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I. ÁÁÁ KKK

1. 34ABC ¥,D, E, F ©O´n> BC, CA, ABþ�:÷v AD, BE,

CF �u�:� AD´ ∠EDF ��²©�.y²: AD ⊥ BC.

(uÀ���ÆÛ�uøK)

2. � x1, x2, · · · , xn ∈ R+÷v
nX

i=1

xi = 1,

y²:
nX

i=1

x2i
1− xi

≥ 1

n− 1
+

n

(n− 1)2
X

1≤i<j≤n
(xi − xj)2.

(þ°¥ÆÜ`øK)

3. ���ê a, b, n÷v a < b ≤ n
2
,P d = gcd

��
n
a

�
,
�
n
b

��
.y²: d ≥ 2a.

(þ°�Æ�X� ektøK)

4. �¢êê� {an}÷v: é?¿��ê n ≥ 101,þk

an = max
1≤i≤100

an−i − min
1≤i≤100

an−i.

y²: �3��ê k,¦�é?¿��ê n > k,þk an < 1.

(u%�ÆÇU øK)

?¾FÏ: 2023-07-03.
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5. �½ n, k´��ê÷v n > 4k, X´ n�8.¦�����êm,¦�X

�?¿üüØÓ k�f8 X1, X2, · · · , Xm,÷vé?¿ ai ∈ Xi, i = 1, 2, · · · ,m,

Ñ�3 1 ≤ j ≤ m,¦�

Xj ⊂
m[
i=1

{ai}.

(uÀ���ÆÇ£´ ,þ°�Æ�X�øK)

6. 3ü ��/ ABCD¥, X ´ AB�¥:, Y, Z ©O3> CD, DAþ.

¦���¢ê λ,¦�4XY Z �	���»oØ�L λ.

(¥I<¬�ÆNá¥ÆÜà�øK)

///. )))������µµµ555

K 1 34ABC¥,D, E, F ©O´n>BC, CA, ABþ�:÷vAD, BE,

CF �u�:� AD´ ∠EDF ��²©�.y²: AD ⊥ BC.

MN

F

D

A

B C

E

y² 1 L: A��� BC �²1� l,©O� DF, DE uM, N,K

AF

FB
=
AN

BD
,
AE

EC
=
AM

CD
.

dl�½n�
AF

FB
· BD
DC
· CE
EA

= 1,

� AM = AN.Ïd AD ⊥MN,= AD ⊥ BC. �

G

F

D

A

B

C

E
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y² 2 e AC Ø²1 DF.ò� CA, DF �u: G.dl�½n�

AF

FB
· BD
DC
· CE
EA

= 1.

drrNd½n�
CG

GA
· AF
FB
· BD
DC

= 1.

�
CE

EA
=
CG

GA
,

= (G,E,A,C)NÚ.d AD²© ∠EDF � AD ⊥ BC.

e AC �DF, DE Ø²1 AB,�ò� DE � AB,Ón��y².

e AC �DF, DE � AB,K AFDE �!/,´y AD ⊥ BC. �

µ5 dK´{ü�AÛK,�Á¥� 96%�édK.y² 1��|^l�

½n��y²; y² 2K´ÄuNÚ:��5�=z�²©�ÚR��'X�

��.

K 2 � x1, x2, · · · , xn ∈ R+÷v
nX

i=1

xi = 1,

y²:
nX

i=1

x2i
1− xi

≥ 1

n− 1
+

n

(n− 1)2
X

1≤i<j≤n
(xi − xj)2.

y² 1 d
nX

i=1

x2i
1− xi

=
nX

i=1

x2i − xi + xi
1− xi

=
nX

i=1

�
xi

1− xi
− xi

�

=
nX

i=1

xi
1− xi

− 1

���duy²

nX
i=1

xi
1− xi

≥ n

n− 1
+

n
P

1≤i<j≤n
(xi − xj)2

(n− 1)2
.

d Cauchy Ø�ª�

nX
i=1

x2i
(1− xi)xi

≥

 
nX

i=1

xi

!2

nX
i=1

(1− xi)xi
=

1

1−
nX

i=1

x2i

,
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(Ü

1

1−
nX

i=1

x2i

− n

n− 1
=

n
nX

i=1

x2i − n+ n− 1

(n− 1)

 
1−

nX
i=1

x2i

!

=

n
nX

i=1

x2i −
 

nX
i=1

xi

!2

(n− 1)

 
1−

nX
i=1

x2i

!

=

X
1≤i<j≤n

(xi − xj)2

(n− 1)

 
1−

nX
i=1

x2i

! .
��Iy²

1−
nX

i=1

x2i ≥
n− 1

n
⇔

nX
i=1

x2i ≥
1

n
,

d Cauchy Ø�ª��ö¤á. �

y² 2 (���âââ½½½HHHäää¥¥¥ÆÆÆ"""hhh���) �Ø�ª�du
nX

i=1

x2i
1− xi

+
nX

i=1

xi − 1 ≥ 1

n− 1
+

n

(n− 1)2
X

1≤i<j≤n
(x2i + x2j − 2xixj)

⇔
nX

i=1

xi
1− xi

− 1 ≥ 1

n− 1
+

n

(n− 1)2

�
(n− 1)

nX
i=1

x2i −
X

1≤i<j≤n
2xixj

�

⇔
nX

i=1

xi
1− xi

≥ n

n− 1
+

n

(n− 1)2

�
n

nX
i=1

x2i −
 

nX
i=1

xi

!2
�

⇔
nX

i=1

xi
1− xi

≥ n

n− 1
+

n2

(n− 1)2

nX
i=1

x2i −
n

(n− 1)2

⇔
nX

i=1

xi
1− xi

+
n2

(n− 1)2

nX
i=1

xi(1− xi)

≥ n

n− 1
+

n2

(n− 1)2

nX
i=1

xi −
n

(n− 1)2
=

2n

n− 1
.

���ÚØ�ª¤á´du
nX

i=1

�
xi

1− xi
+

n2

(n− 1)2
xi(1− xi)

�
≥

nX
i=1

2n

n− 1
xi =

2n

n− 1
.

�Ò¤á��=�

x1 = x2 = · · · = xn =
1

n
.

y.. �
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n (xi− xj)2�,2(Ü Cauchy Ø�ªÒ�±��y².y² 2´|^þ�Ø�

ª�Ñ�y².

K 3 ���ê a, b, n÷v a < b ≤ n
2
,P d = gcd

��
n
a

�
,
�
n
b

��
.y²: d ≥ 2a.

y² d  
n

a

! 
n− a
b− a

!
=

 
n

b

! 
b

a

!
,

� �
n
a

�
d

 
n− a
b− a

!
=

�
n
b

�
d

 
b

a

!
.

�
(na)
d
�Ø

�
b
a

�
,= �

n
a

�
d
≤
 
b

a

!
.

Ïd

d ≥
�
n
a

�
�
b
a

� =
n(n− 1) · · · (n− a+ 1)

b(b− 1) · · · (b− a+ 1)

=
n

b

n− 1

b− 1
· · · n− a+ 1

b− a+ 1
≥ 2a.

y.! �

µ5 dK´¥�JÝ�êØK,�Á¥� 30%�édK.¯K�'�´�

�Xe|Üð�ª  
n

a

! 
n− a
b− a

!
=

 
n

b

! 
b

a

!
.

e¦^¥%�½n��
¬¦�¯KE,z.

K 4 �¢êê� {an}÷v: é?¿��ê n ≥ 101,þk

an = max
1≤i≤100

an−i − min
1≤i≤100

an−i.

y²: �3��ê k,¦�é?¿��ê n > k,þk an < 1.

y² ·�©AÚ�¤y².

(((ØØØ 1 é?¿¢ê ε > 0,þ�3Ã¡õ���ê k,¦� ak < ε.

eØ,,K�3��êM ,¦�é?¿��ê n ≥M �þk an ≥ ε.½Â

Mk = max
0≤i≤99

aM+100k−i (k = 1, 2, · · · ),

Kd {an}�4í'X´�Mk −Mk+1 ≥ ε,ù� {Mk}���ê�gñ! (Ø 1
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¼y.

(ØØØ 2 �3��ê p, q (100 ≤ p < q ≤ p+ 99)¦�max (ap, aq) <
1
2
.

eØ,,�â(Ø 1 �, �3 r > 100¦� ar = δ < 1
2
,�

ar±1, ar±2, · · · , ar±99 ≥
1

2
.

�

S = max
1≤i≤100

ar−i = ar−s,

Kd {an}�½Â� ar+1 = S − δ,�

ar+2, ar+3, · · · , ar+99 ∈ [ar+1 − ar, ar−s − ar] = [S − 2δ, S − δ].

u´,

ar+100 = ar+1 − ar = S − 2δ,

�

ar+101 = ar+1 − ar+100 = δ,

db�� S − 2δ ≥ 1
2
.Ïd,­E±þL§·�B��
ê� {ar+101k}¥��

�þ�~ê δ,?
db���é?¿��ê r′ ≥ r,þk ar′ ≥ δ.�ù�(Ø 1

��,gñ! (Ø 2¼y.

(((ØØØ 3 e��ê p, q (100 ≤ p < q ≤ p + 99)¦� max (ap, aq) <
1
2
,K

an < 1(n ≥ q).

Ï�

1

2
> aq = max

1≤i≤100
aq−i − min

1≤i≤100
aq−i ≥ max

1≤i≤100
aq−i − ap > max

1≤i≤100
aq−i −

1

2
,

¤±

max
1≤j≤100

aq−j < 1.

âd9 {an}�½Â4í´� an < 1(n ≥ q).(Ø 3¼y.

5¿�(Ø 2,(Ø 3%¹
�·K,ùÒ�¤
y². �

µ5 dK´(J��êK,�Á¥� 4%�édK.�y²é?¿� n > k

þk an < 1,�Iy²�3 aq¦� aq�c 100�þ�u 1.(Ü an�4í'X,

ùq�±=z� aq � aq �c 100�����Ú.Ïd�Ié�eI�Ø�L

100�ü�þ�u 1
2
,=(Ø 2.J:3u|^�yb�c[©Û�� 99���

��Ú���'X��ëY 100�����~ê,ù�(Ø 1gñ.

���Ñ�´:(Ø¥� 1�±O��?¿�~ê,Ïd an�4��".
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K 5 �½ n, k´��ê÷v n > 4k, X´ n�8.¦�����êm,¦�

X �?¿üüØÓ k�f8 X1, X2, · · · , Xm,÷vé?¿ ai ∈ Xi, i = 1, 2, · · · ,

m,Ñ�3 1 ≤ j ≤ m,¦�

Xj ⊂
m[
i=1

{ai}.

) ¤¦m����� 
n

k

!
−
 
bn
2
c
k

!
−
 
dn
2
e
k

!
+ 1.

ky:

m =

 
n

k

!
−
 
bn
2
c
k

!
−
 
dn
2
e
k

!
+ 1

�,·K¤á.

?� ai ∈ Xi, i = 1, 2, · · · , m,P

Y =
m[
i=1

{ai}.

� |Y | = t.�Ä�¹u Y ½�¹u X \ Y � k�8�ê, 
t

k

!
+

 
n− t
k

!
≥
 
bn
2
c
k

!
+

 
dn
2
e
k

!
.

�Ø�¹u Y �Ø�¹u X \ Y � k�8�êØ�L 
n

k

!
−
 
bn
2
c
k

!
−
 
dn
2
e
k

!
.

dÄT�n, X1, X2, · · · , Xm ��k���¹u Y ½�¹u X \ Y,Ø���

Xj,5¿� Xj ∩ Y 6= ∅,� Xj ⊂ Y.

ey:

m ≥
 
n

k

!
−
 
bn
2
c
k

!
−
 
dn
2
e
k

!
+ 1.

k = 1�(Ø¤á. k ≥ 2�,Ø��X = {1, 2, · · · , n}.PA1, A2, · · · , Al

¥¤kØ�¹u {1, 2, · · · , bn
2
c}�Ø�¹u {bn

2
c+ 1, · · · , n}�¤k k�8,

K

l =

 
n

k

!
−
 
bn
2
c
k

!
−
 
dn
2
e
k

!
.

ey: l ≥ bn
2
c.

n´óê�, 
n

k

!
−
 

n
2

k

!
−
 

n
2

k

!
≥ n

2

⇔ n(n− 1) · · · (n− k + 1)− 2
n

2

�n
2
− 1

�
· · ·

�n
2
− k + 1

�
≥ n

2
k!
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⇔ 2(n− 1) · · · (n− k + 1)− 2
�n
2
− 1

�
· · ·

�n
2
− k + 1

�
≥ k!.

þª3 k ≥ 2�¤á.

Ón�y n�Ûê�, l ≥ bn
2
c¤á.

d

Ai ∩
§
1, 2, · · · ,

�n
2

�ª
6= ∅,

� §
1, 2, · · · ,

�n
2

�ª
⊂

l[
i=1

Ai,

��� ai ∈ Ai,¦�
l[

i=1

{ai} =
§
1, 2, · · · ,

�n
2

�ª
.

qd Ai 6⊂ {1, 2, · · · , bn2 c},�÷v�¦�m ≥ l + 1. �

µ5 dK´(J�|ÜK,�Á¥� 4%�édK.K8¤¦� m���

ØN´��ßÿ,¯¢þ´38Ü“²©”��/e��.é m =
�
n
k

�
−
�bn

2
c

k

�
−�dn

2
e

k

�
+1��/ÏLOê(ÜÄT�n��y².y²m ≥

�
n
k

�
−
�bn

2
c

k

�
−
�dn

2
e

k

�
+1

�I�'�
�
n
k

�
−
�bn

2
c

k

�
−
�dn

2
e

k

�
� bn

2
c���'X,¯¢þù���'X´��

°t�,��Ðm=��y.

K 6 3ü ��/ ABCD¥, X ´ AB �¥:, Y, Z ©O3> CD, DA

þ.¦���¢ê λ,¦�4XY Z �	���»oØ�L λ.

) P R�4XY Z �	���».

�½: Z �, XZ ���½,d��I¦ sin∠XY Z ����.

M

XX

XX

Z

B CB C

B C(Y0)B C

A D(Z) DA

D(y0)A DA

Y

Z

Z

Y0

� Z = D�,Ï�

∠XCD ≤ ∠XYD < 180◦ − ∠XDC,

¤± sin∠XYD ≥ sin∠XCD =
2√
5
,l


R =
1

2
· XZ

sin∠XYD
≤ 1

2
·
√
5/2

2/
√
5
=

5

8
<

5

4
.
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� Z 6= D�,�: Y0 ¦ sin∠XY Z �����.d� ∠XY0Z ����½

��,¤± Y0 = C ½ Y0 = D½4XY0Z �	��� CD��.

M

XX

XX

Z

B CB C

B C(Y0)B C

A D(Z) DA

D(y0)A DA

Y

Z

Z

Y0

� Y0 = C�,��¡, ∠XZC ≥ min{∠XAC, ∠XDC} = 45◦.,��¡,�

XC �¥:M,K

MZ ≥ 3

4
>

√
5

4
=MX =MC,

¤± ∠XZC < 90◦.u´ sin∠XZC ≥
√
2

2
,l


R =
1

2
· XC

sin∠XZC
≤ 1

2
·
√
5/2√
2/2

=

√
10

4
<

5

4
.

M

XX

XX

Z

B CB C

B C(Y0)B C

A D(Z) DA

D(y0)A DA

Y

Z

Z

Y0

� Y0 = D�, ∠XDA < ∠XZA ≤ 90◦,¤±

sin∠XZD > sin∠XDA =
1√
5
,

l


R =
1

2
· XD

sin∠XZA
<

1

2
·
√
5/2

1/
√
5
=

5

4
.

M

XX

XX

Z

B CB C

B C(Y0)B C

A D(Z) DA

D(y0)A DA

Y

Z

Z

Y0

� ∠XY0Z ���, ∠XY0Z > ∠XDZ,q

∠XY0Z ≤ ∠XY0D < 180◦ − ∠XDC,

¤± sin∠XY0Z > min{sin∠XDZ, sin∠XDC} = 1√
5
,l


R =
1

2
· XZ

sin∠XY0Z
<

1

2
·
√
5/2

1/
√
5
=

5

4
.
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�ok R <
5

4
,u´� λ =

5

4
�÷v�¦.

dþãy²��,� Y = D, Z → D�, R→ 5

4
.

nþ,¤¦����
5

4
. �

µ5 dK´¥� J�AÛK,�Á¥� 21%�édK.?Ø4XY Z 	

���»�þ(.=?Ø sin∠XY Z ����.�K
ué Funarß��?Ø.

ü ��/S�n�/S���»�����
√
5−1
4
.
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