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1999c�K1nÓkXeØ�ª¯K:

¯K �¢ê x1, x2, · · · , xn ∈ [−1, 1], ÷v x1 + x2 + · · ·+ xn = 0. ¦y:

(1) �3 σ : {1, 2, · · · , n} → {1, 2, · · · , n}, ¦�é?¿ 1 ≤ i ≤ j ≤ n, þk

|xσ(i) + xσ(i+1) + · · ·+ xσ(j)| < 2− 1

n
.

(2) (1)¥�þ.ØUU� 2− 4
n
.

ù�K/ª{'g,, �38UEk�½�JÝ. �©�Ñ�Z�þ., =

½n �½��ê n. �¢ê x1, x2, · · · , xn ∈ [−1, 1],÷v x1+x2+· · ·+xn =

0. e�3 x1, x2, · · · , xn ���ü� y1, y2, · · · , yn, ÷vé?¿ 1 ≤ i ≤ j ≤ n,

þk |yi + yi+1 + · · ·+ yj| ≤ λ, K λ����� λn, Ù¥

λn =


2− 4

n+1
, n´Ûê,

2− 4
n
, n´�u 2�óê,

1, n = 2.

y² � n = 1�, w, λ����� 0.

� n = 2�, w, λ = 1�Ø�ª¤á. q� x1 = −1, x2 = 1�, λ ≥ 1, ¤

± λ����� 1.

e� n ≥ 3.

£££���¤¤¤���EEE.

� n´Ûê�, � n−1
2
� 1!n+1

2
� −n−1

n+1
. K�o�3 i(1 ≤ i ≤ n − 1)
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¦ yi = yi+1 = −n−1
n+1

(d� |yi + yi+1| = 2 − 4
n+1

), �o y1 = yn = −n−1
n+1

(d�

|y2 + · · ·+ yn−1| = 2− 4
n+1

).

� n´óê�, � n−2
2
� 1!n

2
� −n−2

n
Ú 1� 0. K�Ñù� 0�� n´

Ûê��Ó, V£ 0�ØUC��eZ��Ú.

£££���¤¤¤yyy²²².

é n8B.

� n = 1, 2�®y. b� n− 1�¤á, 5w n���/.

(1) e�3 xi ≥ 0, xj < 0, ¦� xi − xj ≤ λn, Kò xi � xj Ü¿� xi + xj.

d8Bb�£ù� xi + xj ∈ [−1, 1]¤, ��ü� z1, z2, · · · , zn−1, ÷vé?¿

1 ≤ u ≤ v ≤ n− 1, k |zu + · · ·+ zv| ≤ λn−1 ≤ λn.

P Sw = z1 + · · · + zw, Ù¥ S0 = 0. Ké?¿ 0 ≤ u ≤ v ≤ n − 1, k

|Sv − Su| ≤ λn, u´ S0, · · · , Sn−1�¹3�ã�� λn�«m I ¥.

� zk = xi + xj, �	Xeü�ü�:

z1, · · · , zk−1, xi, xj, zk+1, · · · , zn;

z1, · · · , zk−1, xj, xi, zk+1, · · · , zn.

cöéA�Ü©Ú�

S0, S1, · · · , Sk−1, Sk−1 + xi, Sk, Sk+1, · · · , Sn−1;

�öéA�Ü©Ú�

S0, S1, · · · , Sk−1, Sk−1 + xj, Sk, Sk+1, · · · , Sn−1.

Ï� xi ≥ 0, xj < 0, xi − xj ≤ λn!I ��Ý� λn � Sk−1 ∈ I, ¤± Sk−1 +

xi, Sk−1 + xj ¥7k��áu I, éA�ü�ÜK.

(2) eé?¿ xi ≥ 0, xj < 0þk xi − xj > λn.

(i) e n´óê, P n = 2m, Km ≥ 2, λn = 2− 2
m
.

é?¿ xi ≥ 0, xj < 0, d xi − xj > λn�

xi > λn − 1 = 1− 2

m
, xj < 1− λn = −1 + 2

m
,

?
 − 2
m
< xi + xj <

2
m
.

dé¡5, Ø�� x1, · · · , xn¥�ê��ê t ≥ m.

���/// 1: e t ≥ m+ 2, K

0 = x1 + · · ·+ xn > (m+ 2)

(
1− 2

m

)
+ (m− 2)(−1) = 2− 4

m
,

gñ!

www.nsmath.cn 2



���/// 2: e t = m+ 1, �ÄXeü�:

�K · · ·�K︸ ︷︷ ︸
dm−1

2
eé

��K� · · ·K�︸ ︷︷ ︸
[m−1

2
]é

.

éu?¿��ëYã, �Ù¥k a��ê!b�Kê, K a− b ∈ {−1, 0, 1, 2}.

e a− b = −1, K�U3c��½���, u´ a ≤
⌈
m−1
2

⌉
− 1 ≤ m−2

2
. ¤±

|Ú| ≤ |a�“�Ké”�Ú|+ |��Kê| ≤ m− 2

2
· 2
m

+ 1 = 2− 2

m
.

e a− b = 0, KÏ� b ≤ m− 1, ¤±

|Ú| = |b�“�Ké”�Ú| ≤ (m− 1) · 2
m

= 2− 2

m
.

e a− b = 1, KÏ� b ≤ m− 1, ¤±

Ú ≥ b�“�Ké”�Ú ≥ (m− 1)

(
− 2

m

)
= −2 + 2

m
.

5¿�TëYã�Ö¥�ê�'Kêõ 1 �, ¤±Ón��ÙÚ�Ø�u

−2 + 2
m
, �TëYã�ÚØ�u 2− 2

m
.

e a− b = 2, Kò a− b = 0���/�Ö=�.

nþ, �/ 2y..

���/// 3: e t = m, �ÄXeü�:

�K�K · · · �K︸ ︷︷ ︸
mé

.

éu?¿��ëYã, �Ù¥k a��ê!b�Kê, K a− b ∈ {−1, 0, 1}.

e a− b = 0, � a = m�, Ú = 0¶� a ≤ m− 1�,

|Ú| = |a�“�Ké”�Ú| ≤ (m− 1) · 2
m

= 2− 2

m
.

e a−b = ±1,K�Ä�Ö��Ø��min{a, b} ≤ m−1
2

. 2Ø�� a−b = 1,

K b ≤ m−1
2

.

e b ≤ m−2
2

, K

|Ú| ≤ |b�“�Ké”�Ú|+ |���ê| ≤ m− 2

2
· 2
m

+ 1 = 2− 2

m
.

e b = m−1
2

, K

|Ú| =1

2
|Ú−Ö�Ú|

=
1

2

∣∣∣∣m+ 1

2
�“�~K” +

m− 1

2
�“K~�”

∣∣∣∣
≤1

2

∣∣∣∣m+ 1

2
· 2− m− 1

2

(
2− 2

m

)∣∣∣∣
=
3

2
− 1

2m
≤ 2− 2

m
,
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Ù¥���Ú´Ï�d�m´Ûê.

nþ, �/ 3y..

(ii) e n´Ûê, P n = 2m+ 1, K λn = 2− 2
m+1

.

d xi − xj > λn�

xi > λn − 1 = 1− 2

m+ 1
, xj < 1− λn = −1 + 2

m+ 1
,

?
 − 2
m+1

< xi + xj <
2

m+1
.

dé¡5, Ø�� x1, · · · , xn¥�ê��ê t ≥ m+ 1.

e t ≥ m+ 2, K

0 = x1 + · · ·+ xn > (m+ 2)

(
1− 2

m+ 1

)
+ (m− 1)(−1) = 1− 2

m+ 1
,

gñ! Ïd t = m+ 1.

�ÄXeü�:

�K�K · · ·�K︸ ︷︷ ︸
mé

�,

P� y1, y2, · · · , y2m+1, Ù¥

y1 ≤ y3 ≤ · · · ≤ y2[m
2
]+1, y2m+1−2[m

2
] ≥ y2m+3−2[m

2
] ≥ · · · ≥ y2m+1,

y2 ≤ y4 ≤ · · · ≤ y2[m
2
], y2m+2−2[m

2
] ≥ y2m+4−2[m

2
] ≥ · · · ≥ y2m,

� y1, y2m+1´���ü��ê.

�ÄÚ�ýé������ëYã (Xkõ�, ��á���), ��

yi, yi+1, · · · , yj. �Ù¥k a��ê!b�Kê, K a− b ∈ {−1, 0, 1}.

e a− b = 0, KÏ� b ≤ m, ¤±

|Ú| = |b�“�Ké”�Ú| ≤ m · 2

m+ 1
= 2− 2

m+ 1
.

e a− b = 1, Kò a− b = 0���/�Ö=�.

e a− b = −1� a ≤ m−1
2

, K

|Ú| ≤ |a�“�Ké”�Ú|+ |��Kê| ≤ m− 1

2
· 2

m+ 1
+ 1 = 2− 2

m+ 1
.

e a− b = −1� a ≥ m
2
, K j − i + 1 = a + b ≥ m + 1, u´ j − i ≥ m. d

a − b = −19ü���{� i, j þ�óê, u´ j ≤ 2m, ?
 i ≤ j −m ≤ m,

2d i´óê� i ≤ 2[m
2
].

P yi + yi+1 + · · ·+ yj = S.

e S ≥ 0, K yi+1 + · · ·+ yj > S, � |S|��gñ!

� S < 0, d |S|����á� yi+2 + · · · + yj > S, u´ yi + yi+1 < 0. e
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i ≥ 4,K�k yi−2+ · · ·+yj ≥ S,u´ yi−2+yi−1 ≥ 0. ù� yi−2 ≤ yi, yi−1 ≤ yi+1

gñ! Ù¥^� i ≤ 2[m
2
]. � i = 2, Ón j = 2m. u´

−S =y1 + y2m+1 ≤
2

m+ 1
·¤k�ê�Ú

=− 2

m+ 1
·¤kKê�Ú

≤− 2

m+ 1
· (−m) = 2− 2

m+ 1
.

nþ, �¤y². �
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