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I. ÁÁÁ KKK

1. ò>�� 2022�xÚ�n�/ T y©�eZ>�� 1,�z^>Ú T

�,^>²1��n�/ü��.éü�ü��,e§�kú�º:,¡§�´

���.��òÙ¥�
ü��/¤çÚ,*�Ø�/Ú�&E,¤±ÀJ�


ü��|¤�8Ü S,,���w�*� S ¥çÚü����ê�Ûó5.��

*�Ò��
ÉÚ��ü����ê�Ûó5.

¦ |S|�¤k�U��.

2. Xã,3b� 4ABC ¥, M � AB �¥:,L B, C ��� CM, BM

©O�u: P, Q.� K � P 'uM �é¡:, �(AKM), �(CQM)2g�u

: X, �(AMC), �(KQM)2g�u: Y,�ã BP, CQ�u: T,y²: MT

� �(MXY )��.

3. ��ê x > y > 2022,÷v xy + x + y���²�ê.´Ä�3 x, y¦

�é?¿��ê z ∈ [x+ 3y + 1, 3x+ y + 1] ,þk x+ y + zÚ x2 + xy + y2Ø

p�?

?¾FÏ: 2022-05-20.
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4. ���ê n ≥ 4,¢ê x1, x2, · · ·xn, xn+1, xn+2¥, xn+1 = x1, xn+2 = x2.

XJ�3 a > 0,¦�é?¿ i ∈ {1, 2, · · · , n}Ñk xi
2 = a + xi+1xi+2,y²:

x1, x2, · · · , xn¥��kü�ê�Kê.

5. ��4ABC¥,AB = 4, BC = CA = 6.3�ãABþ�:X1, X2, X3,

· · · ,¦� AX1, X1X2, X2X3, · · · |¤��Ä�� 3,ú'� 1
4
�Ã¡�'ê

�.3�ã CB þ�: Y1, Y2, Y3, · · · ,¦� CY1, Y1Y2, Y2Y3, · · · |¤��Ä

�� 3, ú'� 1
2
�Ã¡�'ê�. 3�ã AC þ�: Z1, Z2, Z3, · · · , ¦�

AZ1, Z1Z2, Z2Z3, · · · |¤��Ä�� 3,ú'� 1
2
�Ã¡�'ê�.¦¤k�

�ê (a, b, c),¦� AYa, BZb, CXcn��:.

6. ���ê n ≥ 2, ��ê8Ü A1, A2, · · · , An � B1, B2, · · · , Bn ÷v

é?¿ i, j ∈ {1, 2, · · · , n} , Ai ∩ Bj 6= ∅, �é?¿ i, j ∈ {1, 2, · · · , n} , i 6=

j, Ai ∩ Aj = ∅, Bi ∩ Bj = ∅.òz�8Ü¥�¤k��UüSü�,¿O��

�������.¦ù
�¥�����U����.

II. )))������µµµ555

K 1 ò>�� 2022�xÚ�n�/ T y©�eZ>�� 1,�z^>Ú T

�,^>²1��n�/ü��.éü�ü��,e§�kú�º:,¡§�´

���.��òÙ¥�
ü��/¤çÚ,*�Ø�/Ú�&E,¤±ÀJ�


ü��|¤�8Ü S,,���w�*� S ¥çÚü����ê�Ûó5.��

*�Ò��
ÉÚ��ü����ê�Ûó5.

¦ |S|�¤k�U��.
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) (¾¾¾¦¦¦���) |S|�k�U� 12120.

·�¡���ü�����ü����ê�ù�ü���Ýê.

·�Äkb��k��ü���/¤çÚ,d���ã/¥ÉÚ��ü�

�|��ê=�ù�ü���Ýê,Ø��ù�ü��38Ü S ¥.dd��,

S ¥�ü��Ýê�Ûó5�Ó.

e S ¥Ø�)�Ü�Ýê�Ûê(óê)�ü��,·��±/ç��Øá

u S�ü��,§�ÝêQ�U´Ûê��U´óê,=ÉÚ��ü��Ûó5

Ã{(½.
d� S ¥çÚü��Ûó5��U�óê,gñ!¤± S �U��

Ü�Ýê�Ûê(óê)�ü��.

e8Ü S ��Ü�Ýê�óê�ü��.·��±ò�� S ¥�ü��½

öü� S ¥�Ø���ü��/¤çÚ,d� S ¥çÚü����ê�Ûê½

óê,
ã¥ÉÚ��ü��|��êþ�óê,gñ!¤± S �U��Ü�Ý

ê�Ûê�ü��.

d� |S|��U� 12120.·�y²ù«�{´¤á�.

Äk,/ç�ü��e�3���ü��,K�N�ÉÚ��ü��|��

êò~� 2,éuÉÚ��ü���ê�Ûó5ÃK�.

Ùg,/çÝê�óê�ü���,ÉÚ��ü���êO\óê�,éu

ÙÛó5ÃK�; /çÝê�Ûê�ü���,ÉÚ��ü���êO\Ûê

�,éuÙÛó5kK�.

ÏdÉÚ��ü���Ûó5��/ç�Ýê�Ûê�ü���Ûó5k

',=�� S ¥çÚü���êk',��ÙÓÛó.� S ��ÜÝê�Ûê�

ü���¤á.

nþ, |S|�¤k�U�� 12120. �

µ5 �K´���{ü�|ÜK,g´g,,�IlAÏ�¹\Ã=�.

K 2 Xã,3b�4ABC ¥,M � AB�¥:,L B, C ��� CM, BM

©O�u: P, Q.� K � P 'uM �é¡:, �(AKM), �(CQM)2g�u

: X, �(AMC), �(KQM)2g�u: Y,�ã BP, CQ�u: T,y²: MT

� �(MXY )��.

y² 1 (¾¾¾¦¦¦���) dK¿�MQ ·MB = MP ·MC,(ÜM � AB�¥:,

K � P 'uM �é¡:�MQ ·MA = MK ·MC,� A, C, Q, K o:��.

� TM ∩ AK = T1, d APBK �²1o>/, � TM = T1M, �â�
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R½n_½n�: �(ACQK) ��%3 TT1 �¥R�þ, ��·K=z�

MT ��(MXY )� �(ACQK)��¶.

� CA∩ YM = D, XM ∩AK = L,�â�%½n�D3KQþ, L3 CQ

þ,� DL� �(MXY )� �(ACQK)��¶.Ïd�Iy²:MT � DL.

� CM ∩DL = N,±M ��(ACQK)�4:,DL�4��: C, K, M, N

o:NÚ,= LT, LM, LT1, LD�NÚ�å.qM � TT1�¥:,�MT �DL.

�(Ø¤á. �

y² 2 (444���


) Äky²XeÚn:

ÚÚÚnnn ��o>/ ABCDEF ¥k B, C, E, F ��,�Ù���:�M,

K A, D, M ��.

y² d���:½Â, ∠DMC = ∠ABE = ∠AFC = ∠AMC � A, D, M

��.
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£��K. ±M ��ü¥%,?¿����ü���üC�,é�ã�z�

: Z ^ Z ′L«ÙC��éA�:.

kMA′ = MB′, MP ′ = MK ′,d X, Y �½Â� X ′ = A′K ′ ∩ C ′Q′, Y ′ =

A′C ′ ∩K ′Q′.� B′P ′ ∩ C ′Q′ = R,d T ½Â� T ′ ���o>/MC ′P ′RQ′B′

����:,dÚnM, T ′, R��.

du C, P, Q, B ��,� ∠CQM = ∠MPB = ∠MKA,Kk A, K, Q, C

��.l
 A′, K ′, Q′, C ′ ��,�Ù� �O,KkM 'u �O4�� X ′Y ′,l


 OM⊥X ′Y ′.

�MT ′ ∩A′K ′ = U,K MU
MR

= MA′

MB′ = 1,d�R½n�_½n� OM⊥MT ′.

@oÒkMT ′ � X ′Y ′,d�üC����5��·K�d�d,y.. �

µ5 ù´��k�½JÝ�AÛK.ÄkAuyù��R½n,é�'u

M �,�«�x,2(Ü�¶���o>/�5���d)�,1�«){,õ

��(Ü�ü�ég,,Ù���{ 1��.

K 3 ��ê x > y > 2022,÷v xy+ x+ y���²�ê.´Ä�3 x, y¦

�é?¿��ê z ∈ [x+ 3y + 1, 3x+ y + 1] ,þk x+ y + zÚ x2 + xy + y2Ø

p�?

) (���!!!###) À� z = x+ y + 2
√
xy + x+ y + 1.

d�ê x > y�

z = x+ y + 2
√
xy + x+ y + 1 > x+ 3y + 1.

� y = x− 1�, xy + x+ y = y2 + 3y + 1 ∈ (y2 + 2y + 1, y2 + 4y + 4)���²

�ê,� y ≤ x− 2,K

z = x+ y + 2
√
xy + x+ y + 1 ≤ x+ y + 2

√
x2 − 2 + 1 < 3x+ y + 1.

@ok z ∈ [x+ 3y + 1, 3x+ y + 1] .

e¡y²: (x+ y + z, x2 + xy + y2) = 1.

¯¢þ,·�k

(x+ y + z)(2x+ 2y + 1− 2
√
xy + x+ y)

= (2x+ 2y + 1 + 2
√
xy + x+ y)(2x+ 2y + 1− 2

√
xy + x+ y)

= 4(x2 + xy + y2) + 1,

u´

(x+ y + z, x2 + xy + y2) = 1.
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�Ø�3�ê x, y÷vK8�¦. �

µ5 �K��kü�g´,1��´|^ xy + x+ y���²�ê�^�

}Á�E���§w´ÄUé�÷v^�� x, y,�}Á�Ò¬üØù«�{,

��Ò´�éAÏ� z¦� (x+ y+ z, x2 + xy+ y2) = 1,�����ÿ�}Á,

¬ zSÚ\
√
xy + x+ y,��2�[��N�4 z ∈ [x+ 3y + 1, 3x+ y + 1]

B���K�)�.

K 4 ���ê n ≥ 4,¢ê x1, x2, · · ·xn, xn+1, xn+2¥, xn+1 = x1, xn+2 =

x2.XJ�3 a > 0,¦�é?¿ i ∈ {1, 2, · · · , n}Ñk xi
2 = a + xi+1xi+2,y

²: x1, x2, · · · , xn¥��kü�ê�Kê.

y² (´́́���) dÓ�5,Ø�� x1 = min{x1, x2, · · · , xn}.

e x1 ≥ 0,Kd x1
2 = a+ x2x3 > x1

2�Ø�U,� x1 < 0.

b� x1, x2, · · ·xn¥�k x1�Kê.

� n = 4�,e x3 6= 0,Kd

x2 =
√
a+ x3x4 ≥

√
a, x1 = −

√
a+ x2x3 < −

√
a, x2

4 = a+ x1x2 < 0,

gñ.e x3 = 0,Kk

x1 = −
√
a, x4 =

x2
3 − a

x1

=
√
a, x2 =

√
a+ x3x4 =

√
a.

d�,

x2
4 = a+ x1x2 = 0,

gñ.

� n ≥ 5�,d

x2 =
√
a+ x3x4 ≥

√
a, x3 =

√
a+ x4x5 ≥

√
a,

K

x1 = −
√
a+ x2x3 ≤ −

√
2a.

l


x2
n = a+ x1x2 ≤ a−

√
2a
√
a < 0.

gñ.

�b�Ø¤á,= x1, x2, · · · , xn¥��kü�ê�Kê. �

µ5 �K´Ä���ê¯K,����éCþ�m��þ?1\È=�.
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K 5 �� 4ABC ¥, AB = 4, BC = CA = 6. 3�ã AB þ�:

X1, X2, X3, · · · ,¦� AX1, X1X2, X2X3, · · · |¤��Ä�� 3,ú'� 1
4
�Ã

¡�'ê�.3�ã CBþ�: Y1, Y2, Y3, · · · ,¦� CY1, Y1Y2, Y2Y3, · · · |¤

��Ä�� 3,ú'� 1
2
�Ã¡�'ê�.3�ã AC þ�: Z1, Z2, Z3, · · · ,¦

� AZ1, Z1Z2, Z2Z3, · · · |¤��Ä�� 3,ú'� 1
2
�Ã¡�'ê�.¦¤k

��ê (a, b, c),¦� AYa, BZb, CXcn��:.

) (´́́���) �â�'ê�¦Úk:

AXi = 4×
�
1−

�
1

4

�i�
, CYi = 6×

�
1−

�
1

2

�i�
, AZi = 6×

�
1−

�
1

2

�i�
.

l


BXi = 4×
�
1

4

�i

, BYi = 6×
�
1

2

�i

, CZi = 6×
�
1

2

�i

.

dl�½n� AYa, BZb, CXc�:�du

AXc

XcB
· BYa

YaC
· CZb

ZbA
= 1,

=

4c − 1 = (2a − 1)(2b − 1).

� a, bþ�u�u 2�,d 4c = 2a+b − 2a − 2b + 2,k

4 - 2a+b − 2a − 2b + 2,

gñ.� a = 1½ b = 1.l
 a = 1, b = 2c½ b = 1, a = 2c.Ïd¤k)�

(a, b, c) = (1, 2c, c)½ (a, b, c) = (2c, 1, c). �

µ5 �K´��éÄ��¯K,^l�½n�xn��:�(Ü�g©Û

=���(Ø.

K 6 ���ê n ≥ 2,��ê8Ü A1, A2, · · · , An � B1, B2, · · · , Bn ÷v

é?¿ i, j ∈ {1, 2, · · · , n} , Ai ∩ Bj 6= ∅, �é?¿ i, j ∈ {1, 2, · · · , n} , i 6=

j, Ai ∩ Aj = ∅, Bi ∩ Bj = ∅.òz�8Ü¥�¤k��UüSü�,¿O��

�������.¦ù
�¥�����U����.

) (444���


) ���� n.·�x�� n× n���L,31 i11 j�Wþ

Xi, j = Ai ∩Bj �¤k��, ∀i, j ∈ {1, 2, · · · , n} .

P

Ti = Ai \
� n[

j=1

Bj

�
, Si = Bi \

� n[
j=1

Aj

�
, ∀i ∈ {1, 2, · · · , n},

7 êÆ#(�



K

Ai =
� n[

j=1

Xi, j

�
∪ Ti, Bi =

� n[
j=1

Xj, i

�
∪ Si, ∀i ∈ {1, 2, · · · , n},

�

Xi, j = {(i− 1)n+ j} , ∀i, j ∈ {1, 2, · · · , n} ,

d� Ai�����þ� 1, Bi�����þ� n.

ey��5¤á,�y:b� Ai, Bi¥��UüSü����ü����u

�u n− 1.

�
nS

i=1

nS
j=1

Xi, j p¤k��¥����m,����M.Ø�� Ti, Siþ��

8(éuz�� i,kò Ti, Si¥�u�um− 1��u�uM + 1����K.

e Ti 6= ∅,K7�3 x ∈ Ti, ∃ k ∈
nS

j=1
Xi, j, |k − x| ≤ n− 1,·�ò xl Ti¥í

��,ò x\\ k¤3�8Ü,­Eù��ö�=�¦ Ti, Si��8).

·�ò��Ul����^S�gW\��L¥,·�¡�1½���W

÷��=�d1½d��z����S®k�u�u 1���W\.

e�3 t ¦�W\ t �, z�1þ��W÷�z�1þ®k��W\.

�Ä t + 1, t + 2, · · · , t + n − 1 ù n − 1 ����õW\ n − 1 1, =k

∃ i ∈ {1, 2, · · · , n} ,÷v

Ai ∩ {t+ 1, t+ 2, · · · , t+ n− 1} = ∅

�

Ai ∩ {1, 2, · · · , t} 6= ∅, Ai ∩ {t+ n, t+ n+ 1, · · · , M} 6= ∅,

K Ai¥��üSü�����ê��7k���u�u n,gñ!

eØ�3 t¦�W\ t�,z�1þ��W÷�z�1þ®k��W\.ù

¿�X�3 k¦�W\ k�,k�1�W÷�k�1�W\?¿����,Kd

�z��þ®W\
���þ��W÷,@oÓþ�Ä k+1, k+2, · · · , k+n−1

ù n− 1����õW\ n− 1�,=� ∃ i ∈ {1, 2, · · · , n} , Bi¥��üSü

�����ê��7k���u�u n,½�gñ!y.. �

µ5 ù´��¥5¥Ý�|Ü4�¯K,ò8Ü�^�=z�ãL£ã

�,�Y��EN´��,y²�Ø(J,��þdK´��Wê�¯K.
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