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1�K 3b����4ABC ¥§AD,BE,CF ´p, H ´R%. D′´ D'

u EF �é¡:, O1 ´4AD′H �	%, aq½Â: O2, O3. Γ1 ´L O2, O3 ��

%3�� ADþ��, aq½Â� Γ2,Γ3. y²: Γ1,Γ2,Γ3�u�:.

(<�N¥Æ) ��N Ó� �[a øK)

y² (�â�e¥Æ"Æ©ÓÆ�)��n):
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�4ABC �Ê:��%� V , ·�y² V ´ Γ1,Γ2,Γ3�ú�:.

� V 'u AD,BE,CF �é¡:©O� V1, V2, V3. e¡�gy² (1) V1 3

�O1 þ; (2) V2, V3, O1��; (3) V, V1, O2, O3��.

(1)Ï� V ´4DEF �	%,�dHD²©∠EDF � V1DÚ V D´∠EFD

����, ¤± V1D⊥EF , u´ D, V1, D
′��.
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´�4DV F ∼ 4DED′,4DHF ∼ 4DEA, ¤±

DV1 ·DD′ = DV ·DD′ = DE ·DF = DH ·DA.

l V1, D
′, A,H ��, = V13 �O1þ.

Ón, V23 �O2þ, V33 �O3þ.

�
y² (2),(3), ·�I���Ún.

ÚÚÚnnn 34ABC ¥, O, V,H ©O´	%!Ê:��%!R%, R´	���

». � AO�R�²©���� BC �u: D, K ∠ADO = 2∠V AH, �

CD sin∠OAH = 2R sin2B − R
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y² � O'u BC �é¡:´ O′, K OO′� AH ²1���, u´ A, V,O′

��. d DA = DO = DO′, � ∠ADO = 2∠AO′O = 2∠V AH.

� AO�R�²©�� AC,AO©O�u: P,Q. d AO⊥DP,AH⊥DC �

∠OAH = ∠PDC, ¤±

CD sin∠OAH = CD sin∠PDC = PC sin∠CPD

= (AC − AP ) sin∠APQ

= 2R sinB · sinB − AQ
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= 2R sin2B − R
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(2) d HV = HV1 = HV2 = HV3� V, V1, V2, V3��� H ´�%, ¤±

∠V2V1V3 =
1

2
∠V2HV3 =

1

2
(∠V HV2 + ∠V HV3)

= ∠V HB + ∠V HF = ∠BHF = ∠BAC.

Ón ∠V1V2V3 = ∠ABC, ¤±4V1V2V3 ∼ 4ABC.

� X, Y ©O´ 4V1V2V3 �Ê:��%ÚR%(ã¥�IÑ), Kd�q,

∠V AH = ∠XV1Y . ù�,

∠V1O1H = 2∠V1AH = 2∠V AH = 2∠XV1Y.

q O13 V1H �R�²©�þ, ¤±é4V1V2V3^Ún�, V2, V3, O1��.

Ón, V3, V1, O2Ú V1, V2, O3©O��.
 CHV = 130.75° V3V1V = 49.25°
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(3) dnu½n_½n, �Iy²

V V1 sin∠O2V1O3 +O3V1 sin∠O2V1V = O2V1 sin∠O3V1V,

=

V V1 sin∠V3V1V2 +O3V1 sin∠V3V1V = O2V1 sin∠V2V1V.

� R1, R2©O´4ABC,4V1V2V3�	���», K R2 = V H = 1
2
OH.

d ∠V3V1V = 1
2
∠V3HV = ∠FHO�

sin∠V3V1V = sin∠OCH · OC
OH

= sin∠HV3Y ·
R1

2R2

.

qé4V1V2V3^Ún�

O3V1 sin∠HV3Y = 2R2 sin2∠V1V2V3 −
R2

2
= 2R2 sin2B − R2

2
,

¤±

O3V1 sin∠V3V1V =
R1

2R2

(
2R2 sin2B − R2

2

)
= R1

(
sin2B − 1

4

)
.

Ón,

O2V1 sin∠V2V1V = R1

(
sin2C − 1

4

)
.

q

V V1 = 2d(V,AH) = d(O,AH) = R1 sin∠OAH = R1 sin(C −B),

¤±

V V1 sin∠V3V1V2 = R1 sin(C −B) sinA = R1(sin
2C − sin2B).

u´�Iy²

R1(sin
2C − sin2B) +R1

(
sin2B − 1

4

)
= R1

(
sin2C − 1

4

)
,

ùw,¤á.

��, Ï� V, V1, O2, O3¤����%3 V V1�R�²©� AH þ, ¤±T�

=� Γ1, l V 3 Γ1þ.

Ón, V �3 Γ2Ú Γ3þ.

nþ, ·K�y. �

µ5 (1). �±y² O1, O2, O3 ��, V ´��o>/ V1V2V3O1O2O3 ���

:.

(2). À��âÆ�Á[�!�Här¥ÆQÌÌ�ÓÆ��Ñ
�K��(

)�.
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1�K � A´ n���ê8Ü. y²: �3 A�f8 B, ¦� |B| > n
2022

, �

é?¿ x1, x2, · · · , x32 ∈ B, Ñk x21 + 2x22 + · · ·+ 31x231 6= x232.

(�H��N¥Æ) 4�R øK)

y² (�â�e¥Æñ�ªÓÆ�)��n):

��ê p, ¦� p�u 109±9 A¥¤k��.

� A = {a1, a2, · · · , an}, é 1 ≤ i ≤ p− 1, P Ai = {ia21, ia22, · · · , ia2n}.

¡����ê´Ð�, XJ§Ø± p�{êáu«m
(

p
(31×16)2 ,

p
31×16

)
.

é�½� 1 ≤ j ≤ n, d p > aj � a2j , 2a
2
j , · · · , (p− 1)a2j �¤� p� X, u´

Ù¥k [
p

31× 16

]
−
⌈

p

(31× 16)2

⌉
+ 1 >

p

500

�Ðê, ùp^�
 p > 109.

ù� A1, A2, · · · , Ap−1 ¥��k n · p
500
�Ðê. d²þ��n, �3 1 ≤ i ≤

p− 1, ¦� Ai¥��k
n
500
�Ðê, Ø��� ia21, ia

2
2, · · · , ia2s, Ù¥ s > n

500
.

d�- B = {a1, a2, · · · , as}, e¡�yÙ÷v�¦.

e�3 x1, x2, · · · , x32 ∈ B, ¦� x21 + 2x22 + · · ·+ 31x231 = x232, K

(ix21) + 2(ix22) + · · ·+ 31(ix231) = ix232.

� p�, þª�>�{ê0u

p

(31× 16)2
× (1 + 2 + · · ·+ 31) =

p

31× 16

�
p

31× 16
× (1 + 2 + · · ·+ 31) = p

�m, =áu
(

p
31×16 , p

)
. �m>�{êáu

(
p

(31×16)2 ,
p

31×16

)
, üö�8´�8, g

ñ�

q |B| > n
500

> n
2022

, ¤±·K�y. �

µ5 (1). �K�Xe²;¯K�y²�{�Ó:

� A´d n��"�ê�¤�8Ü, K�3 A�f8 B, ¦� |B| ≥ n
3
, �Ø

�3 x, y, z ∈ B, ÷v x+ y = z.

^Ó���{�±y² 2022c�\|æSG��c?1oK:

��ê n ≥ 2. M ´d 2n2 − 3n + 2�knê�¤�8Ü. K�3M � n�

f8 A, ÷vé?¿ 2 ≤ k ≤ n, A¥?¿ k���(#N�Ó)�ÚÑØáu A.
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(2). �Här¥Æo�ÓÆ��Ñ
�K��()�.

1nK �ê� {an}÷v a1 = 1, ak = max
i+j=k

{aiaj}+ 1, k ≥ 2. y²: é?¿�

�ê n, a2n = a22n−1 + 1.

(�®�¥Æ) aL~ øK)

y² (�âøKö�)��n):

·�8By²�r�(Ø: é?¿��ê n, k, e 2n−1 ≤ k ≤ 2n+1, K

� a2n+k = a2nak + 1;

� a2n+k−1 + a2n+k+1 ≥ 2a2n+k.

U 2n + kl����^S8B, 5¿� {an}üN4O.

d a1 = 1, a2 = 2, a3 = 3, a4 = 5, a5 = 7, a6 = 11, a7 = 16, N´�y n = 1�(

Ø¤á.

b� n ≥ 2, � (n, k)�c(Ø¤á, 5w (n, k)���/.

ky²�.

d½Â, �Iy²é?¿ 1 ≤ i ≤ 2n + k − 1, Ñk

a2nak ≥ aia2n+k−i.

(I) 2n−1 ≤ k ≤ 2n.

Ø�� i ≤ 2n+k
2

, K i ≤ 2n.

(i) i ≤ k.

e k − i < 2n−1, K

a2n+k−i = a2n−1a2n−1+k−i + 1.

q a2n = a22n−1 + 1, ¤±�Iy²

(a22n−1 + 1)ak ≥ ai(a2n−1a2n−1+k−i + 1).

ùd ak ≥ ai�

a2n−1ak ≥ aia2n−1+k−i

=y.

e k − i ≥ 2n−1, K

a2n+k−i = a2nak−i.

¤±�Iy²

a2n(ak − 1 + 1) ≥ ai(a2nak−i + 1).
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ùd a2n ≥ ai�

ak − 1 ≥ aiak−i

=y.

(ii) i > k.

d�, a2n + ak ≥ ai + a2n+k−i, ¤±�Iy²

(a2n − 1)(ak − 1) ≥ (ai − 1)(a2n+k−i − 1).

d i− k ≤ 2n−k
2
≤ 2n−2�

a2n+k−i − 1 = a2n−1a2n−1+k−i,

q a2n − 1 = a22n−1 , ¤±�Iy²

a2n−1(ak − 1) ≥ (ai − 1)a2n−1+k−i.

e i ≥ 2n−1 + 2n−2, K

ai − 1 = a2n−1ai−2n−1 ,

u´�Iy²

ak − 1 ≥ ai−2n−1a2n−1+k−i,

ùd½Â=y.

e i < 2n−1 + 2n−2, K

ai − 1 = a2n−2ai−2n−2 ,

ak − 1 = a2n−2ak−2n−2 ,

u´�Iy²

a2n−1ak−2n−2 ≥ ai−2n−2a2n−1+k−i,

ùd8Bb�=y.

(II) 2n < k ≤ 2n+1

Ø�� i ≥ 2n+k
2

, K i > 2n.

(i) i > k.

e i ≤ 2n + 2n−1, K

ai = a2n−1ai−2n−1 + 1,

ak = a2n−1ak−2n−1 + 1,
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u´�Iy²

a2n(a2n−1ak−2n−1 + 1) ≥ (a2n−1ai−2n−1 + 1)a2n+k−i.

ùd a2n ≥ a2n+k−i�

a2nak−2n−1 ≥ ai−2n−1a2n+k−i

=y.

e i > 2n + 2n−1, K

ai = a2nai−2n + 1,

u´�Iy²

a2n(ak − 1 + 1) ≥ (a2nai−2n + 1)a2n+k−i.

ùd a2n ≥ a2n+k−i�

ak − 1 ≥ ai−2na2n+k−i

=y.

(ii) i ≤ k.

d�, a2n + ak ≥ ai + a2n+k−i, ¤±�Iy²

(a2n − 1)(ak − 1) ≥ (ai − 1)(a2n+k−i − 1).

d k − i ≤ k−2n
2
≤ 2n−1�

a2n+k−i − 1 = a2n−1a2n−1+k−i,

q a2n − 1 = a22n−1 , ¤±�Iy²

a2n−1(ak − 1) ≥ (ai − 1)a2n−1+k−i.

e i ≥ 2n + 2n−1, K

ai − 1 = a2nai−2n ,

ak − 1 = a2nak−2n ,

u´�Iy²

a2n−1ak−2n ≥ ai−2na2n−1+k−i,

ùd8Bb�=y.

e i < 2n + 2n−1, K

ai − 1 = a2n−1ai−2n−1 ,
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u´�Iy²

ak − 1 ≥ ai−2n−1a2n−1+k−i,

ùd½Â=y.

2y²�.

Ï�

a2n+k−1 ≥ a2nak−1 + 1,

a2n+k+1 ≥ a2nak+1 + 1,

a2n+k = a2nak + 1,

¤±d8Bb�,

a2n+k−1 + a2n+k+1 − 2a2n+k

≥a2n(ak−1 + ak+1 − 2ak) ≥ 0.

nþ, 8B�y. �

µ5 �Här¥ÆQÌÌ!§²�=IS¢�Æ��gÊ!2Ü���Æ

Ná	I�Æ�cì�«� µ�ÓÆ��Ñ
�K��()�.

1oK �½�ê n ≥ 2. �¢ê a1, a2, · · · , an ∈ [0, 1), eé?¿Ø�L k�

��ê i, 3 a1, a2, · · · , an¥Ñ�3eZ��Ú�u i, ¦��ê k����U�.

(<�N¥ Üà� øK)

) 1 (�â�Här¥ÆQÌÌÓÆ�)��n):

d a1 + a2 + · · ·+ an < n� k ≤ n− 1.

� n ≥ 3�, Ø�� a1 + · · ·+ as = 1, Ù¥ 2 ≤ s ≤ n. e s = n, K k = 1; e

s < n, K

a1 + a2 + · · ·+ an

= (a1 + · · ·+ as) + as+1 + · · ·+ an

< 1 + n− s ≤ n− 1,

¤± k ≤ n− 2.

�� n = 2� k ≤ 1, � n ≥ 3� k ≤ n− 2.

e¡�Ñ�E.

� n = 2�, � a1 = a2 = 1
2
=�.
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� n ≥ 3 �, P bi = 1 − ai ∈ (0, 1], @oe 1 ≤ i1 < i2 < · · · < it ≤ n ¦

bi1 + bi2 + · · · + bit = 1, K ai1 + ai2 + · · · + ait = t − 1. l�I¦�é?¿

2 ≤ t ≤ n− 1, �3 t� bi�Ú� 1.

P α =
√
5−1
2

, K α2 + α = 1, 0 < α < 1.

� n = 2m(m ≥ 2)�,� bk = αk(k = 1, 2, · · · , 2m−2), b2m−1 = b2m = 1
2
α2m−3.

d�é 1 ≤ t ≤ m− 1,

b2t + b2t−1 + b2t−3 + b2t−5 + · · ·+ b1

= b2t−2 + b2t−3 + b2t−5 + · · ·+ b1

= · · ·

= b2 + b1 = 1,

=�3 t+ 1� bi�Ú� 1. qd

α2m−2 + α2m−3 + · · ·+ α2t

=
α2t − α2m−1

1− α
=
α2t − α2m−1

α2

= α2t−2 − α2m−3,

�

b2m + b2m−1 + b2m−2 + · · ·+ b2t + b2t−3 + b2t−5 + · · ·+ b1

= b2t−2 + b2t−3 + b2t−5 + · · ·+ b1 = 1,

=�3 2m − t� bi �Ú� 1. u´é?¿ 2 ≤ t ≤ 2m − 1, �3 t� bi �Ú� 1,

÷v^�.

� n = 2m − 1(m ≥ 2)�, � bk = αk(k = 1, 2, · · · , 2m − 2), b2m−1 = α2m−3.

Óþ�«�/�

b2t + b2t−1 + b2t−3 + · · ·+ b1

= b2m−1 + b2m−2 + · · ·+ b2t + b2t−3 + b2t−5 + · · ·+ b1 = 1.

u´é?¿ 2 ≤ t ≤ 2m− 2, �3 t� bi�Ú� 1, ÷v^�.

nþ, ¤¦���� n = 2�� 1, � n ≥ 3�� n− 2. �

) 2 (�â§²�=IS¢�Æ��gÊÓÆ�)��n):

��Ñ� n ≥ 3���E.

� n = 2m(m ≥ 2)�, � a2i−1 = a2i = 1 − 1
2i

(i = 1, 2, · · · ,m − 1), a2m−1 =

a2m = 1− 1
2m−1 . 5¿�oÚ� 2m− 2, u´�I�ÑÚ� 1, 2, · · · ,m− 1��E

=�.(eU�EÑ t, K{e�ê�Ú=� 2m− 2− t)
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¯¢þ, é 1 ≤ t ≤ m− 1,

a1 + a3 + a5 + · · ·+ a2t−1 + a2t = t.

� n = 2m− 1(m ≥ 2)�, � a2i−1 = a2i = 1− 1
2i

(i = 1, 2, · · · ,m− 1), a2m−1 =

1− 1
2m−2 . �yÓþ�«�/. �

) 3 (�â�e¥Æñ�¢ÓÆ�)��n):

��Ñ� n ≥ 3���E.

é n = 2m+ 1Ú 2m+ 2, P ε = 1
1+2+···+m+1

. �c 2m�ê�

mε, 1− ε, · · · , 1− ε︸ ︷︷ ︸
m�

, 1− 2ε, 1− 3ε, · · · , 1−mε.

� n = 2m+ 1�, �����ê� (2 + 3 + · · ·+m)ε; � n = 2m+ 2�, ���ü

�ê� (1 + 2 + · · ·+m)εÚ 1− ε.

5¿�oÚ� n − 2, u´�I�ÑÚ� 1, 2, · · · ,m��E=�.(eU�EÑ

t, K{e�ê�Ú=� n− 2− t)

¯¢þ, é 1 ≤ t ≤ m,

t = mε+ (1− ε) + · · ·+ (1− ε)︸ ︷︷ ︸
t−1�

+(1− (m− t+ 1)ε),

÷v�¦. �

µ5 À���N¥47!<�N¥�:h�ÓÆ��Ñ
�K��()�.
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