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����:�À

�cÝ�H TST ÁK�JÝ� CMO ÁK�JÝÄ���. 3, 4 ü�AÛ

K'�¤�, JÝ' CMO ��, 1, 2, 5 K¥�JÝ, 1 6 K�J.

I. ÁÁÁ KKK

1. ®�¼ê ϕ(x) = x2eax (a ��½¢ê). ¦¤k¼ê f : R→ R, ¦�é

?¿ x, y ∈ R, Ñk f(ϕ(x) + f(y)) = y + ϕ(f(x)).

2. �½��à 2022 ¡N. �ÅÀJ 3 �¡, ¿3þ¡Wê 26, 4, 2022 (z

�¡þW 1 �ê). `�3z�Ù§�¡þW��¢ê, ¦�§´z���kú

�c�¡þ�¢ê�²þê. y²: k�=k�«Wê��{.

3. ²1o>/ ABCD �é���u: I. 4ABI Sk�: G, ¦�

∠IAG = ∠IBG 6= 45◦ − ∠AIB
4

. � E � C 3 AG þ�ÝK, F � D 3 BG þ

�ÝK.4BEF � E-¥�Ú4AEF � F -¥��u: H.

(1) y²: AF, BE, IH n��: (PT:� L).

(2)CE, DF ��u:K,��LAB, �EIJ, �FIJ ��%©O� J, M, N .

y²: �GAB, �KCD �ë%�Ú EM, FN n��:.

4. b�Ø�> 4ABC �	%� O, BC >�¥:� I. �� OI ©O�

AB, AC u: E, F . D � A 'u O �é¡:, G � A 'u4AEF 	%�é

¡:, K � O 'u4OBC 	%�é¡:.

(1) y²: D, G, K n:��.

(2) �M, N ©O´ KB, KC þ�:, ÷v IM ⊥ AC, IN ⊥ AB. IK �

?¾FÏ: 2022-05-26.
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R�²©��MN u:H, IH ©O� AB, AC u: P, Q. y²:4APQ �	

���� O �,���: (ØÓu A) 3�� AI þ.

5. éu¢ê x, e�3 b ∈ {2, 3, · · · , 2022}, ¦� x 3 b ?�e�L«�

k��ê, K¡ x �“¤�ê”. y²: =�3k����ê n (n ≥ 4), ¦�éu

?¿��êm ∈
(
2
3
n, n

)
, üê n

m−n ,
n−m
m
�¥��k��¤�ê.

6. ®�8Ü A ∈ {1, 2, · · · , 4044} .`òÙ¥ 2022 �ê/¤xÚ, �{ 2022

�ê/¤çÚ. éuz� i ∈ A, ¤k�u i �xÚê�¤k�u i �çÚê�

Ú¡� i �“�ê”. ¦¤k�U���ê k, ¦��3g,ê m Ú�«/Ú

�ª, ÷vk k �ê��ê�m.

II. )))������µµµ555

K 1 ®�¼ê ϕ(x) = x2eax (a ��½¢ê). ¦¤k¼ê f : R→ R, ¦�

é?¿ x, y ∈ R, Ñk f(ϕ(x) + f(y)) = y + ϕ(f(x)).

) ky² f ���N�.

P f(ϕ(x) + f(y)) = y + ϕ(f(x)) � (1) ª. 3 (1) ª¥- x = 0, ¿5¿�

ϕ(0) = 0, ��

f(f(y)) = y + ϕ(f(0)). (2)

��¡, d (2) �, � y H{ R �, f(f(y)) �H{ R, � f �÷�.

,��¡, e f (y1) = f (y2), Kd (2) ��

y1 + ϕ(f(0)) = f (f (y1)) = f (f (y2)) = y2 + ϕ(f(0))⇒ y1 = y2,

� f �ü�.

nþ, f ���N�.

d (1), (2) ��

f(ϕ(x) + f(y)) = f(f(y))− ϕ(f(0)) + ϕ(f(x)),

5¿� f �÷�, �^ y �Oþª¥� f(y), �

f(ϕ(x) + y) = f(y)− ϕ(f(0)) + ϕ(f(x)). (3)

3 (3) ¥^ ϕ(y) �O y, �

f(ϕ(x) + ϕ(y)) = f(ϕ(y))− ϕ(f(0)) + ϕ(f(x)). (4)
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3 (4) ¥�� x, y, �

f(ϕ(x) + ϕ(y)) = f(ϕ(x))− ϕ(f(0)) + ϕ(f(y)). (5)

d (4), (5) ��

f(ϕ(y)) + ϕ(f(x)) = f(ϕ(x)) + ϕ(f(y)),

3þª¥- y = 0, ��

f(0) + ϕ(f(x)) = f(ϕ(x)) + ϕ(f(0)). (6)

d (3), (6) ��

f(ϕ(x) + y) = f(y) + f(ϕ(x))− f(0). (7)

5¿� ϕ(x) �ëY¼ê� ϕ(0) = 0, ϕ(1) = ea > 0, d (7) ��

f(x+ y) = f(y) + f(x)− f(0)

éu x ∈ [0, ea] , y ∈ R ¤á.

- g(x) = f(x) − f(0), Kdþ��, g(x + y) = g(y) + g(x) éu x ∈

[0, ea] , y ∈ R ¤á.

qd (6) ��,

g(ϕ(x)) = f(ϕ(x))− f(0) = ϕ(f(x))− ϕ(f(0))

≥ −ϕ(f(0)), (5¿ϕ(f(x)) ≥ 0)

ùL², � x ∈ [0, ea] �, g(x) ≥ −ϕ(f(0)) ke..

d�Ü�§5��, g(x) = cx (x ∈ R), � f(x) = cx + b (c, b ∈ R, x ∈ R).

òÙ�£ (1) ª��, c2 = 1 9 cϕ(x) + (c+ 1)b = ϕ(cx+ b).

e c = −1, K ϕ(x) + ϕ(−x + b) = 0, 5¿�� x 6= 0 �, ϕ(x) > 0, �

ϕ(x) + ϕ(−x+ b) = 0 Ø¬ð¤á, gñ.

� c = 1, k ϕ(x) + 2b = ϕ(x + b), (Ü ϕ(0) = 0 �� ϕ(b) = 2b, ϕ(−b) =

−2b,  ϕ(x) ≥ 0 ð¤á. � b = 0, d� f(x) = x(x ∈ R).

u���, f(x) = x (x ∈ R) ´��§�). �

µ5 �K�'�´=z��Ü�§/ª�¦), I�ÙöÝº�Ü�§�

�'�£ÚÄ��{.

K 2 �½��à 2022 ¡N. �ÅÀJ 3 �¡, ¿3þ¡Wê 26, 4, 2022

(z�¡þW 1 �ê). `�3z�Ù§�¡þW��¢ê, ¦�§´z���k

ú�c�¡þ�¢ê�²þê. y²: k�=k�«Wê��{.
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y² ky²�35.

� 2022�¡� P1, P2, · · · , P2022. e Pi, Pj kú�c,K¡§�“��”. Ø

�� 26, 4, 2022 ©OW3 P1, P2, P3 þ. ·�kò���Á�3¡ Pi þ, zL

1 ¦, �Á�VÇ/£Ä����,�¡þ, ��Á£Ä� P1, P2, P3 ���Ò

Ø2£Ä. P�� j �Á3¡ Pk þ�VÇ� P i
k(j) (AO/, P 1

1 (j), P 2
2 (j), P 3

3 (j)

ð� 1). Kk P i
i (0) = 1,

2022∑
k=1

P i
k(j) = 1, P i

1(j), P
i
2(j), P

i
3(j) üNØ~.

·�3¡ Pi þWê

ti = lim
j→+∞

(
26P i

1(j) + 4P i
2(j) + 2022P i

3(j)
)
.

k t1 = 26, t2 = 4, t3 = 2022, ÎÜK¿.

�� i > 3 �,

ti = lim
j→+∞

(
26P i

1(j) + 4P i
2(j) + 2022P i

3(j)
)

= lim
j→+∞

 ∑
Pl�Pi ��

(
26P l

1(j − 1) + 4P l
2(j − 1) + 2022P l

3(j − 1)
)

· 1

�Pi ���¡ê

=
1

�Pi ���¡ê

∑
Pl �Pi ��

tl (d=� Pikú�c�¡þ�¢ê�²þê) .

�35�y.

2y²��5.

b��k÷v^��,�|ê t′i (1 ≤ i ≤ 2022), Ù¥ t′1 = 26, t′2 = 4, t′3 =

2022. ·�- xi = t′i − ti, K x1 = x2 = x3 = 0, ê| xi (1 ≤ i ≤ 2022) éA�O

ti (1 ≤ i ≤ 2022), �÷vz�¡ (P1, P2, P3 Ø	) þ�ê�u��kú�c�

¡þ�¢ê�²þê.

e max
4≤i≤2022

xi = M > 0, �Ä�M �u��kú�c�¡þ�¢ê�²þ

ê, (ÜM ��5��, ?¿�WM �¡���¡þ��UWM , dëÏ5,

��¡ P1, P2, P3 þ�W�M , = x1 = x2 = x3 = 0 = M > 0, gñ.

e min
4≤i≤2022

xi < 0, aq��gñ. � min
4≤i≤2022

xi = max
4≤i≤2022

xi = 0, k

xi = 0 (1 ≤ i ≤ 2022). u´ê| t′i (1 ≤ i ≤ 2022) �ê| ti (1 ≤ i ≤ 2022) ��

�Ó, ½gñ. ��5�y.

nþ, k�=k�«Wê��{. �

µ5 �K'�#L. /ÏVÇ�{y²�35ék¿g, ^�y{Ú4à

�ny²��5´²;Ã{.
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K 3 ²1o>/ ABCD �é���u: I. 4ABI Sk�: G, ¦�

∠IAG = ∠IBG 6= 45◦ − ∠AIB
4

. � E � C 3 AG þ�ÝK, F � D 3 BG þ

�ÝK.4BEF � E-¥�Ú4AEF � F -¥��u: H.

(1) y²: AF, BE, IH n��: (PT:� L).

(2)CE, DF ��u:K,��LAB, �EIJ, �FIJ ��%©O� J, M, N .

y²: �GAB, �KCD �ë%�Ú EM, FN n��:.

y² (1) I � Rt4AEC ¥�> AC �¥:, � IA = IE. Ón, IB = IF .

q

∠BIF = 180◦ − 2∠IBF = 180◦ − 2∠IAE = ∠AIE,

�

∠AIF = ∠BIE. �

¤±

4AIF ∼= 4EIB. �

d4BEF � E−¥�Ú4AEF � F−¥��u H �,

S4BEH = S4FEH = S4AFH . �

� IH ©O� AF, BE u: L1, L2, K

L1H

L1I
=
S4AFH
S4AIF

,
L2H

L2I
=
S4BEH
S4BIE

,

(Ü�,� �� L1H
L1I

= L2H
L2I

. � L1, L2 Ü, = AF, BE, IH n��:.
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(2)��GAB, �KCD ��»©O�R1, R2,Pü���%©O�O1, O2.

d ∠AGB = ∠FGE = 180◦ − ∠DKC, AB = DC ��

R1 =
AB

2 sin∠AGB
=

DC

2 sin∠DKC
= R2.

� 4AO1B ∼= 4CO2D, q 4AIB ∼= 4CID. �o>/ AIBO1
∼= o>/

CIDO2. w, I �ùü�o>/� q¥%, � I � O1O2 �¥:. �

qd��� ∠IBE = ∠IFA, ¤± L, B, I, F o:��.

Ón, L, A, I, E o:��.

¤±, I ���o>/ FALBEG ����:. �

ò� FI � �ALE u F ′, ò� EI � �BFL u E ′. Kk

∠IF ′E = ∠IAE = ∠IBF = ∠IE ′F,

¤±, F, E ′, F ′, E o:��, u´, E ′I · IE = FI · IF ′. �

�

FJ2 − EJ2 = F �� J ��− E �� J ��

= FA · FL− EB · EL

= FI · FF ′ − EI · EE ′

= FI · (FI + IF ′)− EI · (EI + IE ′)

= FI2 − EI2. (^��)

d½���½n�_½n��: IJ ⊥ EF .

q IJ ⊥MN . (Ï� IJ � �EIJ, �FIJ ��¶)

¤±MN � EF .

�: X, ¦� XF � NI � XE � MI, K 4XEF � 4IMN  q. ¤±,

FN, EM, XI n��:. (Ü���, �Iy²: O1 3 XI þ. �

5¿�

∠EIF = 360◦ − ∠BIF − ∠AIE + ∠AIB

= 360◦ − 2 (180◦ − 2∠IBG) + ∠AIB

= 4

(
∠IBG+

∠AIB
4

)
6= 180◦,

� I, E, F n:Ø��.

 ∠IFX = ∠NIF = 90◦ − ∠IJF = ∠JFE. Ón ∠IEX = ∠JEF . ¤±,

X, J �4IEF ��é���Ý:.

u´, �y²�, �Iy² ∠JIF = ∠O1IE. (Ü���, �Iy²
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∠AIJ = ∠BIO1. q ∠AIJ + ∠BIJ = ∠AIB = ∠BIO1 + ∠AIO1, ��Iy²

sin∠AIJ
sin∠BIJ

· sin∠AIO1

sin∠BIO1

= 1. �

d�u½n, �

sin∠AIJ
sin∠BIJ

· sin∠AIO1

sin∠BIO1

=
sin∠AIJ
AJ

sin∠BIJ
BJ

·
sin∠AIO1

AO1

sin∠BIO1

BO1

=
sin∠IAJ

IJ
sin∠IBJ

IJ

·
sin∠IAO1

IO1

sin∠IBO1

IO1

=
sin∠IAJ sin∠IAO1

sin∠IBJ sin∠IBO1

,

�

q

∠IAJ + ∠IBO1 = ∠JAB + ∠O1BA+ ∠BAI + ∠ABI

= (90◦ − ∠ALB) + (∠AGB − 90◦) + 180◦ − ∠AIB

= (∠AGB − ∠AIB)− ∠ALB + 180◦

= ∠GAI + ∠GBI − ∠ALI − ∠BLI + 180◦ = 180◦,

(d��, ∠ALI = ∠GBI = ∠GAI = ∠BLI).

Ón, ∠IBJ + ∠IAO1 = 180◦. (Ü���, �¤á. y.. �

µ5 �K{'g,. 1 (1) ¯JÝØ�, 1 (2) ¯I��ÿ�ß�Ú[�

�*	, Ùö q!���Ý�Ä��AÛ�.9n�O�.

K 4 b�Ø�>4ABC �	%� O, BC >�¥:� I. �� OI ©O�

AB, AC u: E, F . D � A 'u O �é¡:, G � A 'u4AEF 	%�é

¡:, K � O 'u4OBC 	%�é¡:.

(1) y²: D, G, K n:��.

(2) �M, N ©O´ KB, KC þ�:, ÷v IM ⊥ AC, IN ⊥ AB. IK �

R�²©��MN u:H, IH ©O� AB, AC u: P, Q. y²:4APQ �	

���� O �,���: (ØÓu A) 3�� AI þ.

y² (1) Ø�� AB < AC, P4ABC �	���»� R, n�S�©O

� A, B, C. OI � BC �¥R��K 3 OI þ.

d AE ⊥ BD, AF ⊥ CD, EF ⊥ BC �� 4AEF ∼ 4DBC. q G � A

'u �AEF �é»:, A � D 'u �DBC �é»:, ¤± G, A �´�qé

A:. �o>/ AEGF ∼o>/ DBAC. ü��q/� 5 |éA>p�R�,

�� AG ⊥ AD. u´,

tan∠ODG =
AG

AD
=
AF

DC
=
AC − FC

DC
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=
2R sinB − R sinA

cosC

2R cosB

=
sin (B − C)

2 cosB cosC
. �

K � O 3 �OBC þ�é»:, ∴ ∠OBK = ∠OCK = 90◦. ∴ OD2 =

OB2 = OI ·OK. ∴ ∠ODK = ∠OID = 90◦ + ∠TIB. (� D 'u I �é¡:�

T , dÙ�(Ø, T �4ABC �R%). u´,

tan∠ODK = − cotTIB = −BI −BT cos∠TBC
BT sin∠TBC

= −
sinA
2 cosB

− sinC

cosC
= − sin (B − C)

2 cosB cosC
.

�

d�, ��, ∠ODG+ ∠ODK = 180◦. � D, G, K n:��.

(2) ò� AI � �O u: X, �4IXK �	%� H ′, K H ′ 3 AK �¥R

�þ, ·�y² H ′, M, N ��. ù�Iy²

sin∠IH ′M
sin∠KH ′M

=
sin∠IH ′N
sin∠KH ′N

. �
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é4IH ′K 9:M, N , d��l�½n�

sin∠IH ′M
sin∠KH ′M

· sin∠H ′KM
sin∠MKI

· sin∠KIM
sin∠H ′IM

= 1 �

sin∠IH ′N
sin∠KH ′N

· sin∠H ′KN
sin∠NKI

· sin∠KIN
sin∠H ′IN

= 1 �

q OI · IK = IB · IC = AI · IX, ¤± O, K, A, X ��.

∴ ∠H ′IK = ∠H ′KI = ∠IXK − 90◦ = ∠AOI − 90◦ = 90◦ − (B − C),

u´,

∠NKI = ∠MKI = 90◦ − A,

∠H ′KM = ∠H ′KI − ∠MKI = 180◦ − 2B,

∠H ′KN = 2C, ∠KIM = C,

∠H ′IM = 90◦ −B, ∠KIN = B,

∠H ′IN = 90◦ + C.

�d�, ���,

sin∠IH ′M
sin∠KH ′M

=
sin∠MKI

sin∠H ′KM
· sin∠H ′IM

sin∠KIM
=

cosA

sin 2B
· cosB

sinC
=

cosA

2 sinB sinC
.

sin∠IH ′N
sin∠KH ′N

=
sin∠NKI

sin∠H ′KN
· sin∠H ′IN

sin∠KIN
=

cosA

sin 2C
· cosC

sinB
=

cosA

2 sinB sinC
.

¤±�ª¤á. H ′, M, N ��. l H ′ = H, H �4IXK �	%.

∴ ∠BPQ = B − ∠BIH = B − (90◦ − ∠HIK) = B − (B − C) = C.

∴ B, P, C, Q ��. ∴ PI · IQ = BI · IC = AI · IX.

∴ X 3 �APQ þ.

=4APQ �	���� O �,���: X 3�� AI þ. y.. �

µ5 �KJÝØ�, �{²;. I�l�Nþ©Ûã/�(�¿ÙöÓ�

{9n�O�.

K 5 éu¢ê x, e�3 b ∈ {2, 3, · · · , 2022}, ¦� x 3 b ?�e�L«

�k��ê, K¡ x �“¤�ê”. y²: =�3k����ê n (n ≥ 4), ¦�é

u?¿��êm ∈
(
2
3
n, n

)
, üê n

m−n ,
n−m
m
�¥��k��¤�ê.

y² ·�ky²XeÚn.

ÚÚÚnnn �3 N0, ���ê n > N0 �, 7k

ϕ(n)

3
> 2 + 2w(n) +

(
lnn

ln 2
+ 1

)(
lnn

ln 3
+ 1

)
· · ·
(

lnn

ln 2022
+ 1

)
.

Ù¥ ϕ(n) �î.¼ê, w(n) � n ��Ïf��ê.
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y² � n =
t∏
i=1

pαii ( pi �pÉ��ê, αi ∈ N+). ·��Iy²e¡ü�

·K.

·K (1): �3 N1, ���ê n > N1 �,

ϕ(n)

6
> 2 + 2w(n).

·K (2): �3 N2 > 2022, ���ê n > N2 �,

ϕ(n)

6
>

(
lnn

ln 2
+ 1

)(
lnn

ln 3
+ 1

)
· · ·
(

lnn

ln 2022
+ 1

)
.

éu·K (1), 5¿�

2 + 2w(n) = 2 + 2t ≤ 2t+1,

ϕ(n) =
t∏
i=1

pαi−1i (pi − 1) ≥
t∏
i=1

pαii
2

(
∵ pi − 1 ≥ pi

2

)
.

��I

t∏
i=1

p
αi
i
2

6
> 2t+1, =�I

t∏
i=1

p
αi
i

4
> 12.

� n v
��, þªw,¤á, ·K (1) �y.

éu·K (2), 5¿�(
lnn

ln 2
+ 1

)(
lnn

ln 3
+ 1

)
· · ·
(

lnn

ln 2022
+ 1

)
< 22021 · (lnn)2021

ln 2 · · · ln 2022

(
∵ n > N2 > 2022 ≥ i ≥ 2 �,

lnn

ln i
+ 1 < 2

lnn

ln i

)
< 22021(lnn)2021,

ϕ(n) =
t∏
i=1

pαi−1i (pi − 1) ≥
t∏
i=1

pαii
2

=
n

2t
.

��I n
6·2t > 22021(lnn)2021, =�I n

(lnn)2021·2t > 6 · 22021.

q n ≥ p1 · · · pt ≥ 2 · 3t−1, ∴ t ≤ log3

(
3
2
n
)
, ∴ 2t ≤

(
3
2
n
) ln 2

ln 3 ,

��I

n1− ln 2
ln 3

(lnn)2021
> 6 · 22021 ·

(
3

2

) ln 2
ln 3

.

� n v
��, þª¤á (�g,éê��, n1− ln 2
ln 3

(lnn)2021
3 n v
��4O�

Ãþ.), ·K (2) �y. Úny..

£��K.

� n > N0 � (÷vÚn� n > N0), �÷vm ∈
(
2
3
n, n

)
� (m, n) = 1 �

m ��ê� S. K

S =
(
dn

3
e − 1

)
−

([⌈
n
3

⌉
− 1

p1

]
+ · · ·+

[⌈
n
3

⌉
− 1

pt

])
+

∑
1≤i<j≤t

[⌈
n
3

⌉
− 1

pipj

]
− · · ·
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≥
⌈n

3

⌉
− 1−

⌈
n
3

⌉
− 1

p1
− · · · −

⌈
n
3

⌉
− 1

pt
+

∑
1≤i<j≤t

(⌈
n
3

⌉
− 1

pipj
− 1

)
− · · ·

≥
(⌈n

3

⌉
− 1
)(

1− 1

p1

)
· · ·
(

1− 1

pt

)
− 2t

≥
⌈n

3

⌉(
1− 1

p1

)
· · ·
(

1− 1

pt

)
− 2t − 1

≥ ϕ(n)

3
− 2t − 1

> 1 +
2022∏
i=2

(logi n+ 1) ( dÚn)

≥ 1 +
2022∏
i=2

(1 + [logi n])

= 1 + |{(x2, · · · , x2022) | xi ∈ N, xi ≤ logi n}| .

éu y ≤ n, e�kØ�L 2022 ��Ïf, K���éA (β2, · · · , β2022),

Ù¥ iβi | y, iβi+1 - y, βi ∈ [0, logi n]. ��ïá8Ü {y | y ≤ n, y ��ÏfÑØ

�L 2022} � {(x2, · · · , x2022) | xi ∈ N, xi ≤ logi n} �ü�. ¤±

S > 1 + |{(x2, · · · , x2022) | xi ∈ N, xi ≤ logi n}|

≥ 1+ |
{
y | y ≤ n, y��ÏfÑØ�L2022

}
| .

q m ∈
(
2
3
n, n

)
�, n −m ∈

(
0, n

3

)
, dÄT�n��, � n > N0 �, �3

m ∈
(
2
3
n, n

)
, (m, n) = 1 �m � n−m þ�3�u 2022 ��Ïf, u´üê

n
m−n ,

n−m
m
þØ´¤�ê. (5¿�é x = p

q
∈ Q, Ù¥ p, q ∈ Z, (p, q) = 1, x Ø

�¤�ê���¿©^�´ q k�u 2022 ��Ïf).

nþ, ÷v^�� n ≤ N0 �êk�, ·K�y. �

µ5�K�'�´�d=z�� n ¿©��, �½Ué�÷v^�� m.

Ø�ª�O´~��Ã{, � n ¿©��, � ���5¿“?O”=�.

K 6 ®�8Ü A ∈ {1, 2, · · · , 4044} .`òÙ¥ 2022 �ê/¤xÚ, �{

2022 �ê/¤çÚ. éuz� i ∈ A, ¤k�u i �xÚê�¤k�u i �çÚ

ê�Ú¡� i �“�ê”. ¦¤k�U���ê k, ¦��3g,ê m Ú�«

/Ú�ª, ÷vk k �ê��ê�m.

) e a, b (1 ≤ a < b ≤ 4044, a, b ∈ N+) ��êþ� m, �«m (a, b)

¥z�ê��êÑØ�um, KP ∆ = b− a, ¿� (a, b) ¥�çÚê�Ú�

S1, xÚê�Ú� S2. ·��Äe¡n«�/.
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�/�: � a, b þ�çÚ�, k S2 − S1 = b.

e ∆ = 1, K S1 = S2 = 0, gñ.

e ∆ = 2, K S1 = a+ 1, S2 = 0, ½ S1 = 0, S2 = a+ 1, gñ.

e ∆ = 3, K S2 − S1 = ±1, ±(2a+ 3), k S2 − S1 6= b, gñ.

¤±, ∆ ≥ 4, �e ∆ = 4, K«m (a, b] ¥� 4 ��ê7/�üçüx (�

g�“çxxç”).

�/�: � a, b þ�xÚ�, k S1 − S2 = a.

aq���, ∆ 6= 1, 2.

e ∆ = 3, K a = 1, b = 4, 1, 2, 3, 4 �g/�“xxçx”, 1 Ú 3 ��

ê��, gñ.

¤±, ∆ ≥ 4, �e ∆ = 4, K«m (a, b] ¥� 4 ��ê7/�üçüx (�

g�“ççxx”).

�/�: � a �xÚ, b �çÚ�, k S2 − S1 = b− a.

e ∆ = 1, K S1 = S2 = 0, gñ.

e ∆ = 2, K a = 1, b = 3, ¤± 1, 2, 3 �g/�“xxç”.

e ∆ = 3, K S2 − S1 = ±1, ±(2a+ 3), k S2 − S1 6= b− a, gñ.

e ∆ = 4, ©a?Ø��«m (a, b) ¥��ê/“ç”�TÐ 1 �. �U��

/Xe:

• a = 2, b = 6, 2, 3, 4, 5, 6 �g/�“xxçxç”;

• a = 4, b = 8, 4, 5, 6, 7, 8 �g/�“xxxçç”.

e∆ = 5 = S2 − S1, �� S2 + S1 = a+ 1 + a+ 2 + a+ 3 + a+ 4 = 4a+ 10

�óê. ùØ�U.

e ∆ = 6, K��«m (a, b) ¥��ê/“ç”�TÐ 2 �. ù´Ï�, e

/“ç”��êõu 2 �, K

6 = S2 − S1 ≤ (a+ 5) + (a+ 4)− (a+ 3)− (a+ 2)− (a+ 1) = 3− a < 6,

gñ. e/“ç”��ê�u 2 �, K

6 = S2 − S1 ≥ (a+ 1) + (a+ 2) + (a+ 3) + (a+ 4)− (a+ 5) = 3a+ 5 > 6,

�gñ. �U��/Xe:

• 1, 2, 3, 4, 5, 6, 7 �g/�“xçxxçxç”½“xxççxxç”;

• 3, 4, 5, 6, 7, 8, 9 �g/�“xçxxxçç”½“xxçxçxç”;

• 5, 6, 7, 8, 9, 10, 11 �g/�“xxçxxçç”½“xxxççxç”;
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• 7, 8, 9, 10, 11, 12, 13 �g/�“xxxçxçç”;

• 9, 10, 11, 12, 13, 14, 15 �g/�“xxxxççç”.

e ∆ = 7 = S2 − S1, e«m (a, b) ¥��ê/“ç”��êõu 3 �, K

7 = S2−S1 ≤ (a+6)+(a+5)− (a+1)− (a+2)− (a+3)− (a+4) = 1−2a < 7,

gñ. e«m (a, b) ¥��ê/“ç”��ê�u3 �, K

7 = S2 − S1 ≥ (a+ 1) + (a+ 2) + (a+ 3) + (a+ 4)− (a+ 6)− (a+ 5) = 2a− 1,

⇒ a ≤ 4, b ≤ 11.

� b > 11 �, e ∆ = 7, «m (a, b] ¥� 7 ��ê7/� 4 ç 3 x.

·�y²: ¤¦� k ≤ 1013.

b��3g,êm Ú�«/Ú�ª, ÷vk k (k ≥ 1014) �ê��ê�

m, ¡ù k �êþ�“Ðê”¿�� a1 < a2 < · · · < ak. � a1, a2, · · · , ak ¥“ç

ã”���g� x1, x2, · · · ,“xã”���g� y1, y2, · · · (P a1, a2, · · · , ak ¥

ëYeZ�/çÚ�ê�“çã”(�� 1 �, ëYõ���ê/ç����P�

�ã), Ù¥�ê��ê�çã��, aq½Â“xã”Úxã��). e¡©oa

?Ø.

(1) a1 �çÚ, ak �xÚ. K

4043 ≥ ak − a1 = (a2 − a1) + (a3 − a2) + · · ·+ (ak − ak−1) .

5¿����ü�ÐêÓÚ, K ∆ ≥ 4 (�/�, �), ��ü�Ðêe�g

/�“xç”, K ∆ = 2, 4, 6 ��/�õ�Ñy�g (AO/, 1 (1) a¥ ∆ > 2

) {e��/ ∆ ≥ 7 (�/�), ��ü�Ðêe�g/�“çx”, K ∆ ≥ 1, �

þª ≥ 4 (x1 − 1) + 1 + 4 (y1 − 1) + 4 + 4 (x2 − 1) + 1 + 4 (y2 − 1) + 6

+ 4 (x3 − 1) + 1 + 4 (y3 − 1 ) + 7 + 4 (x4 − 1) + · · ·+ 1 + 4 (yu − 1)

= (4x1 + 4y1 − 7) + (4x2 + 4y2 − 3) + (4x3 + 4y3 − 1) + 4 (x4 + y4)

+ · · ·+ 4 (xu + yu)

≥ 4 (x1 + y1 + x2 + y2 + · · ·+ xu + yu)− 11

= 4k − 11. (u ≤ 3 ��¤á)

⇒k ≤
[

4054

4

]
= 1013. gñ.

(2) a1 �çÚ, ak �çÚ. aq (1) ��

4043 ≥ ak − a1 = (a2 − a1) + (a3 − a2) + · · ·+ (ak − ak−1)

13 êÆ#(�



≥ (4x1 + 4y1 − 7) + (4x2 + 4y2 − 3) + (4x3 + 4y3 − 1) + 4 (x4 + y4)

+ · · ·+ 4 (xu−1 + yu−1 ) + 4 + (4xu − 1)

≥ 4 (x1 + y1 + x2 + y2 + · · ·+ xu−1 + yu−1 + xu)− 8

= 4k − 8.

⇒ k ≤
[
4051
4

]
= 1012 . gñ.

(3) a1 �xÚ, ak �çÚ. aq (1) ��

4043 ≥ ak − a1 = (a2 − a1) + (a3 − a2) + · · ·+ (ak − ak−1)

≥ 4 (y1 − 1) + 2 + 4 (x1 − 1) + 1 + 4 (y2 − 1) + 4 + 4 (x2 − 1)

+ · · ·+ 1 + 4 (yu − 1) + 7 + 4 (xu − 1)

≥ (4x1 + 4y1 − 6) + (4x2 + 4y2 − 3) + (4x3 + 4y3 − 1)

+ 4 (x4 + y4) + · · ·+ 4 (xu + yu)

≥ 4 (x1 + y1 + x2 + y2 + · · ·+ xu + yu)− 10

= 4k − 10.

⇒ k ≤
[
4053
4

]
= 1013. gñ.

(4) a1 �xÚ, ak �xÚ. aq (1) ��

4043 ≥ ak − a1 = (a2 − a1) + (a3 − a2) + · · ·+ (ak − ak−1)

≥ (4x1 + 4y1 − 6) + (4x2 + 4y2 − 3) + (4x3 + 4y3 − 1) + 4 (x4 + y4)

+ · · ·+ 4 (xu−1 + yu−1) + 1 + 4 (yu − 1)

≥ 4 (x1 + y1 + x2 + y2 + · · ·+ xu−1 + yu−1 + yu)− 13

= 4k − 13.

⇒ k ≤
[
4056
4

]
= 1014.

 k = 1014 �, 7k a1 = 1, a2 = 3, a3 = 4, a4 = 8, a5 = 9, a6 =

15, a7 = 16, al = 4044 ((Ü�¥ ∆ = 2, 4, 6 ��/��). 1, 2, · · · , 16 �g

/�“xxçxxxççxxxxçççx”, Ù¥x'çõ4 �. a8 ≥ 17 > 11,

(Ü�, �¥∆ = 4 9�¥ ∆ = 7 ��/��,

éu i ≥ 7,e ai, ai+1/�“çx”,K ai+1−ai = 1, ai, ai+1��;e ai, ai+1

/�“xç”, K ai+1 − ai = 7, «m (ai, ai+1] ¥�ê 3 x 4 ç; e ai, ai+1 /

�“xx”½“çç”, K ai+1 − ai = 4, «m (ai, ai+1] ¥�ê 2 x 2 ç.

¤±, «m (a7, ak] ¥ç, x��ê�� (5¿� a7, al þ�x, �«m
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[a7, al] ¥“ai, ai+1 çxé”�“ ai, ai+1xçé”�ê��.“çx”é��/�±w

¤«m (ai, ai+1] ¥�ê�k 1 �, �xÚ), u´, «m [1, 4044] ¥�x'çõ

4 �, gñ.

nþ, k ≤ 1013.

e¡·�é n (n ≥ 4) 8B. é?¿g,ê k ∈ [0,
[
n
2

]
+ 2], �3g,êm

Ú�«/Ú�ª, ò 1, 2, · · · , 2n ¥� n �ê/x, , n �ê/ç, ¦�Tk k

�ê��ê�m. (�ê�½Â�Ó)

n = 4 �, 0 ≤ k ≤ 4. e k = 4, ò 1, 2, · · · , 8 �g/�“çxxçxçx

ç”, K=k 1, 2, 6, 7 ��êþ� 18; e k = 3, �g/�“çxxçxçç

x”, K=k 1, 2, 6 ��êþ� 17; e k = 2, �g/�“ççççxxxx”,

K=k 4, 5 ��ê���þ� 0; e k = 1 �g/�“xxxxçççç”, K

=k 4 ��ê� 32; e k = 0, �m = 10100, ��B/. � n = 4 �·K¤á.

e n = 2l (l ≥ 2)�·K¤á,�Ä n = 2l+1���/,éu 0 ≤ k ≤ l+2,

d8Bb�, �3g,ê m0 Ú�«/Ú�ª, ò 1, 2, · · · , 4l ¥� 2l �ê/

x, , 2l �ê/ç, ¦�Tk k �ê��ê�m0.

e m0 6= X − (4l + 1), (Ù¥ X �«m [1, 4l] ¥�¤kxÚê�Ú), �I

/ç 4l + 1, /x 4l + 2, [1, 4l] ¥�ê�/ÚØC, KTk k �ê��ê�

m0 + 4l + 1.

em0 = X − (4l + 1), �I/x 4l + 1, /ç 4l + 2, [1, 4l] ¥�ê�/ÚØ

C, KTk k �ê��ê�m0 + 4l+ 2. (4l+ 1 ��ê�m0 + 8l+ 3, 4l+ 2

��ê�m0 + 8l + 2).

¤± n = 2l + 1 �·K¤á.

2�Ä n = 2l + 2 ���/.

éu 0 ≤ k ≤ l + 2, aqþ¡�y·K¤á. éu k = l + 3, �Iò

1, 2, · · · , 4l + 4 �g/�“xxçxççxxxççx · · · xççxxçç

ç”, K 1, 3, 4, 8, 9, 13, · · · , 4l + 1 ��ê�Ó, ��Ù§ê��êØ�

�, ·K�¤á.

nþ§¤¦� k �¤kØ�L 1013 �g,ê. �

µ5 �K�'�´©ÛßÿÑ�.� 1013, y²(ØI�[��©aÚ

�ÿ�� . ,	, Aops þ�=©�ÁKØ��´ÄkØ, �ÈÑ5´“éu?

¿g,ê, ¦¤k�U���ê, ¦��3�«/Ú�ª, ÷vk k �ê��

ê�m.”ù«�/)ö¿vk)û, k,��ÓÆØ��Á.
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