K 2.1�){Úã/�, uy¦qk AX = AY,²

õg�ã�Ä½
ù�ßÿ, �Ó�¿£�, ¤�ã/¥ ∠BAC ≈ 60◦ ½

´ AX = AY Cq¤á��Ï. ÏLAÛx��y� ∠BAC = 60◦ �(´

AX = AY �¿©^�.

éd(Ø����Ï?1g�, uy� ∠BAC = 60◦ �, � Ω�4ABC �

	��TÐ'u BC é¡, 
���/e, ��4ABC �	��'u BC é¡

�� Γ�4ABC �Ê:� ω�uü: X, Y,Kk AX = AY.¯¢þ, P ϕ ´±

A� q¥%! 1 : 2 � q'� qC�, K´� Γ = ϕ(ω),AO/,  q¥%

A3ü� ω,Γ�ë%�þ, q X, Y �ü���:, �dé¡5� AX = AY.

²^���d=z9i1PÒ�N��, �Ñeã¯K 2.2.

¯K 2.2 34ABC¥, D,E, F ©O´>BC,CA,AB�¥:, 4ABCS

ü: K,L  u 4DEF �	�� ω þ, ÷v ∠BKC = ∠BLC = 180◦ −

∠BAC (Xã 3). y²: AK = AL.

ã 3

¯K 2.2²w'�.(¯K 2.1) N´, y²¥���J:´uy� ω �o>

/ BKLC 	�� Γ� q'X¿|^Ðù�'X, Ïd)ö@��KJ:�8

¥, g�óá, e��mKq�"����g. �,, �K¤�9��£��{®

��.��ØÓ, ��À�k¿Â�M�¤J.

2.2 ¯̄̄KKK 2 ���MMM������ããã���

2022c 6�, )ö�ÛÏ�êÆ¿m;�ÿÀK, Ïmékc¤M��¯K

2.2�
?�Úg�.
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� ϕ´cã½Â� qC�. Xã 4,ò� AK � BKLC �	�� Γu:

X,Kk X = ϕ(K),
 B = ϕ(F ),� BX � FK, ¤±

∠AKF = ∠AXB = ∠KCB.

aq/, ò� AL�� Γu: Y,�í�

∠ALF = ∠AY B = ∠LCB.

dé¡5, ½k ∠AKE = ∠KBC � ∠ALE = ∠LBC.

ã 4

�{zã/, �K�: D,E Ã'�&E, à�u: F, ØJuy�d

∠AKF = ∠KCB, ∠ALF = ∠LCB­#½Â:K,L,��Xe¯K 2.3.

¯K2.3 34ABC¥, F �AB�¥:,4ABCSü:K,L÷vB,K,L,C

o:��, � ∠AKF = ∠KCB, ∠ALF = ∠LCB.y²: AK = AL.

¯K 2.3�y²�{�¯K 2��(�ë�©[3]), u�y²L§ØJuy,

“F � AB�¥:”´P{^�, �±�K, 2òi1 F UP� D, =�¯K 2.

?�ÚJÑ¯K 2���_·K, =eã¯K 2.4.

¯K 2.4 34ABC¥,>ABþ�:D9SÜü:K,L÷vAK = AL,�

∠AKD = ∠BCK, ∠ALD = ∠BCL. y²: B,K,L,C o:��.

�y²¯K 2.4,�©Oò� AK,AL�: X, Y,¦ BX � DK, BY � DL,(

Ü^�´y B,K,C,X o:��, B,L,C, Y o:��, qKLYX ���F/,

Ùo�º:��, 
ùn��üü��¶ BC,KX,LY QØ²1�Ø�:, ¤±

ùn���U­Ü, = B,K,L,C, Y,X 8:��.

7 êÆ#(�



¯K 2�¯K 2.2�JÝ����, �ý­:k¤Cz, Ì���)KöU

ÄòÑÏ��Ý'Xk��Üå5, 
Ù_·K(¯K 2.4 )��J�
, nÜ5�

r�
. )ö@�ùü�¯K�·Ü�� CGMO �ÿÀK.

2.3 ¯̄̄KKK 2 ���mmmccc������������KKK���¹¹¹

3M��ã�¥, ¯K 2�¯K 2.4þ®Ä���¤Ù. du�3 CGMO I

���N´�AÛK��1�U'm�1 1K, ·K|3¯K 2�¯K 2.4 �m

ÀJ
cö, ¿��
Orã/��*5��Úå, A¿ò B,K,L,C o:¤3

���¿�Ñ()öJ��ÿÀK¥¿��T�).

²m�ÚO, �K�©Ç�� 0.67,� 65%�ÀÃ�é (21©)½C��é

(18©). �õÀÃ�¤±�yÑ�K, ´du�é�k��Ü®��Ý'X��

{, ~XkØ�ÀÃò¯K8(�y² ∠AKL = ∠ALK,?
� P � BK �ò

��� DL��:, (Ü^�, =z�y² ∠AKP = ∠DLK, ∠DKP = ∠DLB

�a�(Ø, �ù��åè¿vk{z¯K. d	, A�vkÀÃÏLO�a�{

yÑ�K, ¿�X�K�k|u�NÀÃXAÛy²�Y². nþ, �K3JÝ

�ÁKº��¡þ�ÎÜ·K|�¿ã.

III. ÙÙÙ¦¦¦eeeZZZMMM���²²²{{{

þãü�mK�M�L§þ�¹Ø����ã, �Ñk��(üc±þ)�M

��mªÝ. ,��k�[P1�daY~´eã¯K 3�M�²{.

¯K 3 � n���ê, ¡ n× n���L Tn������:(� (n + 1)2�

�:)��:. yòê 1, 2, · · · , (n + 1)2©�� Tn�¤k�:, ¦ØÓ��:©

�ØÓ�ê. ¡ Tn��� 1× 1�f S�“Ð��”, XJl S�,�º:åU_

����ÖÑ� 4�º:þ�ê�g4O(~X, ã 5 ´òê 1, 2, · · · , 9©��

T2 ��:��«�ª, Ù¥ B,C ´Ð��, 
 A,D Ø´Ð��). � Tn ¥Ð�

��ê����� f(n).

(1) ¦ f(2)��;

(2) ¦ f(n)'u��ê n�L�ª. [5]

( 2019,þ°½pnêÆ¿m)

¯K 3M��“éuÔ”´���9n�¿©�|Ü��¯K.)öu 2014c

2�ÏLU?�K, ����|Ü���|ÜOê�nÜK, qu 2019c 3 �­

�TM��á, 3#�M��ãJÑ
���9o>/¿©���#L�kJÝ
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ã 5

�|Ü��¯K, ���â·Kó��I���/¤�ªmK. �[�P1�?

Ø�ë�©[5].

d	�kNõ<�¹��M�²{, e¡{�0�Ù¥ü~.

¯K 4 3²¡þ�½n�/ ABC.�: D,E, F ©O´> BC,CA,AB þ

�Ä:, ÷v BD = CE, CD = BF.L: B,D, F n:���L C,D,E n:

���u: D9,�: P.y²:²¡¥�3�: Q,¦��ã PQ��Ý�½

�. [6]

( 2018,¥II[8ÔèÿÁ�)

3�3I[8Ôè¥, �K�kn©���è
�Ñ, 38Ôè1��ã?

\1��ã�Ào¥äkûÐ��J. K8�JÝpuýÏ(l�©Çw, ´�3

8Ôè1��ã 12�K¥1o(J�), ÄÙ�Ï, �U´½: Q� �Ø´ß

ÿ, 
ù�éO�a�{�¦^/¤
Ø|K�.

¯K 4M��ÌNó�@3)öÒÖ��Ïm(� 2006c)=®�¤. �u

K¥¹kÄ:, 3d��(½�ã/uy(Ø�, )ö�ÝaúéJé:!��

�« �'X?1�¦�©a?Ø(��¿ØÙGk���O�), Ïd¿�î�

�n)�, =é^��(Ø�
{��P¹. 2017c 5�, )öÃ¿m�Ñ�õ

cc�úv�, uyÚ\k���=�V)¤k�/, �?Ö[!�òÙ��;

�mK, �ª3 2018cI[8ÔèO�ó�ÏmòÙ����ªmK, ¦@Ï�

M�È\u�
�
d�. Ïd, ù´��M�ªÝAO��J#�M�Y~.

¯K 5 é��êm,n,^ f(m,n)L«÷vxyz = x + y + z + m,

max{|x|, |y|, |z|} ≤ n

�kS�ê| (x, y, z)��ê. ´Ä�3��ê m,n,¦� f(m,n) = 2018 ? y

²\�(Ø. [7]

( 2018,1 153¥IÀH/«êÆc���p�c?)
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¯K 5�9õ�ª!{ê©Û!Ø½�§¦)!Oê!©a?Ø��¡, �

·�|^
c°�“ 2018 ”�AÏ5, éëmÀÃ)K�Ä�õ9�£�{�n

Ü$^k�½�¦.

ù´��òM�¯K“ûõ”�AÏc°
¦^�Y~. ¯¢þ, é¯K��

g©u 2012c 6�. ��ïÄ
eZ«'un�C� x, y, z �Ó�é¡.Ø½

�§, �Äda�§3�½��S�ê) (x, y, z)�|ê, Ù¥uy, éu¯K 5

¤���§9��^�( m,nÀ�ëê), ��¦�ê)�|ê f(m,n)´���

12{ 2�'���ê�, TÐQUíÑm = 2,qU?�ÚíÑ�3 n÷v�¦.

5¿� 2018 = f(2, 168),u´)öòM��á3�� 2018c2?1[!��, �

�^u�c�ÀH/«êÆc���.

IV. ggg������ïïïÆÆÆ

4.1 '''uuuMMM���²²²{{{AAA:::999MMM������ÇÇÇ���ggg���

£�)ö�mKM�²{, ±�� 2023 c.)ö� CMO!I[8Ô

è!CGMO!¥IÀH/«êÆc���!¥IÜÜêÆ��mùÊ�¹Ä¤

Jø� 68�mK (¹Ü�¤J)�~, ²{��ü�M��ã (ØOmc���

ã) �mK�Óo©��, 
M��mªÝ (lM�m©O�K8�ª¦^) �

2��±S! 2− 12��!1− 3c!3c±þ�mK��Ó�o©��.

þãÚO(J�©[8]¤P1� 2017c CMO ��mKM�L§�N�(

J�/¤�½�é'. U�©é“M��ã”�n), �â©[8]¥��'©i£

ã��, �3� CMO 1 1K (TÐd)ö¤M�) ²{
ü�M��ã, M�

�mªÝ� 2c±þ, ,Ê�mK�M�L§¦+k“�U����Ø�”9“ä
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