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1�K ^ Ω(x)L«��ê x����Ïf, é��êm,n, P

fm,n(x) = xτ(σ(n)ϕ(n))+m − 1.

(1) y²: é?¿��ê n, �3Ã¡õ���êm, ¦�

Ω(fm,n(x)) <
1

2
(fm,n(x))

1
2 +

3

4

é?¿�u 2��ê x¤á;

(2) y²: é?¿��êm, �3Ã¡õ���ê n, ¦�

Ω(fm,n(x)) < (fm,n(x))
1
2 +

3

2

é?¿�u 2��ê x¤á.

(�â�¥Æ) 4�
 øK)

y² (�â�®�"�¥Æ+gAÓÆ�)��n):

(1) ���êm, ¦� 6 | τ(σ(n)ϕ(n)) +m, ù��mkÃ¡õ�.

éù��m, � τ(σ(n)ϕ(n)) +m = 6r, K

fm,n(x) = x6r − 1 = (xr − 1)(xr + 1)(x2r − xr + 1)(x2r + xr + 1).

¤±

Ω(fm,n(x)) ≤ x2r + xr + 1 ≤ 1

2
(x3r − 1) ≤ 1

2
(x6r − 1)

1
2 =

1

2
(fm,n(x))

1
2 ,

÷v�¦.

(2) ky²ü�Ún.

ÚÚÚnnn 1 �3Ã¡õ���ê n, ¦� σ(n)ϕ(n)Ø´��²�ê.

y² � n´�ê, K

σ(n)ϕ(n) = (n+ 1)(n− 1) = n2 − 1

Ø´��²�ê. ù�� nkÃ¡õ�.
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ÚÚÚnnn 2 �3Ã¡õ���ê n, ¦� σ(n)ϕ(n)´��²�ê.

y² �Iy²é?¿��ê N , �3�ê n > N ÷v�¦.

ò�êl���ü�� p1, p2, · · · .

�½��ê k, ¦� pk > N , ¿�½¿©����êM .

�

σ(pk · · · pM)ϕ(pk · · · pM) =
MY
i=k

(pi + 1)(pi − 1)

�¤k�Ïf� q1 < q2 < · · · < qt, K qt ≤ pM+1
2

.

é {k, k + 1, · · · ,M}�?¿��f8 I, P3
Y
i∈I

(pi + 1)(pi − 1)��Ïê©)

¥, �ê�Ûê��ê�eI8� TI , K TI ´ {1, 2, · · · , t}�f8.

d�ê½n, ��M ¿©�, ¦�«m (pM+1
2
, pM)¥�ê��ê�L k. (Ü

qt ≤ pM+1
2
�M ≥ k + t, u´ 2M−k+1 − 1 > 2t.

d� {k, k + 1, · · · ,M}���f8��êõu {1, 2, · · · , t}�f8��ê, ¤

±dÄT�n, �3 {k, k + 1, · · · ,M}�ØÓ���f8 I, J , ¦� TI = TJ .

-

n =
Y

i∈I4J
pi,

Ù¥ “4”L«é¡�, K n ≥ pk > N , � σ(n)ϕ(n)��Ïê��êþ�óê, �

σ(n)ϕ(n)´��²�ê.

£��K.

dÚn 1,2, �3Ã¡õ���ê n, ¦� τ(σ(n)ϕ(n))´óê, ��3Ã¡õ

���ê n, ¦� τ(σ(n)ϕ(n))´Ûê. ù�é?¿��ê m, �3Ã¡õ���

ê n, ¦� τ(σ(n)ϕ(n)) +m´óê.

éù�� n, � τ(σ(n)ϕ(n)) +m = 2r, K

fm,n(x) = x2r − 1 = (xr − 1)(xr + 1).

¤±

Ω(fm,n(x)) ≤ xr + 1 < (x2r − 1)
1
2 +

3

2
= (fm,n(x))

1
2 +

3

2
,

÷v�¦. �

µ5 (1). Ún 2�y²�{31 40Ï�)1�K¥�ÑyL.

(2). ·ý½1�¥ÆÁìûÚ�Ó�ÓÆ�Ñ, y² {π(2n) − π(n)}Ã.k

�Ð���{.
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¯¢þ, b�é?¿��ê n, «m (n, 2n]¥�ê��êÑØ�L~ê C. KX
p��ê

1

p
=
∞X
l=0

X
p��ê

p∈(2l,2l+1]

1

p
<
∞X
l=0

X
p��ê

p∈(2l,2l+1]

1

2l
≤
∞X
l=0

C

2l
= 2C,

ù��ê��êÚuÑgñ!

(3). E�N¥�¢�ÓÆ�Ñ, ©Ù5Power Values of Divisor Sums61 ¥

y²
é?¿��ê k, �3Ã¡õ���ê n, ¦� σ(n) ´ k g�. �r/,

Tristan Freibergu 2010c2 y²
é?¿��ê k, �3�¢ê xk, ¦�é?¿

¢ê x ≥ xk, �u x�¦� σ(n)´ kg����ê n��ê�u x0.7.

(4). uH���ÆNá¥Æ$fA, 4²òS¥Æo�µ, Üó�N¥
L

�, �e¥Æ"Æ©�ÓÆ��Ñ
�K��()�.

1�K 3 4ABC ¥, I ´S%, S��� BC,CA,AB ©O�u: D,E, F .

�(ABE),�(ACF )��¶� BC �u:W!� �(ABC)�u,�: V . � Q´

I 'uW �é¡:, M ´lúBAC �¥:, ��MA,BC �u: J , �� AD, V J

�u: S. y²: �(MIS)� �(IQJ)��.

(¤Ñä�¥ÆÆ) o�Ê øK)

y² (�âè²�¥��dÓÆ��n):

ky²M,D, V ��.

� �(ABE),�(ACF )�1���:� U , K4UFB ∼ 4UCE. u´

BV

CV
=

sin∠BAV
sin∠CAV

=
UF

UC
=
BF

CE
=
BD

CD
,

l
 DV ²© ∠BV C, � DV ²LlúBAC �¥:M .

U

M

V

W

F

E

D

I

A

B C

1https://dspace.library.uu.nl/bitstream/handle/1874/272370/amer.math.monthly.119.05.373.pdf
2https://arxiv.org/pdf/1008.1978.pdf
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2y²M, I,W ��.

´� ∠MBI = C
2
,∠MCI = B

2
, ¤±

S4MBI

S4MCI

=
MB ·BI · sin∠MBI

MC · CI · sin∠MCI
=

 
sin C

2

sin B
2

!2

.

,��¡,

BW

CW
=
S4ABV
S4ACV

=
AB ·BV
AC · CV

=
AB

AC
· BD
CD

=
sinC

sinB
·

cot B
2

cot C
2

=

 
sin C

2

sin B
2

!2

.

d
S4MBI

S4MCI
= BW

CW
=�M, I,W ��.

L

S

J

Q

M

V

WD

I

A

B C

e¡y² �(MIS)� �(IQJ)��, �Iy² ∠SIQ = ∠SMI + ∠QJI, =

∠MSI = ∠QJI.

d

MD ·MV = MC2 = MA ·MJ

� D, V, J,A��. qd ∠IDJ = ∠IAJ = 90◦� I,D, J, A��, ¤± I,D, V, J, A

Ê:��, P� Γ, Ù�%� IJ �¥: L.

é Γ �S�o>/ ADV J , S,M,W ©O�Ùü|é>��:Úé���

�:, ¤±d Brocard ½n, LW⊥SM . Ï� L,W ©O� IJ, IQ �¥:, ¤±

JQ⊥SM .

Ù�MW ´ S 'u Γ�4�, ¤±MW � Γ��: I � S �ë�´ Γ��

�, u´ IJ⊥IS.

ù�, ∠MSI � ∠QJI �ü>©OéAR�, � ∠MSI = ∠QJI.

nþ, ·K�y. �

µ5 (1). wÅ½1�Ê¥ÆBf�ÓÆ�Ñ, 4ABC ��à: (ë�
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n�/�n��%ÚS��3n��%éA>�:�n^����:)3

�(ABE),�(ACF ) ��¶þ.

(2). �ep?¥Æ¶áZ, �e¥Æ4��!"Æ©, �®�"�¥Æ+g

A, ôÜ�Êô�¥�e®, uH���ÆNá¥Æ$fA, 4²òS¥Æo�µ,

�H��N¥��Z, è²�¥±�~, þ°½u�¥Æ÷º�, ÉÇ½Ô�¥Æ


fc, ÜSp#�¥XÓ�, Üó�N¥
L�, ­�ÜH�ÆNá¥ÆoµÊ

�ÓÆ��Ñ
�K��()�.

1nK ��ê n ≥ 2, ¢ê a1, a2, · · · , an ≥ 1, ÷vé?¿ 1 ≤ i ≤ n, |ai −

ai+1| ≥ 1, Ù¥ an+1 = a1. y²:
nX
i=1

ai − 1

ai+1

≥
¡n

2

¤
.

(¥I<¬�ÆNá¥Æ Üà� øK)

y² 1 (�â�®�Æ
rÆÓÆ�)��n):

é 1 ≤ i ≤ n, P

bi =
ai − 1

ai+1

− 1

2

�
1 + log2

ai
ai+1

�
,

K
nX
i=1

ai − 1

ai+1

=
nX
i=1

bi +
n

2
.

ky²n�(Ø:

� bi ≥ 0.

�½ ai
ai+1

, 3�y |ai − ai+1| ≥ 1�cJeÓ�~� ai, ai+1. d�Ø�ª�>

C�
m>ØC, Ïd�� ai = 1½ ai+1 = 1½ |ai − ai+1| = 1. ùÑ´��Ø�

ª, N´�y.

�e ai+1 > ai ≥ 2, K

bi ≥
1

3
− 1

2

�
1 + log2

2

3

�
> 0.125.

Ó�¥N��� ai+1 = ai + 1½ ai = 2, ��N´�y.

�e ai+1 < ai� ai ≥ t, K

bi ≥ 1− 1

2

�
1 + log2

t

t− 1

�
.

P

f(x) =
ai − 1

x
− 1

2

�
1 + log2

ai
x

�
, 1 ≤ x ≤ ai − 1.

5 êÆ#(�



Ï�

f ′(x) = −ai − 1

x2
+

1

2 ln 2 · x
≤ −1

x
+

1

2 ln 2 · x
< 0,

¤±�� ai+1 = ai − 1, ��N´�y.

AO/, � t = 3 �, bi ≥ 1 − 1
2

�
1 + log2

3
2

�
> 0.207;� t = 4 �, bi ≥ 1 −

1
2

�
1 + log2

4
3

�
> 0.292.

£��K. � n�óê�, d�=y. e� n´Ûê.

� n = 3�, Ø�� a2 u a1Ú a3�m.

e a1 < a2 < a3, Kdé�¼ê�üN5��� a1 = a2 − 1, a3 = a2 + 1, d�

a1 − 1

a2
+
a2 − 1

a3
+
a3 − 1

a1
=
a2 − 2

a2
+
a2 − 1

a2 + 1
+

a2
a2 − 1

= 2 +
a2(a2 − 1)(a2 − 2) + 2

(a2 − 1)a2(a2 + 1)
≥ 2.

e a1 > a2 > a3, K
a1−1
a2
≥ 1, a2−1

a3
≥ 1, �\=y.

� n ≥ 5�, b�(ØØ¤á, K
nX
i=1

ai − 1

ai+1

<
n+ 1

2
,
nX
i=1

bi <
1

2
.

ò a1, a2, · · · , an ©�4OãÚ4~ã, e ai < ai+1 < · · · < ai+m, K¡ m�T4

Oã��Ý. Ï�4~ã¥� ai−1
ai+1
≥ 1, ¤±d�yb�,

4~ã�o�Ý ≤ n− 1

2
<4Oã�o�Ý.

u´�3��4Oã��Ý�uÙ�¡4~ã��Ý, Ø���

a1 < a2 < · · · < as+1 > as+2 > · · · > as+r+1,

Ù¥ s > r.

e s ≥ 3, Kd�, bs−1, bs > 0.125; d� (� t = 4), bs+1 > 0.292. u´
nX
i=1

bi ≥ bs−1 + bs + bs+1 >
1

2
,

gñ! ¤± s = 2, r = 1, Ïd a1 < a2 < a3 > a4 < a5.

lþãy²��±wÑ, Ø�3 i¦ ai < ai+1 < ai+2 < ai+3. (∗)

7k a5 > a6. ÄKd�, b2, b5 > 0.125;d�£� t = 3¤, b3 > 0.207. d (∗)

� a6 > a7 (� n = 5�®� a1 < a2gñ), 2d�(� t = 4)� b6 > 0.207. u´
nX
i=1

bi ≥ b2 + b3 + b5 + b6 >
1

2
,

gñ!

e¡�Iy² b3 + b4 + b5 > 0.375, 2(Ü b2 > 0.125=�gñ.
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=y� x ≥ 3, y ≥ 1, z ≥ 1� x ≥ y + 1 ≤ z ≥ w + 1�,

x− 1

y
+
y − 1

z
+
z − 1

w
− 1

2

�
3 + log2

x

w

�
> 0.375.

dé�¼ê�üN5, �� y = min{x, z} − 1.

(1) � y = x− 1�, (Ü�!�,

d y < x ≥ 3� x−1
y
− 1

2

�
1 + log2

x
y

�
> 0.207;

d w < z ≥ 3� z−1
w
− 1

2

�
1 + log2

z
w

�
> 0.207;

d z > y ≥ 2� y−1
z
− 1

2

�
1 + log2

y
z

�
> 0.125.

�\=y.

(2) � y = z − 1�, x ≥ z ≥ 2, x ≥ 3, 1 ≤ w ≤ z − 1, ��Iy²

x− 1

z − 1
+
z − 2

z
+
z − 1

w
− 1

2

�
3 + log2

x

w

�
> 0.375.

é w¦�, Ï� − z−1
w2 + 1

2 ln 2·w < 0, ¤±�� w = z − 1. d��Iy²

x− 1

z − 1
+
z − 2

z
+ 1− 1

2

�
3 + log2

x

z − 1

�
> 0.375.

é x¦�, Ï� 1
z−1 −

1
2 ln 2·x > 0, ¤±�� x = z ½ x = 3. ùÑ´��Ø�

ª, N´�y.

nþ, ·K�y. �

y² 2 (�âuH���ÆNá¥Æ$fAÓÆ�)��n):

P

fn(a1, a2, · · · , an) =
nX
i=1

ai − 1

ai+1

.

� n = 2�, Ø�� a1 ≥ a2, K f2(a1, a2) ≥ a1−1
a2
≥ 1.

� n = 3�, Ø�� a1 ≥ a2 ≥ a3½ a1 ≤ a2 ≤ a3.

e�cö,

f3(a1, a2, a3) ≥
a1 − 1

a2
+
a2 − 1

a3
≥ 2.

e��ö,

f3(a1, a2, a3) ≥ f3(a1, a2, a2 + 1) ≥ f3(a1, a1 + 1, a1 + 2) > 2.

e¡é n8B. b� n ≥ 4�Ø�ªé 2, 3, · · · , n − 1Ñ¤á, 5w n���

/.

5¿��K¥Cþ´Ó��, Ïdé a1, a2, · · · �?Ø��ué ai+1, ai+2, · · ·

�?Ø.

·�½ÂeZ�N�: £±e [i]�IÒ, Ø�L©a?Ø¤
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[1]e a1 < a2 > a3, K

fn(a1, a2, a3, · · · ) =
�
a1 − 1

a2
+
a2
a3

�
− 1

a3
+

nX
i=3

ai − 1

ai+1

≥ fn(a1,max{a1, a3}+ 1, a3, · · · ).

[2]e a1 > a2 < a3, K

fn(a1, a2, a3, · · · ) =
�
a1 − 1

a2
+
a2
a3

�
− 1

a3
+

nX
i=3

ai − 1

ai+1

≥fn(a1,min{a1, a3} − 1, a3, · · · ).

þ¡ü�Ñ´ò fnw� a2�é�¼ê
��.

[3]e a1 = a3, Kd n− 2��8Bb�,

fn(a1, a2, a3, a4, · · · ) =fn−2(a1, a4, · · · ) +
�
a1 − 1

a2
+
a2 − 1

a1

�
≥
�
n− 2

2

�
+ 1 =

¡n
2

¤
.

d�·K�y, e�Ø�3 i¦ ai = ai+2.

[4]e a1 < a2 < a3 > a4, Kd [1]� a3 = max{a2, a4}+ 1.

e a3 = a4 + 1, K

fn(a1, a2, a3, a4, · · · ) ≥
a1 − 1

a2
+
a3 − 1

a4
+

nX
i=4

ai − 1

ai+1

≥a1 − 1

a4
+ 1 +

nX
i=4

ai − 1

ai+1

≥fn−2(a1, a4, · · · ) + 1 ≥
¡n

2

¤
.

e a3 = a2 + 1, ò

fn(a1, a2, a3, a4, · · · ) = fn(a1, a2, a2 + 1, a4, · · · )

w� a2�é�¼ê�Ø� a2 = max{a1 + 1, a4}. d [3], Ø� a2 = a1 + 1.

nþ, e·KE��y, K a3 = a2 + 1 = a1 + 2.

[5]e a1 > a2 < a3 < a4, K�o·K�y, �o a4 = a3 + 1 = a2 + 2, y²Ó

[4].

[6]e a1 < a2, a2 = a3 + 1, a3 < a4, K

fn(a1, a2, a3, a4, · · · ) ≥
a1 − 1

a2
+
a2 − 1

a3
+

nX
i=4

ai − 1

ai+1

≥a1 − 1

a4
+ 1 +

nX
i=4

ai − 1

ai+1

≥fn−2(a1, a4, · · · ) + 1 ≥
¡n

2

¤
,

·K�y.
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[7]e a1 > a2 < a3 > a4, d [1],[2]� a3 = a2 + 1½ a3 = a4 + 1, a1 = a2 + 1.

3�ö¥, e·KE��y, Kd [6], a0 > a1, a4 > a5. ò fnw� a3�é�¼

ê� a3 = a2 + 1£d� a2 = a4, d [3]�Ø¤á¤½ a4 = a5 + 1. Ón a0 = a1 + 1.

nþ, �o·K�y, �o a3 = a2 + 1½ a3 = a4 + 1 = a5 + 2, a2 = a1 − 1 =

a0 − 2.

[8]e�3�ã t�4�4Of� a1 < a2 < · · · < at(a0 > at, at > at+1)�

t ≥ 3.

� t ≥ 5 �, d [4],[5] ��o·K�y, �o a3 = a2 + 1 = a1 + 2, at =

at−1 + 1 = at−2 + 2. d�d4O'X� a2 ≥ 2, at−1 ≥ 4, ¤±

fn(a1, a2, · · · , at, · · · )

=fn−2(a1, a3, a4, · · · , at−2, at, · · · ) +
a22 − 2

a22 + a2
+

a2t−1 − 2

a2t−1 + at−1

≥
�
n− 2

2

�
+

22 − 2

22 + 2
+

42 − 2

42 + 4
>
¡n

2

¤
,

·KE,�y.

� t = 4�, d [4],[5]� a4 = a3 + 1 = a2 + 2 = a1 + 3.

� t = 3�, d [4],[5]� a3 = a2 + 1 = a1 + 2.

[9]e a2 = a1 + 1, a3 ≥ 2, a3 >
a2
2
, a3 < a2, K

fn(a1, a2, a3, · · · ) > fn(a1, a3 − 1, a3, · · · ).

�I5¿�

LHS− RHS =
a1 + 2− a3

a3(a1 + 1)(a3 − 1)
(2a3 − a2) > 0.

£��K. e�3�|÷vK¿� a1, a2, · · · , an¦�
nP
i=1

ai−1
ai+1

<
 
n
2

£
, K·��

âþã [1]∼[9]éÙ?1N�, k�ÚN��� (a1, a2, · · · , an)÷v:

1) ?¿4�4Of��Ý�õ� 4, =Ø�3 ai < ai+1 < ai+2 < ai+3 < ai+4.

2) e ai < ai+1 < ai+2, K ai+2 = ai+1 + 1 = ai + 2. £d [8]¤

3) e ak > ak+1, ak = ak−1 + 1, K ak+1 ≤ max{2, ak
2
}.£d [9]¤

4)e ak > ak+1 < ak+2 > ak+3, ak+2 6= ak+1 + 1, K ak+2 = ak+3 + 1 = ak+4 + 2,

ak+1 = ak + 1 = ak−1 + 2.£d [7]¤

ey·��±ò (a1, a2, · · · , an)ü�3�±þ,©y�eZã,zã (ai, · · · , aj)

(P�K(i, j)) áu±eÔa��: (∗)

� j = i, ai > ai+1;

� j = i+ 1, ai > ai+1 < ai+2;
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� j = i+ 2, ai+1 = ai + 1 = ai−1 + 2, ai+1 > ai+2 > ai+3;

� j = i+ 2, ai+1 = ai + 1 = ai−1 + 2, ai+1 > ai+2, ai+3 = ai+2 + 1;

� j = i+ 2, ai+2 = ai+1 + 1 = ai + 2 = ai−1 + 3, ai+2 > ai+3;

� j = i+ 1, ai < ai+1 > ai+2;

� j = i+ 3, ai+2 = ai+1 + 1 = ai + 2 = ai−1 + 3, ai+2 > ai+3 < ai+4.

Äk, éu {ai}¥�z��4�4Of�, eÙ� ak < ak+1 < ak+2 < ak+3,

K�Ñ�|�a�K(k + 1, k + 3).

eÙ�Ý� 3, � ak < ak+1 < ak+2, Ko��Ñ�| � a½ � a�

K(k + 1, k + 3).

®�±þ�eZã K(i, j)�ÜØ�. éz� ak, e ak < ak+1� ak Ø3?Û

�ã©y¥, Kdþ� ak−1 > ak. ©a?Ø:

e ak−1�Ø3?¿©y¥, �Ñ�aK(k − 1, k)�¹ ak Ú ak−1.

e ak−1 3,�©y K(i, j)¥K7k j = k − 1, �Ù7áu�!�!�!�

oa©y��.

e ak−13�a©yK(k−1, k−1)¥,òÙÚ akÜ¤��a©yK(k−1, k).

e ak−1 3�a©y K(k − 3, k − 1)¥, òÙÚ ak ­#©y��a K(k −

3, k − 2)Ú�aK(k − 1, k).

e ak−13�a©yK(k−3, k−1)¥,òÙÚ akÜ¤��a©yK(k−3, k).

e ak−13�a©y K(k − 2, k − 1)¥, òÙ­#©��a©y K(k − 1, k)

ÚØ3?Û©y¥� ak−2, k ak−2 < ak−1� ak−2Ø3?Û©y¥, =·�rÁã

\\ ak�¯K=z� ak−2�¯K. ÓnUò ak−2\\,�©y¥, ½=z� ak−4

�¯K, �daí. �Ä n�Ûó5Ú�!�a©y�^��, dL§¬(å.

²L±þL§, ·�ò?¿÷v ak < ak+1 � ak \\
©y, {e� ak �Ü

\\üÕ��a©yK(k, k)=�. � (∗)ö���35�y.

�y�Ø�ª, �Iéz�ã©y¦Ú, =yX
K(i,j)

X
i≤k≤j

ak − 1

ak+1

≥
¡n

2

¤
.

eK(i, j)��!�a©y, KX
i≤k≤j

ak − 1

ak+1

≥ ai − 1

ai+1

≥ 1.

eK(i, j)��a©y, KX
i≤k≤j

ak − 1

ak+1

≥ ai+1 − 1

ai+2

+
ai+2 − 1

ai+3

≥ 2.
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eK(i, j)��a©y, K� ai+2 ≥ 2�,X
i≤k≤j

ak − 1

ak+1

=
ai − 1

ai + 1
+

ai
ai+2

+
ai+2 − 1

ai+2 + 1
≥ 2 · ai+2 − 1

ai+2 + 1
+ 1 ≥ 5

3
,

Ù¥^� ai ≥ ai+2. � ai+2 < 2�,X
i≤k≤j

ak − 1

ak+1

=
ai − 1

ai + 1
+

ai
ai+2

+
ai+2 − 1

ai+2 + 1
≥ 2− 1

2 + 1
+

2

ai+2

+
ai+2 − 1

ai+2 + 1
≥ 5

3
,

Ù¥^� ai = ai−1 + 1 ≥ 2.

eK(i, j)��a©y, KX
i≤k≤j

ak − 1

ak+1

=
ai − 1

ai + 1
+

ai
ai + 2

+
ai + 1

ai+3

≥ ai − 1

ai + 1
+

ai
ai + 2

+
2(ai + 1)

ai + 2
≥ 2,

Ù¥^� ai ≥ 2, �d 3)� ai+3 ≤ ai+2
2

.

eK(i, j)��a©y, KX
i≤k≤j

ak − 1

ak+1

≥ ai+1 − 1

ai+2

≥ 1.

eK(i, j)��a©y, KX
i≤k≤j

ak − 1

ak+1

≥
X

i≤k≤i+2

ak − 1

ak+1

≥ 2,

ù´Ï� (ai, ai+1, ai+2)�w����a©y.

nþ¤ã, �∼�a©y��Ý£= j − i+ 1¤©O� 1, 2, 3, 3, 3, 2, 4, 
�z

�
P

i≤k≤j

ak−1
ak+1
©O��� 1, 2, 2, 5

3
, 2, 1, 2.

� n�óê�, kX
K(i,j)

X
i≤k≤j

ak − 1

ak+1

≥
X
K(i,j)

j − i+ 1

2
=
n

2
,

·K�y.

� n�Ûê�, ©a?Ø:

e (a1, · · · , an)�©y¥�3�½�½�a©y,Ï�§�éA�
P

i≤k≤j

ak−1
ak+1

��� j−i+1
2

+ 1
2
, ¤±X
K(i,j)

X
i≤k≤j

ak − 1

ak+1

≥
X
K(i,j)

j − i+ 1

2
+

1

2
=
n+ 1

2
,

·K�y.

e�3��n��a©y, Ï§z�éA�
P

i≤k≤j

ak−1
ak+1
��� j−i+1

2
+ 1

6
, ¤±

X
K(i,j)

X
i≤k≤j

ak − 1

ak+1

≥
X
K(i,j)

j − i+ 1

2
+ 3 · 1

6
=
n+ 1

2
,

·K�y.

eØ�±þ�¹, du n�Ûê, 7�3Ûê��Ý�Ûê�©y. Ïd��
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3���a©y, Ù¦��½�½�a©y.

Ø�Pù��a©y�K(1, 3), �Ä a4¤3�©y:

(1) a43�a©yK(4, 5).

d [2]� a5 = min{a4, a6} − 1.

e a5 = a4 − 1, K a3 = a5, d [3]�Ø¤á.

e a5 = a6 − 1, K a1 ≥ a3 ≥ a5 ≥ 1, ¤±X
1≤k≤5

ak − 1

ak+1

=
a1 − 1

a1 + 1
+
a1
a3

+
a3 − 1

a3 + 1
+
a3
a5

+
a5 − 1

a5 + 1

≥2− 1

2 + 1
+

2

a3
+
a3 − 1

a3 + 1
+
a3
a5

+
a5 − 1

a5 + 1
.

rmªw� g(a5), 3 a5 ∈ [1, a3]�k g′(a5) < 0, � g(a5) ≥ g(a3) ≥ 3. l
X
K(i,j)

X
i≤k≤j

ak − 1

ak+1

≥ 3 +
X
K(i,j)

(i,j)6=(1,3),(4,5)

X
i≤k≤j

ak − 1

ak+1

≥ 3 +
n− 5

2
=
n+ 1

2
,

·K�y.

(2) a43�a©yK(4, 5).

d [1]Ú 2), k a5 = a4 + 1 = a3 + 2, a5 > a6. ¤±X
1≤k≤5

ak − 1

ak+1

=
a1 − 1

a1 + 1
+
a1
a3

+
a3 − 1

a3 + 1
+

a3
a3 + 2

+
a3 + 1

a6

≥2− 1

2 + 1
+

2

a3
+
a3 − 1

a3 + 1
+

a3
a3 + 2

+ 1 ≥ 3,

l
 X
K(i,j)

X
i≤k≤j

ak − 1

ak+1

≥ 3 +
X
K(i,j)

(i,j)6=(1,3),(4,5)

X
i≤k≤j

ak − 1

ak+1

≥ 3 +
n− 5

2
=
n+ 1

2
,

·K�y.

(3) a43�a©yK(4, 7).

k a6 = a5 + 1 = a4 + 2 = a3 + 3 ≥ 4, d(Ø 3)� a7 ≤ max{2, a6
2
} = a6

2
. ¤±X

1≤k≤7

ak − 1

ak+1

≥
X

1≤k≤6

ak − 1

ak+1

=
a1 − 1

a1 + 1
+
a1
a3

+
a3 − 1

a3 + 1
+

a3
a3 + 2

+
a3 + 1

a3 + 3
+
a3 + 2

a7

≥2− 1

2 + 1
+

2

a3
+
a3 − 1

a3 + 1
+

a3
a3 + 2

+
a3 + 1

a3 + 3
+

2(a3 + 2)

a3 + 3
> 4,

l
 X
K(i,j)

X
i≤k≤j

ak − 1

ak+1

≥ 4 +
X
K(i,j)

(i,j)6=(1,3),(4,7)

X
i≤k≤j

ak − 1

ak+1

≥ 4 +
n− 7

2
=
n+ 1

2
,

·K�y.

nþ, 8By.. �
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y² 3 (�â�®�"�¥Æ+gAÓÆ�)��n):

��BQã, ò¤k ai~� 1, d�^�� ai ≥ 0, |ai − ai+1| ≥ 1, �y²
nX
i=1

ai
ai+1 + 1

≥
¡n

2

¤
.

� n = 2�, Ø�� a1 ≥ a2, K a1 ≥ a2 + 1, d�

a1
a2 + 1

+
a2

a1 + 1
≥ a1
a2 + 1

≥ 1.

� n = 3�, e a1 ≥ a2 ≥ a3, K a1 ≥ a2 + 1, a2 ≥ a3 + 1, ¤±
3X
i=1

ai
ai+1 + 1

≥ a1
a2 + 1

+
a2

a3 + 1
≥ 1 + 1 = 2.

e a1 ≤ a2 ≤ a3, K a1 + 1 ≤ a2, a2 + 1 ≤ a3.

du y = a2
x+1

+ x
a1+1
3 [

È
(a1 + 1)a2−1,+∞)þüN4O,�

È
(a1 + 1)a2−1 <

a2 + 1, u´�Ø�� a3 = a2 + 1. du y = x
a2+1

+ a2+1
x+1
3 [0, a2]þüN4~, u´

�Ø�� a1 = a2 − 1. d�
3X
i=1

ai
ai+1 + 1

=
a1

a1 + 2
+
a1 + 1

a1 + 3
+
a1 + 2

a1 + 1

= 2 +
a21 + 3a1 + 4

(a1 + 1)(a1 + 3)
− 2

a1 + 2

≥ 2 +
1

a1 + 2

�
a21 + 3a1 + 4

a1 + 2
− 2

�
≥ 2.

e¡é n8B. b� n ≥ 4�Ø�ªé 2, 3, · · · , n − 1Ñ¤á, 5w n���

/.

w, F =
nP
i=1

ai
ai+1+1

�3���, e�®3 (a1, a2, · · · , an)?�����. b�

F <
 
n
2

£
.

e ai−1 < ai > ai+1, K¡ ai�4��:; e ai−1 > ai < ai+1, K¡ ai�4��

:.

(((ØØØ 1 e ai´4��:, K ai = max{ai−1, ai+1}+ 1.

ùd f(x) = ai−1

x+1
+ x

ai+1+1
3 [

È
ai−1(ai+1 + 1)− 1,+∞)þüN4O�È

ai−1(ai+1 + 1)− 1 < max{ai−1, ai+1}+ 1

=y.

(((ØØØ 2 e ai−1 < ai < ai+1� ai+1 − ai = 1, K ai−1 = ai − 1.

ùd(Ø 1¥� f(x)�È
ai−1(ai+1 + 1)− 1 ≤

È
(ai − 1)(ai + 2)− 1 < ai

=y.
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(((ØØØ 3 e ai−1 > ai > ai+1� ai−1 − ai = 1, K ai+1 = ai − 1.

ùd(Ø 1¥� f(x)�È
ai−1(ai+1 + 1)− 1 ≤

È
ai(ai + 1)− 1 < ai

=y.

d(Ø 1,2,3�, 3z�4��:�müý�S�¥, ��k���¤ú��

±1���ê�.

(((ØØØ 4 e ai´4��:, K ai = min{ai−1, ai+1} − 1.

ùd f(x) = ai−1

x+1
+ x

ai+1+1
3 [0,

È
ai−1(ai+1 + 1)− 1]þüN4~�È

ai−1(ai+1 + 1)− 1 > min{ai−1, ai+1} − 1

=y.

���/// 1 �3 i¦ ai < ai+1 < ai+2� ai+3 = ai+2 − 1.

d� |ai − ai+3| ≥ 1, �

ai
ai+1 + 1

+
ai+1

ai+2 + 1
+
ai+2 − ai
ai+3 + 1

≥ai+1 − 1

ai+1 + 1
+

ai+1

ai+2 + 1
+
ai+2 − (ai+1 − 1)

ai+2

≥ ai+1

ai+2 + 1
+ 1 ≥ 1,

Ù¥1�ÚÚ1�Ú©O^�


1

ai+1 + 1
≥ 1

ai+3 + 1
Ú

�
1

ai+1 + 1
− 1

ai+2

�
(ai+1 − 1) ≥ 0.

Ïdí� ai+1, ai+2�d n− 2��8Bb��·K¤á, ���Ø�3ù�� i.

e�3 i¦ ai+1 > ai + 1� ai+2 < ai+1, K ai+2 = ai+1 − 1. ÄKd(Ø 2�

7k ai+2 > ai+1 + 1 > · · · . � ai+k �4��, K ai+k > ai+k−1 + 1, (Ü(Ø 1�

ai+k+1 = ai+k − 1, ���/ 1, gñ�

bed���3 j ¦ aj−1 < aj < aj+1, � j ¦ j − i ��, K aj = aj−1 +

1, aj+1 = aj + 1. e aj−2 < aj−1, K� j ���5gñ¶e aj−2 = aj−1 + 1, K

aj−2
aj−1 + 1

+
aj−1
aj + 1

+
aj

aj+1 + 1
≥ 1 +

aj
aj+1 + 1

= 1 +
aj−2

aj+1 + 1
,

Ïdí� aj−1, aj �d n − 2��8Bb��·K¤á. ��� aj−2 > aj−1 + 1.

� aj−2c�1��4��:� at, K at > at+1 + 1, d(Ø 1� at−1 = at − 1. e

at−2 < at−1, K� j ���5gñ; e at−2 = at−1 + 1, K

at−2
at−1 + 1

+
at−1
at + 1

+
at

at+1 + 1
≥ 1 +

at
at+1 + 1

= 1 +
at−2

at+1 + 1
,

Ïdí� at−1, at�d n− 2��8Bb��·K¤á. ��� at−2 > at−1 + 1. ­
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Eþ¡�?Ø, � aj−1 c�z�ãêÑkTÐO\ 1, 2~�eZ��u 1�ê,

ù��3 i¦ ai+1 > ai + 1gñ!

���/// 2 �3 i¦ ai+1 > ai + 1.

duØ�3ëYü� j ¦ aj < aj+1, ¤±��k
 
n
2

£
� j ¦ aj > aj+1. éù


 j k aj
aj+1+1

≥ 1, ò§�¦ÚBk F ≥
 
n
2

£
.

���/// 3 e ai+1 > ai, K ai+1 = ai + 1.

éz�4��: at±9¦� t′− t���4��: at′ , ¡ at, at+1, · · · , at′−1�

¤��“ã”, �Tã�“�”´
t′−1P
i=t

ai
ai+1+1

. z�ã¥��Ñ´k\eZg 1, 2~e

Zg. ���ã�“Ý”´ù�ã¥÷v ai+1 > ai� i��ê.

(((ØØØ 5 Ø�3��ã�Ý�u�u 4.

ÄK� ai+4 > ai+3 > ai+2 > ai+1 > ai, P ai+1 = t ≥ 1, O��

t

t+ 2
+
t+ 1

t+ 3
+
t+ 2

t+ 4
≥ 1 +

t

t+ 4
,

Ïdí� ai+2, ai+3�d n− 2��8Bb��·K¤á.

(((ØØØ 6.1 ai
ai+1+1

≥ 1
2

+ 3
�

1
ai+1+2

− 1
ai+2

�
.

e ai+1 > ai, K ai+1 = ai + 1, d��Iy²

ai
ai + 2

≥ 1

2
− 3

(ai + 2)(ai + 3)
,

N´�y¤á.

e ai+1 < ai,K ai+1 ≤ ai− 1. Ï� y = x
ai+1+1

+ 3
x+2
3 [

È
3(ai+1 + 1)− 2,+∞)

þüN4O, �
È

3(ai+1 + 1) − 2 ≤ ai+1 + 1, ¤±�Ø�� ai = ai+1 + 1. d�=

y 1
2
≥ 3

(ai+1+2)(ai+1+3)
, N´�y¤á.

� n´óê�,
nX
i=1

ai
ai+1 + 1

≥
nX
i=1

�
1

2
+ 3

�
1

ai+1 + 2
− 1

ai + 2

��
=
n

2
,

·K¤á.

� n´Ûê�, aqy²��:

(((ØØØ 6.2.1 e ai > ai+1, ai+1 ≥ 1, K

ai
ai+1 + 1

≥ 1

2
+ 3

�
1

ai+1 + 2
− 1

ai + 2

�
+

1

4
.

(((ØØØ 6.2.2 e ai > ai+1, ai ≥ 3, K

ai
ai+1 + 1

≥ 1

2
+ 3

�
1

ai+1 + 2
− 1

ai + 2

�
+

7

20
.

(((ØØØ 6.2.3 e ai < ai+1, ai ≥ 2, K

ai
ai+1 + 1

≥ 1

2
+ 3

�
1

ai+1 + 2
− 1

ai + 2

�
+

3

20
.
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d±þ(Ø, ��vkÝ� 3�ã, ÄK¦Ú�¬' n
2
õÑ�� 3

20
+ 7

20
= 1

2
.

Ùg, Ý� 2�ã�õk 1�, ÄK¦Ú�¬' n
2
õÑ�� 1

4
+ 1

4
= 1

2
.

(Ü n�Ûê, �Ø�� a1 < a2 < a3 > a4 < a5 > a6 < a7 · · · , � a2 ≥ a4 ≥

a6 ≥ · · · ≥ an+1, Ù¥ an+1 = a1.

(((ØØØ 6.3 é i ≥ 2,

a2i
a2i+1 + 1

+
a2i+1

a2i+2 + 1
=

a2i
a2i + 2

+
a2i + 1

a2i+2 + 1
≥ 1 +

3

4
(a2i − a2i+2).

þª�du
a2i
a2i+2

≥
�

3

4
− 1

a2i+2 + 1

�
(a2i − a2i+2).

Ø�� 3
4
− 1

a2i+2+1
> 0, d 0 ≤ a2i+2 ≤ a2i ≤ 1, N´�y

a2i
a2i + 2

≥ 3

4
− 1

a2i + 1
≥ 3

4
− 1

a2i+2 + 1
≥
�

3

4
− 1

a2i+2 + 1

�
(a2i − a2i+2).

u´

F ≥ a1
a1 + 2

+
a1 + 1

a1 + 3
+
a1 + 2

a4 + 1
+

3

4
(a4 − a1) +

n− 3

2
.

� a1 = x, a4 = y, K 0 ≤ x ≤ y ≤ 1, N´�y

x

x+ 2
+
x+ 1

x+ 3
+
x+ 2

y + 1
+

3

4
(y − x) ≥ 2,

¤± F ≥ n+1
2

.

nþ, 8By.. �

µ5 (1). �K·��ÉeKéu��:

��ê n ≥ 2, ¢ê a1, a2, · · · , an ≥ 1, �÷v |ai − ai+1| ≤ 1, 1 ≤ i ≤ n − 1.

y²:
nX
i=1

ai
ai+1

≤ 2n−Hn,

Ù¥ an+1 = a1, Hn = 1 + 1
2

+ · · ·+ 1
n
.

<�pù«¹ÛÜýé�^��Ø�ªÑ´ |ai − ai+1| ≤ 1, u´�w�eØ

�Ò�L5¬XÛ.

(2). 3J��)�¥, õêæ^
8B{, �^8Bb��¿vk5¿�y�

�ü���Ø�u 1�^�, Ïd�õ´�y. 8c�n«�{g´�C, Ñ´Ï

LN�ò¯K=z�z�4O!4~ãþ, 2ÏLÛÜØ�ª\r~ê�±)û.

·�Ä��3
n°)���©¡m, [!?n9�Ñ�kZ¢, �p�ë�.

(3). � n´óê�, uH���ÆNá¥Æ�f�ÓÆ�Ñ
Xe�{'y

{.
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� ai1 , ai2 , · · · , aik ´¤kØ�u 2��, Ù¥ 1 ≤ i1 < i2 < · · · < ik ≤ n. 5¿

�ØUëYü�Ñ�u 2, ¤±é j = 1, 2, · · · , k, ij+1 − ij = 1½ 2, ùp ik+1 = i1.

� ij+1 − ij = 1�,
aij − 1

aij+1

≥ 1

2
·
aij
aij+1

.

� ij+1 − ij = 2�, � aij � aij+1
�m��� bj, ·�y²

aij − 1

bj
+
bj − 1

aij+1

≥ 1

2

 
aij
aij+1

+ 1

!
.

¯¢þ, d bj − 1 < 1 ≤ 1
2
aij , ��� aij+1

= bj + 1; d 1
bj
> 1

2
≥ 1

2aij+1
, ���

aij = bj + 1. d�=y

1 +
bj − 1

bj + 1
≥ 1

2
(1 + 1) = 1,

ùw,¤á.

ù�, Ï�¦ ij+1 − ij = 2� j k n− k�, ¤±
nX
i=1

ai − 1

ai+1

=
X

j:aij+1
−aij=1

aij − 1

aij+1

+
X

j:ij+1−ij=2

 
aij − 1

bj
+
bj − 1

aij+1

!

≥
X

j:aij+1
−aij=1

1

2
·
aij
aij+1

+
X

j:ij+1−ij=2

1

2

 
aij
aij+1

+ 1

!

=
1

2

�
kX
j=1

aij
aij+1

+ (n− k)

�

≥1

2
(k + (n− k)) =

n

2
,

Ù¥���Ú^�
þ�Ø�ª.

1oK ��ê c > 5. ½Â²¡þ�“Ã�ò�”��k���ã�� (u

à:) ��� A1X,AkY Ú�ã A1A2, A2A3, · · · , Ak−1Ak |¤�:8. ²¡þk

n^Ã�ò��)
 m��: (Ù¥?¿n^Ã�ò�Ø�:), ò²¡©¤


n+m+ 1�«�. ®�éÙ¥?¿ü�«�, �õk c^Ã�ò�, üö�>.þ

þk,�ã�Ù¥�^ò��¹. ½Â��«�����Ù>.þØÓò��ê

þ. y²: �3~ê C, ¦�é?¿��ê m,n, ù
«�����²�ÚØ�L

C(n2 +m).

(þ°¥ÆÆ) ô¢ øK)

y² (�âøKö�)��n):

P D = 106c3.
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������ s�«���ê� fs, K¤k«�����²�Ú

M =
nX
s=1

s2(fs − fs+1) =
nX
s=1

(2s− 1)fs.

e¡y² fs ≤ D(n
s

+ m
s3

), ù�

M < 2
nX
s=1

sfs ≤ 2D
nX
s=1

�
n+

m

s2

�
< 2D(n2 + 2m),

l
� C = 4D=�.

� s ≤ 50c�, D > s3, q fs ≤ n+m+ 1, ¤±(Øw,¤á. e� s > 50c.

ÄkQãk­>���êÚn (Crossing Lemma): éu?Û��x3²¡þ

�ã, e>�­êØ�L t, K�o |E| ≤ 20t|V |, �o���) 1
1000
· |E|

3

t2|V |2 ��:.

·��EXex3²¡þ�ã:

(1) :: òz������ s�«���ã���º:, 3«�¥?À�:�

Lù�º:, Kã�º:ê� fs.

(2) >: éuz^Ã�ò�, §�Ù¦ò�©¤eZã, �ÄÙ¥��áu�

���� s�«� (=��«��>.) �ã. XJÓ��«�kõ�ù��ã,

@o?¿�3��.

�y3�^Ã�ò�þ�ã� t1, t2, · · · , tl. é 1 ≤ i ≤ l, 3 ti éA�«��

>.þ?À�: Ti, ¿��LT«��:� Ui. é 1 ≤ i ≤ l − 1, k÷��ë�

UiTi, ,�÷Ã�ò�l Ti � Ti+1, ��÷��ë� Ti+1Ui+1, ù�/¤�^ã¥

�>.

ò l − 1é n^Ã�ò�¦Ú, �ã�>ê��� 1
2
sfs − n, ù´Ï��^>

�õéAü�«��>., l
¤k l�Ú��� 1
2
sfs.

y3, ·�©Ûã¥�­>Ú�:�¹:

(3) d (2)¥�½Â, Ui, Ui+1 ´ØÓ«�S�:, Ïdã¥vkg�. d^�,

?¿ü:m�­>êØ�LÓ�Ú§�>.k��Ã�ò�ê, ÏdØ�L c.

(4) �:: dx{, >��:�U3Ã�ò�þ£>��{Ü©´«�SÜ�

: >.þeZ�:ë���ã, Ø�U��¤, Ïd´Ã�ò���:, �õm

�.

d��êÚn�,
1

2
sfs − n ≤ 20cfs

½

m ≥ 1

1000
·

(1
2
sfs − n)3

c2f 2
s

.
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dcö� (|^ s > 50c) fs ≤ 10 · n
s
; � fs > 10 · n

s
�, 1

2
sfs − n > 2

5
sfs, ¤±

d�ö�

fs < 56c2 · m
s3
.

�ok

fs ≤ 10 · n
s

+ 56c2 · m
s3
< D

�n
s

+
m

s3

�
,

ùB��·��y�(Ø.

nþ, ·K�y. �

µ5 (1). ·��Ñ��êÚn�y², =e |E| ≥ 20t|V |, K

crD(G) ≥ 1

1000
· |E|

3

t2|V |2
,

Ù¥ crD(G)L«ã G3x{ De���ê.

ky²��Ún.

ÚÚÚnnn � G = (V,E)´��{üã, K crD(G) ≥ |E| − 3|V |.

y² � |V | ≤ 7�,

|E| − 3|V | ≤ C2
|V | − 3|V | = 1

2
|V |(|V | − 7) ≤ 0 ≤ crD(G).

e� |V | ≥ 8.

5¿��õò G¥ crD(G)^·��>í�, =���²¡ã G′. dî.ú

ª, |V (G′)| − |E(G′)|+ |F (G′)| = 2, Ï�z�¡��k 3^>, �z^>3ü�¡

¥, ¤± |F (G′)| ≤ 2
3
|E(G′)|, � |E(G′)| ≤ 3|V (G′)| − 6. ?


|E| − crD(G) ≤ |E(G′)| ≤ 3|V (G′)| − 6 = 3|V | − 6,

=

crD(G) ≥ |E| − 3|V |+ 6 > |E| − 3|V |.

Ún�y.

�Ä G��Åfã H, Ù¥ G�z�º:±VÇ páu H, x{ D��3 H

þ� DH .

éz� H, òÙ©
¤ t�{üã, dÚn�

crDH
(H) ≥ |E(H)| − 3t|V (H)|,

?


E[crDH
(H)] ≥ E[|E(H)|]− 3tE[|V (H)|].

19 êÆ#(�



5¿�, x{ D�����:�3x{ DH ¥��3, ��=� G¥�)T

��:�o�º:þ3 H ¥£ekn��:���6Ä¤, �

E[crDH
(H)] = p4crD(G).

qw,

E[|E(H)|] = p2|E|, E[V (H)] = p|V |,

¤±

p4crD(G) ≥ p2|E| − 3tp|V |,

=

crD(G) ≥ |E|
p2
− 3t|V |

p3
.

� p = 20t · |V ||E| ≤ 1, =� crD(G) ≥ 1
1000
· |E|

3

t2|V |2 .

(2). ��êÚn´ M.Ajtai,V.Chvátal,M.N.Newborn,E.Szemerédiu 1982c

3©ÙCrossing-Free Subgraphs¥Äky²,��3 Szemerédi-Trotter½n!Erdös

ü ål¯K!Sum-Product¯K¥Ñu�
­���^.

(3). �®�Æ'DíÓÆé�K�)�½k�z.
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