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1�K. � z1, z2, z3 ´ü Eê. y²�3ü Eê z ¦�

1

|z − z1|2
+

1

|z − z2|2
+

1

|z − z3|2
≤ 9

4
.

(��Égn¥Æ) �ºZ, þ°�Æekt øK)

y² (�â<�N¥�"�ÓÆ�)��n):

�ü �þ z1, z2, z3 éA�:©O� A,B,C. Ø��§�´_��ü�

�, � BC ´��>. �D �l BC (Ø¹ A @ã) �¥:, ·�y²:D éA

�Eê z ÷v^�. -4ABC �n�S�©O´ α, β, γ, ©ü«�¹?Ø:

1) α > π
2
. d� |DA|, |DB|, |DC| þ�u

√
2, u´

3X
i=1

1

|z − zi|2
=

1

|DA|2
+

1

|DB|2
+

1

|DC|2
<

3

2
<

9

4
.

2) α ≤ π
2
. d�k

3X
i=1

1

|z − zi|2
=

1

4 sin2 α
2

+
1

4 sin2 α
2

+
1

4 sin2(β + α
2
)
.

�y�ªm>≤ 9
4
, �du�y

sin2(β +
α

2
) ≥

sin2 α
2

9 sin2 α
2
− 2

,

�Ò´

1− cos(2β + α) ≥ 2− 2 cosα

5− 9 cosα
. (1)

db� α ≥ β, γ, Ïd π − 2α ≤ β ≤ α. u´ π
2
≤ 2π − 3α ≤ 2β + α ≤ 3α ≤ 3π

2
.

dd�� cos(2β + α) ≤ cos(3α). ò§�\��y� (1) ª, z8�

1− cos(3α) = 3 cosα + 1− 4 cos3 α ≥ 2− 2 cosα

5− 9 cosα
.

�n�= (1− cosα)(1− 2 cosα)(3 + 17 cosα+ 18 cos2 α) ≥ 0. ùé cosα ∈ [0, 1
2
]
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�Sw, wÏÐÓÆ, �â½�¥�ÓÓÆ, är¥Æ��¬, ¤V, �VW, �

[�ÓÆ��Ñ
�K��()�.

(2). ���/�±�Äé n �ü Eê��A¯K. Ambrus, Ball ±9

Erdelyi 3 2013 cuL�Ø©/Chebyshev constants for the unit circle0y²


�Z~ê´ n2

4
.

1�K. Xã, D ´�n�/ ABC �> BC þ�:, BD > CD. P O1, I1

�4ABD �	%�S%, O2, I2 �4ACD �	%�S%. � I1 �� I2 Ø BC

	�,�^	ú��� AB,AC u P,Q. ��� PI1 � QI2 �u R, 
��

O1I1 � O2I2 �u T . y²: AT 2 = AR2 + AD ·BC.

(2Ü�² ©� øK)

y² (�â�â½�¥�Á:ÓÆ�)��n):

XãI:. Äk5¿� R ´4APQ �éAº: A ��%. Ïd ∠RAB =

30◦, ¿�k

AR2 =
4

3

�
1

2
(AP + PQ+QA)

�2
=

1

3
(AE +ML+ AH)2

=
1

3
(AE + FG+ AH)2 =

1

3
(3AB − 2BE − 2CH)2

=
1

3
(3AB − (AB +BD − AD)− (AC + CD − AD))2

=
4

3
AD2.

(2)
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�e5·�k

AO1 = DO1 = AO2 = DO2 =

√
3

3
AD,


 ∠O1AO2 = 60◦, Ïd AO1DO2 ´ü��n�/©¤�!/. ,	d

∠AO1D = ∠AI1D = 120◦ � AO1I1D o:ú�, AO2I2D Ón. |^ù


·�kXeO�:

∠O1TO2 = 180◦ − ∠I1O1O2 − ∠I2O2O1

= 60◦ − ∠I1O1D − ∠I2O2D

= 60◦ − ∠I1AD − ∠I2AD = 30◦.


 DO1 = DO2 � ∠O1DO2 = 60◦, � D ´4O1TO2 �	%.

- S � O1I1 � BC ��:, @o

∠DSO1 = 360◦ − ∠ADB − ∠DAO1 − ∠AO1I1

= 360◦ − (120◦ − 2∠I1AD)− 30◦ − (120◦ + I1O1D)

= 90◦ + 2∠I1AD − ∠I1O1D

= 90◦ + ∠I1O1D.

u´ ∠TSD = 90◦ − ∠I1O1D = 90◦ − ∠I1TD, = DT ⊥ BC. d{u½n�

AT 2 =
4

3
AD2 +DT 2 + 2 sin∠ADB · AD ·DT

= AD2 +DO2
1 + 2

√
3
2
BC

AD
· AD ·DO1

= AD2 +
1

3
AD2 +

√
3BC · AD√

3

=
4

3
AD2 +BC · AD.

(3)

'� (2), (3)üª, ·K�y! �

µ5 �ì1n¥Æ�f®ÓÆ, XÀp?Ü�¤ÓÆ, <�N¥�"�Ó

Æ, nÞ¥Æ�Sw, wÏÐÓÆ, är¥Æ��¬, 4>Z, o�¢ÓÆ, �â

½�¥��º, oõ5�ÓÆ��Ñ
�K��()�.

1nK. �½��êm,n, �Ä3m× n xÚ�þkò�
�/¤çÚ. 3

���z���, e�3��x����ü�ç���, K�ò§�/¤çÚ.

¦�Ð���/õ��çÚ�âU3,���/ç��Ú�?

(MÃ�Æ+¡) øK)
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y² (�âär¥Æ4é ÓÆ�)��n):

�Y´ dm+n
2
e.

��¡, ·�5¿�çÚ«��±�3K��ö�eüNØO. ùp�^�

ã���±���=�§T´�� (
Ø´ü�) ç��,^>. ±�üNØ

O´Ï������/ç�, §�o^>p��kü^l±���Ü©��
.

du�/ç�ÜÚ�, �ªçÚ«��±�´ 2(m + n), Ïd�Ð�±���

�´ 2(m+ n). 
z�ç��õ�z 4 ^>, Ïdc¡`��Y´��e..

�e5·�?1�E. Ø�b�m ≤ n. òm× n Ú�y©��>m×m

±9m>m× (n−m) üÜ©. 3�>���/Ü©, ·�òé��þ�m �

�f/ç, ù��±�y�>Ü©÷X�^�^é���ª�Ü¤�çÚ. 3

m>Ü©, XJ n−m ´óê (Ûê), KòùÜ©1�1¤kóê (Ûê) ��

f/ç, TÐ´ dn−m
2
e = dm+n

2
e −m �. 3�>Ü©�Ü/ç±�, m>1�1

�U^��Ü/ç, ���1�1��Ú��ÜCç. u´�E¤á! �

µ5 (1). <�N¥�"�, Ü¸UÓÆ, Üó�N¥Ç�ÕÓÆ, nÞ¥

Æ�Sw, wÏÐÓÆ, �â½�¥��ºÓÆ, är¥Æ4ó¤, ��, ¤V�

ÓÆ��Ñ
�K��()�.

(2). ù�¯K�Â¹3 Bollobas �Ö5The Art of Mathematics: Coffee

Time in Memphis6¥. @�ÖpkAz�°ç�¯K�y², �~���Ö.

1oK. ABC ´��n�/, 
 P,Q,R ©O´ BC,CA,AB þ�:. y²

4PQR �±�Ø�u4AQR,4BRP,4CPQ ±�����.

(MÃ�Æ+¡) øK)

y² (�âøKö�)��n):

·�^�y{. b�·KØ¤á, Kk:

PQ+ PR < AQ+ AR; (4)

QP +QR < BP +BR; (5)

RP +QR < CP + CQ. (6)

g,/, ·�F"òn^SÜ�> PQ,QR,RP ^	¡� AQ,AR,BP,BR ±

9 CP,CQ L«Ñ5. �����{´^{u½n, 'X

PQ =
√
AQ2 + AR2 − 2AQ · AR · cosA.

www.nsmath.cn 4



,
ù��{þ¡ªf��>¬kü��Ò, O��~Ø´. �
{z¯K, ·

�Áãò PQ ?1� , 
�«�{Ò´ò PQ ��§3�� AB þ�ÝK.

dd·���

PQ ≥ AB − AQ · cosA−BP · cosB;

PR ≥ AC − AR · cosA− CP · cosC;

QR ≥ BC −BR · cosB − CQ · cosC.

(7)

3·�?1�e5�O��c, 5¿��·K3 P,Q,R �n^>¥:���

Ò. 
d� PQ ²1u AB, Ïdþ¡�� ¿vk�LÞ. ù�:�·�UY

e�Jø
&%.

-BC = a, CA = b, AB = c,,	�BP = a
2

+α, CQ = b
2

+β, AR = c
2

+γ,

Ù¥ α, β, γ Ø�½´��. ò (7) �\� (4) ª¥, ·���

b+ c− (
b

2
− β +

c

2
+ γ) · cosA− (

a

2
+ α) cosB − (

a

2
− α) cosC <

b

2
− β +

c

2
+ γ.

²L�n�Ò´

(b+ c)(1− cosA)− a(cosB + cosC)

2
< α(cosB − cosC)− (β − γ)(1 + cosA).

du b cosA + a cosB = c, c cosA + a cosC = b, þ¡�>´" (�éA


α = β = γ = 0 ��Ò¤á). u´·�{z�:

α(cosB − cosC) > (β − γ)(1 + cosA).

|^Ú�zÈúª�� cos A
2

= sin B+C
2

, ·�?�Ú��

α sin
C −B

2
> (β − γ) cos

A

2
. (8)

aq/, ·�d (5), (6) (Ü (7) �±��

β sin
A− C

2
> (γ − α) cos

B

2
. (9)

γ sin
B − A

2
> (α− β) cos

C

2
. (10)

·�ò�l (8)-(10) �Ñgñ. �d·�ò (8) ª¦þ sin A
2
, (9) ª¦þ sin B

2
,

(10) ª¦þ sin C
2

, ,��\.

·�5y²���Ñ�Ø�ª�m��. �d�Ä α �Xê. 3�>§�

Ñy3 (8) ª¥, ÏdXê´

sin
C −B

2
sin

A

2
= sin

C −B
2

cos
B + C

2
=

sinC − sinB

2
.
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3m> α �Xê5g (9), (10) �ª, ���´

− cos
B

2
sin

B

2
+ cos

C

2
sin

C

2
=

sinC − sinB

2
.

dd·��Ñ
gñ, ·K�y! �

µ5 ·P�´3=RP��5cê�§6þw�ù�¯K�. 'u¡È�

(Ø�¤á, �¡� Erdös-Debrunner Ø�ª.
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