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m, 'XâX7AÛ¿m�. �,'m¯õ, �´¿mK��þ%���±ép
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¿�¬k�~(J�¯KÑy. �©�Ñ 2022 c��êÆ¿m�¯K)��
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I. ÁÁÁ KKK

1 ÊÊÊccc???

9.1 ¡Üê n�“Ì��ê”� nØg�	���ü���ê�ê. Üê a

Ú b�Ì��ê�Ó. y² a = b.

9.2 4ABC��²©��u I, ∠BÚ ∠C�	�²©��u: J . � ωb�

�%� Ob, ²L: B, ��� CI �u: I. � ωc��%� Oc, ²L: C, ��

� BI �u: I. ObOc� IJ �uK. ¦'� IK
KJ

.

9.3 ò 200 ���ê�¤�1. éu?¿ü����ê, m>��o´�

>� 9 �, �o´�>���. ¤k 200 �ê�ÚUÄ�u 242022?

9.4 �?k 18 ¶Æ). [�û½��þ�Æ)�s. �
��ù:, ¦�

k(½
z¶Æ)����s¡È. ,�¦�¾�
¡ÈTÐ�u 18 ¶Æ)¤

�¦��Ú���/�s. �´, Æ)�w��s��, F"gC�@¬�s�

´��/�. [���±÷X�>²1����s (��å:Úª:�±Ø3

�s�>þ). é�o����� k, [���±�yU
l¾���s¥�Ñ

?¾FÏ: 2022-05-09.
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k¬��/�Ü©, �±©� k¶Æ), ¦�z<�����?

9.5 �½Ã¡ê� a1, a2, · · · , Ù¥vkü���. ê��¡ã ai, ai+1, · · · ,

ai+m−1¡��Ý�m�“üN¡ã”, XJ÷vØ�ª ai < ai+1 < · · · < ai+m−1

½ ai > ai+1 > · · · > ai+m−1. ·�kéz���ê k, ak ù��¹3,��Ý�

k + 1�üN¡ãS. y²�3��ê N ¦�ê� aN , aN+1, · · · ´üN�, ½=

aN < aN+1 < · · ·½ aN > aN+1 > · · · .

9.6 é�o�������ê a, �3�ê b Ú c, ¦��gn�ª

ax2 + bx+ ckü�Ø�L 1
1000
�ØÓ��?

9.7 I[pk 998 �¢½. k
¢½édV�Ê�ë�. {Æ5½?Û�

é¢½�mØU�L�^Ê�. ,�^{Æ5½, éu?¿d k �¢½|¤�

|, §��¥Ø�L 5k + 10^Ê�. �c{Æ´���1�. y²uÐÜ�±

O\eZ^#Ê�, ¦�{Æ�±���1�G�, I[p�oÊ�êC¤

5000.

9.8 4ABC �S�� ω�> BC �u: K. � ω0�� ω'u: Aé¡.

À�: A0 ¦��ã BA0 Ú CA0 �� ω0 ��. �M �> BC �¥:. y²:

�� AM ²©�ãKA0.

2 ���ccc???

10.1 Ó 9.1.

10.2 3b�4ABC �> BC þ�: DÚ E ¦� BD = CE. 34ADE

�	��þØ¹: A�løDEþ�: P Ú Q¦� AB = PC,AC = BQ. y²:

AP = AQ.

10.3 ç�þ�m©�Xêé (1, 1). XJé,� x Ú y, ç�þ�kê

é (x, y − 1) Ú (x + y, y + 1) ��, Ò�±�,��. aq/, XJç�þ�k

(x, xy) Ú ( 1
x
, y) ��, �±�,��. y²: z��Ñ�êé¥�1��êÑ´

�ê.

10.4 �½��ê n > 4. 3²¡þIÑ n�:, Ù¥vkn�:��.�Ü

pÅ�xÑ±IÑ�:�à:�¤k�ã. zxÑ�^�ã�, �ÜpòÙD

���Ùkú�à:��ã¥ÿ�D������ê. é�o����� k, �

Üp�±�{��^�ãD� k?

10.5 ç�þ�k 11 ��ê (Ø�½ØÓ). UÄ¦�Ù¥?¿ 5 ��¦È
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�uÙ{ 6 ��¦È?

10.6 �½��ê n > 5. 3�/��þ�kd 0 Ú 1 |¤�S�. éz�

d 0 Ú 1 |¤��Ý� n�S� w, O�U
l��þ}Ñ�ã�k w�¡ã

��{ê. ·�kS� 11 00 · · · 0| {z }
n−2

Ñy�gê�õ, �M g; S� 00 · · · 0| {z }
n−2

11

Ñy�gê�� (�U� 0 g). y²: �3,�� 0 Ú 1 |¤��Ý� n �S

�ÑyTÐM g.

10.7 3²1o>/ ABCD�> BC þ�: E, 3> AD þ�: F , ¦�

4ABE �	����ã CF ��. y²: 4CDF �	����� AE ��.

10.8 é��ê N , �Ä¤klÙ�?�L«¥í�� �U
���¤

kØÓ���²�ê. y²: � N �¤k��ê�, ù
ê�ê8kþ�.

3 ������ccc???

11.1 Ó 9.1.

11.2 ²¡þxk¼ê y = sinx Ú y = tanx �ã�, ±9�I¶. N�¦

^º5�ãxÑ�^��, §��u¼ê�ã�3î¶ (Ox) �þ�Úe�þ

�� (�U�keZ��:)?

11.3 b�4ABC �½3²¡þ, ��>� BC. � PQ�Ù	���?

¿�^�», Ù¥ P 3�løABþ, Q3�løAC þ. :X, Y, Z ©O� P ��

� AB, Q��� AC, A��� PQ �Rv. y²: 4XY Z �	% u½�þ

(Ø�6u: P Ú Q�À�).

11.4 Ó 10.4.

11.5 Ó 10.5.

11.6 �½��ê n . iâ`é�m¥?¿ n^üüÃú�:���, ¦�

±3ù
��þIÑ k�: uÓ�¥¡þ. ¦�¦�·K¤á��� k´õ

�?

11.7 Ó 10.8.

11.8 é4ABC �z�º:, �SÜxÑ�ù�7ü^��, 'uéA�

�²©�é¡. xÑz�d�ÓôÚ���¤�n�/�	��. y²: XJ

4ABC �	���Ù¥������, K�Ú,�����.
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II. )))������µµµ555

1 ÊÊÊccc???

9.1 ¡Üê n�“Ì��ê”� nØg�	���ü���ê�ê. Üê a

Ú b�Ì��ê�Ó. y² a = b.

y² =y²é?���êé (x, y), Ù¥ x < y ´��ê, �±(½�õ

��Üê n ¦� n �“Ì��ê”� x, y.

5¿� n Ø
g�	���ê� n
p
, Ù¥ p � n ����Ïf.

1����ê�o´ n
p2
, Ù¥ p � n ����Ïf (cJ´ p2 | n); �o´

n
q
, Ù¥ q � n �1����Ïf (cJ´n kü�ØÓ�Ïf).

¤±: e x | y, `²´1�«�¹; ÄK´1�«�¹.

cö`² n = y2

x
, �ö`² n = lcm(x, y). � n �õ��. �y. �

µ5 �K´��{ü�êØK, 5¿?Øü«�¹.

9.2 4ABC��²©��u I, ∠BÚ ∠C�	�²©��u: J . � ωb�

�%� Ob, ²L: B, ��� CI �u: I. � ωc��%� Oc, ²L: C, ��

� BI �u: I. ObOc� IJ �uK. ¦'� IK
KJ

.

) �Y� 1
3
.

I �S%, J � AéA��%. �X ´4ABC 	��þØ�¹ A �løBC
¥:. Ù� XB = XC = XI = XJ .

Ob ´ BI ¥R�ÚL C � CI R���:.  X �3 BI ¥R�þ, ¤±

XOb⊥BI.

é¡/, IOc⊥BI ⇒ IOc �XOb.
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Ón IOb �XOc, � IObXOc �²1o>/.⇒ K � IX ¥:.

� IK
KJ

= 1
3
. �

µ5 �K´{ü�AÛK. éun�/S%�%�(�ØJ��VÑl

¥:, ,�uy²1Ò)û
¯K.

9.3 ò 200 ���ê�¤�1. éu?¿ü����ê, m>��o´�

>� 9 �, �o´�>���. ¤k 200 �ê�ÚUÄ�u 242022?

) ØU.

¯¢þ, e��m>�ê� n, Klm ��êmod 17©OÓ{u

n, 2n, · · · , 2199n.

Ï� 2 Ú 9 3 mod 17ep�êØ�ê.

�§��Ú mod 17Ó{u (2200 − 1)n. 5¿�, 17 | 28 − 1, 8 | 200, ¤±ù

200 �ê�Ú´ 17 ��ê. ØU´ 242022. �

µ5 �Ky²�{�J��, ¿��Eg´õK�ß(Ø. y²g´´é

�“ØCþ”, =¦ 9 ÚØ± 2 �ØCþ, B��mod 175w.

9.4 �?k 18 ¶Æ). [�û½��þ�Æ)�s. �
��ù:, ¦�

k(½
z¶Æ)����s¡È. ,�¦�¾�
¡ÈTÐ�u 18 ¶Æ)¤

�¦��Ú���/�s. �´, Æ)�w��s��, F"gC�@¬�s�

´��/�. [���±÷X�>²1����s (��å:Úª:�±Ø3

�s�>þ). é�o����� k, [���±�yU
l¾���s¥�Ñ

k¬��/�Ü©, �±©� k¶Æ), ¦�z<�����?

) �Y´ 12.

��¡, ·�- 3 �Æ)���¡È´ 0, Ù{ 15 ����¡Èþ� 1. K

��s�>��
√
15 < 4. ù�n�Æ)��÷v, �õ�U�e 9�>��

1 ���/ (d(Ø��Ù�, y²g´´4¤k��/k�â�e�åá

e, 2�â���åáe). ù��õ÷v 12 �Æ).

,��¡, � 18 �Æ)����s>�� x1 ≤ x2 ≤ · · · ≤ x18.

Ø��
18P
n=1

x2n = 1. ·�y²�±r>�©O� x1, x2, · · · , x12���/�

\ü ��/¥.

UXe��{: k;�X�>lþ e�� x12, x11, x10 �>����/.
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,��K�>�� x12, °� 1 �Ý/, 3�e�Ý/¥;�X�>lþ e�

� x9, x8, x7�>����/, ,����>�� x9, °� 1 �Ý/ · · ·

e¡y²ù«�{�1; =�Iy²

x12 + x11 + x10 ≤ 1,

�

x12 + x9 + x6 + x3 ≤ 1.

cö: e x12 + x11 + x10 > 1, dþ�Ø�ª

x212 + x211 + x210 >
1

3
,

 x12 >
1
3
, `²

18P
n=13

x2n > 6 · 1
9
= 2

3
. �

18P
n=10

x2n > 1, gñ!

�ö: e x12 + x9 + x6 + x3 > 1, dþ�Ø�ª

x212 + x29 + x26 + x23 >
1

4
.

�,�k

x213 + x210 + x27 + x24 >
1

4
,

x214 + x211 + x28 + x25 >
1

4
,

x215 + x216 + x217 + x218 >
1

4
.

�\��
18P
n=3

x2n > 1, gñ!

¤±�±÷v 12 �<�I¦. nþ, �Y� 12. �

µ5 �K´�J�|ÜK. ß��YI��½��m. y²�Ð©g´

´�%�{: =l��� k���/¥l���������. XJl� �

��¬�)�~, =�U� 11 �. K8�Ñ�êi�ÐU��Xþã�Ï^�

�{.

9.5 �½Ã¡ê� a1, a2, · · · , Ù¥vkü���. ê��¡ã ai, ai+1, · · · ,

ai+m−1¡��Ý�m�“üN¡ã”, XJ÷vØ�ª ai < ai+1 < · · · < ai+m−1

½ ai > ai+1 > · · · > ai+m−1. ·�kéz���ê k, ak ù��¹3,��Ý�

k + 1�üN¡ãS. y²�3��ê N ¦�ê� aN , aN+1, · · · ´üN�, ½=

aN < aN+1 < · · ·½ aN > aN+1 > · · · .

y² éz� i, w ai� ai+1���'X, ,�����d <,>|¤�Ã
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¡S�.

eTS���Ó, ®²�y.

ÄK, 7�3��� <,>½ >,<. Ø���c�«, Ï��ê�z�C�

��êØK�(Ø.

� ai < ai+1 > ai+2. é ai+1d^�,T�3��� i+2�üN«mS.5¿

TüN«mØÓ��¹ ai, ai+2, ¤±�U´üN«m ai+1 > ai+2 > · · · > a2i+2.

·�é n8By² ai+1 > ai+2 > · · · > a2i+2+n.

n = 0®²¤á. b� ai+1 > ai+2 > · · · > a2i+2+n, é ai+n+2$^^�, ¿

5¿®²k

ai+n+1 > ai+n+2 > ai+n+3,

¤± ai+n+23��4~��� i + n + 3�üN«mp. �´ ai < ai+1, `²T

«m��l ai+1m©, ���3 a2i+3+n(å. u´k

ai+1 > ai+2 > · · · > a2i+3+n.

¤±- N = i+ 1Òk aN > aN+1 > · · · . �y. �

µ5 �K�,wå5é�, ¢Sþ´{ü�|ÜK. ��5¿��Ñ�Ò

�(�=�.

9.6 é�o�������ê a, �3�ê b Ú c, ¦��gn�ª

ax2 + bx+ ckü�Ø�L 1
1000
�ØÓ��?

) �Y� 1001000.

�E: (1000x− 1)(1001x− 1)÷v�¦, a = 1001000.

y²: ü��È c
a
∈ (0, 1

1000000
]. k c > 0. e c ≥ 2,Kk a ≥ 2000000,¤á!

±eb� c = 1. K�Oª��ê��u0. �

b2 − 4a = k2

Ù¥ k ≥ 1.

ü�� b±k
2a
⇒ b+k

2a
≤ 1

1000
. �

4a = (b+ k)(b− k) ≤ a

500
· (b− k)

⇒ b− k ≥ 2000⇒ b+ k ≥ 2002

⇒ a = (b+k)(b−k)
4

≥ 1001000.�y. �

µ5 �K´Ä:��êK. 5¿^�“ü�Ø��”.

7 êÆ#(�



9.7 I[pk 998 �¢½. k
¢½édV�Ê�ë�. {Æ5½?Û�

é¢½�mØU�L�^Ê�. ,�^{Æ5½, éu?¿d k �¢½|¤�

|, §��¥Ø�L 5k + 10^Ê�. �c{Æ´���1�. y²uÐÜ�±

O\eZ^#Ê�, ¦�{Æ�±���1�G�, I[p�oÊ�êC¤

5000.

y² =z�ãØ¯K, Kz� k�:�p�fã>ê�õ 5k + 10.

¡��º:�f8´÷�, XJ§�p�fã�>ê´:ê� 5 �\ 10.

b�(ØØ¤á, K�3��>ê����~ G, ¦� G¥?2\�>Ò��


5K. 5¿�, G¥�½�3÷�º:f8, ÄK�±?\�>Ø��5K.

�Ñ G����÷�º:f8 A. � B� A�Ö8, K B��.

XJ A¥?�:Ú B ¥?�:þë>, é?¿ x ∈ B, é {x}SA$^^
�, `² x� A¥ë>�õ 5. `² A�5��õ´ 5. �´5��õ 5 �º:

f8Ø�U´÷8, gñ!

¤±�3 x ∈ B, y ∈ A, ¦� x, yØë>. ·�ë� x, y, K��
5K, b

�d�º:f8 C ��
5K. �,, x, y ∈ C. C �5´÷8.

� C
T
A = C1, C

T
B = C2. K C1, C2 ��. éu A

S
C2 $^^� (¿�

§î��¹ A, Ø´÷8), `² C2 � A�mÚ C2 S�o>êî��u 5 �

C2 �5�. �,�`² C2 � C1 �mÚ C2 S�o>êî��u 5 � C2 �5

�.

,��¡, C1 ¥>ê�õ´ C1 �5�� 5 �\ 10, `² C SÜ�>êî

��u 5 � C �5�\ 10, `² C Ø´÷�, gñ!

nþ�y. �

µ5 �K´¥�JÝ�ãØK. �{��{ü, =����÷8�¿\>

=�.

9.8 4ABC �S�� ω�> BC �u: K. � ω0�� ω'u: Aé¡.

À�: A0 ¦��ã BA0 Ú CA0 �� ω0 ��. �M �> BC �¥:. y²:

�� AM ²©�ãKA0.

y² ± K �¥%� q'� 2 �C�, � K 'u Aé¡:� K ′, K '

uM é¡:� E, K�Iy² EA0K
′��.

5¿�,K ′3 ω0þ, � ω0LK ′���²1u BC.
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d]o>/ A0BAC kS�� ω0, `² A0B −A0C = AB −AC. ddØJ

�� 4A0BC �S��� BC ��u K. � 4A0BC � A0 éA�����

BC ��u E.

du4A0BC � A0éA����Ú ω0	 q¥%� A0, � EA0K
′��.

�y. �

µµµ555 þã){5gô¢ÓÆ (2022 ¥II[èè
), �{�©|©. )

ö�){�é�æ�éõ, ùpJ�e: ÄkÓ��Ñ 4A0BC �S��. 5

¿�, e�T��%� I ′, KkÙ��(Ø M, I ′ Ú A0K ¥:��. u´�

Iy² AMI ′ ��. e� 4ABC S�� I � AB,AC �u C0, B0, KÙ�:

B0C0
T
AM Ú I ë�R�u BC, ��Iy² B0, C0, I

′ ��, Ï���Òk

I ′I R�u BC. y3��O� I ′I ��ÝÒ1
. )ö��{=z
Ag(Ø

4(Ø�O�, ¿Ø´XAÛ��{, ��Y�O����E,.

2 ���ccc???

10.1 Ó 9.1.

10.2 3b�4ABC �> BC þ�: DÚ E ¦� BD = CE. 34ADE

�	��þØ¹: A�løDEþ�: P Ú Q¦� AB = PC,AC = BQ. y²:

AP = AQ.

y² 34ADE �	��þ�ØÓu D�: D1¦� BD1 = BD. aq

� E1, D2, E2 (Xã).

�: Q′ ¦� Q′, A3 BC Éý, � 4BQ′D1
∼= 4CAE. du BE1 = CD,

�k4BQ′E1
∼= 4CAD.

9 êÆ#(�



¤± ∠D1QE1 = ∠DAE. q DE = D1E1 ⇒ DE,D1E1 ¤éA�±�

�Ó, � Q′ 3 4ADE �	��þ. q BQ′ = AC = BQ `² Q = Q′.

du ∠D1E1Q = ∠ADE, ¤±løAE �ulùD1Q. � AD1QE ���F/,

AQ = D1E.

Ónk AP = E2D. ,��¡, dé¡5 BC �D1E2,

� D1E = DE1 ⇒ AP = AQ. �y. �

µ5 �K´��¥�JÝ�AÛK. l(Ø\Ã�±w�Nõ��n�

/, �Ó�{y²¿ØN´�x P,Qü:� �. )ö��{VÑ
�
é¡

:, ¿ÏL#:���uy P,Q� ��Ð, ly²
(Ø.

10.3 ç�þ�m©�Xêé (1, 1). XJé,� x Ú y, ç�þ�kê

é (x, y − 1) Ú (x + y, y + 1) ��, Ò�±�,��. aq/, XJç�þ�k

(x, xy) Ú ( 1
x
, y) ��, �±�,��. y²: z��Ñ�êé¥�1��êÑ´

�ê.

y² ·�y²z��3ç�þ�êé (x, y)þ÷v y2 < 4x.

(1, 1)w,÷v. b�Ï� (x, y − 1)Ú (x+ y, y + 1)¥,�3ç�þ�


,	��, 5¿�

(y − 1)2 − 4x = (y + 1)2 − 4(x+ y)

¤±��êé÷vù�^��du,��÷vù�^�.

b�Ï� (x, xy)Ú ( 1
x
, y)¥,�3ç�þ�
,	��, 5¿�

4x

(xy)2
=

4

x
· 1
y2

¤±��êé÷vù�^��du,��÷vù�^�.

u´y²
z��3ç�þ�êé (x, y)þ÷v y2 < 4x. �,íÑ1��
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ê�u0. �y. �

µ5 �K´���{ü��êK, XJé�(Ø��8B´�©(J�.

'�´é�ØCþ, ²L)“¼ê�§”�±ßÑù�ØCþ.

10.4 �½��ê n > 4. 3²¡þIÑ n�:, Ù¥vkn�:��.�Ü

pÅ�xÑ±IÑ�:�à:�¤k�ã. zxÑ�^�ã�, �ÜpòÙD

���Ùkú�à:��ã¥ÿ�D������ê. é�o����� k, �

Üp�±�{��^�ãD� k?

) n´Ûê�, �Y� 2n− 3 ; n�óê�, �Y� 2n− 4.

��¡: ��Üp/Ú�^>��ÿ, �Ä�ù^>kú�º:�>k

2n− 4^, ¤±�õ¦^ 2n− 3«ôÚ. n´óê��ÿ, N´uy1�«ôÚ

�>�¤���{��. ù`², ��Üp/�^Ø´1�«ôÚ�>�, �ù

^>kú�º:� 2n − 4^>¥��ü^´1�«ôÚ�>. ¤±�õ¦^

2n− 4«ôÚ.

,��¡, n�Ûê�, n− 1�óê, kòKn−1^ n− 2«ôÚ/Ð (N´

ò Kn−1¤ n− 2��{��. ,��géz��{��/Ú, 1���{�

�/1�«ôÚ, 1���{��/1�«ôÚ, ��), d�, ù n − 1�:¥

z:®²/Ð� n− 2>üüØÓÚ. ��/1 n�:ëÑ� n− 1>, d5K

©O´1 n− 1, n, · · · , 2n− 3«ôÚ. ù���
¦^ 2n− 3«ôÚ.

n �óê�: aq/, �ò Kn−2 ^ n − 3 «ôÚ/Ð, n − 2 �:¥

z:®²/Ð� n − 3 >üüØÓÚ.,��g/1 n − 1 �: a Úù n −

2 �:ë�>. �/�^S´ av1, av2, · · · , avn−2, K§��ôÚ©O´1

n − 2, n − 1, · · · , 2n − 5 «ôÚ. ��5w1 n �: b. 5¿� n > 4, ·�

�g/ù
>: bv2, bv3, · · · , bvn−3, bv1, bvn−2. �â5K§��ôÚ©O�

n − 2, n − 1, n, · · · , 2n − 6, 2n − 4. ��/ ab�1�«ôÚ. ù���
¦^

2n− 4«ôÚ.

nþ, �Y�: n´Ûê�, 2n− 3 ; n�óê�, 2n− 4. �

µ5 �K´��¡�|ÜK. �K�¡3ß�óê��Y. óê�¹��

Y3 n = 4�´ØÓ�, ¤±Ú�ÓÆ}Áy²%yØÑ,��ÏLé n = 6 û

��&¢w� n��¬�3�E. Ûê�üÜ©Ñ�éÐ�, óê�y²Ü©

��Ä1�Ú�©Ù, ��éÐ�.
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10.5 ç�þ�k 11 ��ê (Ø�½ØÓ). UÄ¦�Ù¥?¿ 5 ��¦È

�uÙ{ 6 ��¦È?

) U.

�E: � 10 � −1, �� 2.

�y: e 5 �ê¥�´ −1, k −1 > −2; e 5 �êk 4 � −1Ú�� 2, K

2 > 1. �

µ5 �K´{ü��EK. N´w� 11 �ê��´Ø1�. ?�Úw�

11 �ê�¦È7L´�ê, ÄK¬Ñy 5 �ê�È´Kê, 6 �ê�È´�ê

��¹. �
{ü/�� 5 �ê��K5, �������ê, ?�Ú��r 10

�KêC¤���, O�Ò��
.

10.6 �½��ê n > 5. 3�/��þ�kd 0 Ú 1 |¤�S�. éz�

d 0 Ú 1 |¤��Ý� n�S� w, O�U
l��þ}Ñ�ã�k w�¡ã

��{ê. ·�kS� 11 00 · · · 0| {z }
n−2

Ñy�gê�õ, �M g; S� 00 · · · 0| {z }
n−2

11

Ñy�gê�� (�U� 0 g). y²: �3,�� 0 Ú 1 |¤��Ý� n �S

�ÑyTÐM g.

y² = f(w) �U
l��þ}Ñ�ã�k w �¡ã��{ê. k

f(11 00 · · · 0| {z }
n−2

) =M . � f(00 · · · 0| {z }
n−2

11) = m.

·��Äz�ãëY�4�� 0 (�Ò´`¥m (����)�´ 0, ü>´

1 �ù�(��ã)¥, 0 ��ê��´ n− 2�@
. �k N �.

��¡, rzãù�� 0 éA¤�m>� n− 2�", `² 00 · · · 0| {z }
n−2

1Ñy�

gê´ N (N´uyù´��éA). ¤±

f(00 · · · 0| {z }
n−2

11) + f(00 · · · 0| {z }
n−2

10) = f(00 · · · 0| {z }
n−2

1) = N,

ù`² N ≤ m+M .

Ón, k

f(11 00 · · · 0| {z }
n−2

) + f(01 00 · · · 0| {z }
n−2

) = N,

ù`² N ≥ m+M.

¤±þãü�Ø�ªþ��, k f(00 · · · 0| {z }
n−2

10) =M.

�y. �
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µ5 �K´¥�JÝ�|ÜK, Ì��{´���éAOê, ÏL^��

��
Ø�ª.

10.7 3²1o>/ ABCD�> BC þ�: E, 3> AD þ�: F , ¦�

4ABE �	����ã CF ��. y²: 4CDF �	����� AE ��.

y² Xã, � AB
T
CF = X,CD

T
AE = Y .

ky²: CX � 4ABE �	������=� CX ��Ý�u X,C �

4ABE �	������Ò�Ú.

ù´Ï�: e CX �4ABE �	����, Tªw,¤á.

5¿��½ ABCF �, ¦� CX �4ABE �	����� E ´���;

¿� E � C £Ä�, X,C �4ABE �	������Ò�Úî�C�. ¤±

ù´��¿©7�^�.

�O��B, � AD = BC = 1, AF = a, CE = b, AB = c,∠B = θ.

� CX �4ABE �	�����¿�^�´
√
XA ·XB +

√
CA · CE = CX.

d XA
XB

= AF
BC
⇒ XA = ca

1−a , XB = c
1−a , �þª�duÌ

ac2

(1− a)2
+
√
b = CX.

d{u½n,

CX2 = XB2 +BC2 − 2XB ·BC · cosB = (
c

1− a
)2 + 1− 2

c

1− a
· cos θ.

� CX �4ABE �	�����¿�^�´
ac2

(1− a)2
+ b+

2c

1− a
√
ab =

c2

(1− a)2
+ 1− 2c

1− a
· cos θ.

�n�

(1− a)(1− b) + c2 = 2c(
√
ab+ cos θ).

13 êÆ#(�



5¿�Tª'u a, bé¡, ¤±4CDF �	����� AE ���¿©

7�^��´Tª. ¤±ü|���p�d. �y. �

µ5 d){5gô¢ÓÆ, Ú)ö��Ñæ^
O�¿�^���{, 

)ö��{�éE,�
. )ö�¦^
�m©y²�Ún, ØL´éu CF

?1O�. ÙO�þ���
, ªf���.

ùp2Jø��(��Ñ�XAÛ�{: ·��� ABE � CF �:� P .

� AE þ�: Q¦� CQ � AP . (Ü AF � EC, N´�'~�� FQ � EP .

5¿� ∠FQC = ∠APE = π−∠B = π−∠D, ¤± Q3�DFC þ. (Ü

∠AQF = ∠PEA = ∠FPA = ∠FCQ,

Bk Q ´� DFC � AE �:. �y.

þã�AÛ){I�uy CQ � AP ù�5�. uy�B�ÏL{ü��

�5y²,�|��, �©{'.

10.8 é��ê N , �Ä¤klÙ�?�L«¥í�� �U
���¤

kØÓ���²�ê. y²: � N �¤k��ê�, ù
ê�ê8kþ�.

y² é N � ê8By²ê8�õ� 300.

N �u 10  ´w,�. b��u t �(Ø¤á, �Ä N ´ t ê�.

eN ´ 10 ��ê: eN "�kÛê� 0, KlÙ�?�L«¥í�� �

U
�����²�ê�U´�K,� 0, �õ 1 �. e N �"�kóê� 0,

KlÙ�?�L«¥í�� �U
�����²�êØ�U´�K"�� 0.

d�éu N
100
¦^8Bb�=�.

±eb� N Ø´ 10 ��ê.

¡ N �� ´Ð�, XJ�K§�����²�ê.

�Ä N ��¡ [ t
2
]− 5 ¥, ekü ´Ð�, ¿�§����²�êØÓ,

�� x2, y2, K x2 − y2 ≤ 10
t
2
−1.  x, y ≥ 10

t
2 , `² x2 − y2 ≥ 10

t
2 , gñ!

� N ��¡ [ t
2
]− 5 ¥, �õ����ØÓ�²�ê.

e¡5w N �c¡ [ t
2
]− 5 .

e N Ø´ 5 ��ê: 5w N �c¡ [ t
4
]− 15 . b���n�ØÓ���

²�ê x2, y2, z2. k

x2 ≡ y2 ≡ z2 (mod 10[
3t
4
]+10),

Ù¥, x, y, z���ê�þØ´ 5 ��ê.
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ù`² x ≡ ±y (mod 5[
3t
4
]+10), x ≡ ±z (mod 5[

3t
4
]+10).

dÄT�n, x, y, z ¥7kü� mod 5[
3t
4
]+10 �Ó. ¤±§�����´

5[
3t
4
]+10. ù`²§��²����´ (5[

3t
4
]+10)2 ≥ 10t+1 > N , gñ! ¤±ù
 

¥�õ��ü�ØÓ��²�ê.

2w N lc �1 [ t
4
] + 15 �1 [ t

2
]− 5 . b���n�ØÓ���²

�ê x2, y2, z2. k

x2 ≡ y2 ≡ z2 (mod 10[
t
2
]+3),

Ù¥, x, y, z���ê�þØ´ 5 ��ê.

ù`² x ≡ ±y (mod 5[
t
2
]+3), x ≡ z (mod 5[

t
2
]+3).

dÄT�n, x, y, z¥7kü�mod 5[
t
2
]+3�Ó.¤±§�����´ 5[

t
2
]+3.

ù`²§��²����´ (5[
t
2
]+3)2 > 10

3t
4 . �´3lc �1 [ t

4
] + 15 �1

[ t
2
] − 5 ¥mí�ü ���õ´ 10

3t
4 , gñ! ¤±ù
 �õ��ü�ØÓ

���²�ê.

\þv��@
 , �õ 2 + 2 + 1 + 12 + 35 < 300�ØÓ�²�ê. ¤á!

e N ´ 5 ��ê, KØ´ 2 ��ê. 5w N �c¡ [ t
6
] − 15 . b��

� 5 �ØÓ���²�ê x2i , i = 1, 2, 3, 4, 5. k x2i (mod 10[
5t
6
]+10)Ó{. Ù¥,

xi, i = 1, 2, 3, 4, 5���ê�þØ´ 2 ��ê.

·�I�XeÚn.

ÚÚÚnnn e 5 �ØÓ��Ûê�²� mod 102l+1 �Ó, KÊ�ê¥7kü�

��´ 5l · 22l��ê.

y² eù 5 �êþ� 5l ��ê, du§�´Ûê, `²§� mod 22l üü

�Ó½´��ê. dÄT�n7kü� mod 22l�Ó, ¤á!

ÄK, §�þØ´ 5l��ê, �§� 5 ��g�Ó, �� u < l. �Äù 5 �

êØ± 5u �, §�þØ´ 5 ��ê, �§��²� mod 52l−2u �Ó. ù`²#

� 5 �ê mod 52l−2u üü�Ó½´��ê. ¤±�5� 5 �ê� 52l−u üü�

Ó½´��ê. q§� mod 22l üü�Ó½´��ê. dÄT�n7kü�ê

mod 52l−u · 22l�Ó, d u < l¤á! Ún�y.

£��K, dÚn, ù 5 �êkü�����´ 5
5t
12

+1 · 2 5t
6
+2. ù`²§��

²����´ 5
5t
6
+2 · 2 5t

3
+4. �´¦��²���õ´N < 10t+1 < 5

5t
6
+2 · 2 5t

3
+4.

gñ!

25w N �c¡1 [ t
3
] − 15�1 [ t

6
] + 15 . b��� 5 �ØÓ���²

�ê x2i , i = 1, 2, 3, 4, 5. k x2i (mod 10[
2t
3
]+10)Ó{. Ù¥, xi, i = 1, 2, 3, 4, 5��
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�ê�þØ´ 2 ��ê. dÚn, ù 5 �êkü�����´ 5
t
3
+1 · 2 2t

3
+2. ù`

²§��²����´ 5
2t
3
+2 · 2 4t

3
+4. �´l N �c¡1 [ t

3
]− 15�1 [ t

6
] + 15

 ¥í�ü ¤��ê���õ´ 10
5t
6 < 5

2t
3
+2 · 2 4t

3
+4. gñ!

25w N �c¡1 [ 5t
12
] − 15�1 [ t

3
] + 15 . b��� 5 �ØÓ���

²�ê x2i , i = 1, 2, 3, 4, 5. k x2i (mod 10[
7t
12

]+10)Ó{. Ù¥, xi, i = 1, 2, 3, 4, 5�

��ê�þØ´ 2 ��ê. dÚn, ù 5 �êkü�����´ 5
7t
24

+1 · 2 7t
12

+2.

ù`²§��²����´ 5
7t
12

+2 · 2 7t
6
+4. �´l N �c¡1 [ 5t

12
] − 15�1

[ t
3
] + 15 ¥í�ü ¤��ê���õ´ 10

2t
3 < 5

7t
12

+2 · 2 7t
6
+4. gñ!

��w N �c¡1 [ t
2
]− 15�1 [ 5t

12
] + 15 . b��� 5 �ØÓ���²

�ê x2i , i = 1, 2, 3, 4, 5. k x2i (mod 10[
t
2
]+10)Ó{. Ù¥, xi, i = 1, 2, 3, 4, 5��

�ê�þØ´ 2 ��ê. dÚn, ù 5 �êkü�����´ 5
t
4
+1 · 2 t

2
+2. ù`

²§��²����´ 5
t
2
+2 · 2t+4. �´lN �c¡1 [ t

2
]− 15�1 [ 5t

12
] + 15 

¥í�ü ¤��ê���õ´ 10
5t
12 < 5

t
4
+1 · 2 t

2
+2. gñ!

\þ@
v�� ê, ���ØÓ²�ê�õ� 1 + 5 + 5 + 5 + 5 + 35 +

35 + 35 + 12 < 300. ¤á!

nþ, �y. �

µ5 �K´���¡�êØK, Ù�{Ø��J, =ÏL�O��Ú

mod 10��5�Ø�ª. �±w�, Ø��§Ø´ 10��ê. �Oc�ã��

ÿI�ÏL©ã¦�� �;, Ï�K8��¦y²�õ~êþ?.

3 ������ccc???

11.1 Ó 9.1.

11.2 ²¡þxk¼ê y = sinx Ú y = tanx �ã�, ±9�I¶. N�¦

^º5�ãxÑ�^��, §��u¼ê�ã�3î¶ (Ox) �þ�Úe�þ

�� (�U�keZ��:)?
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) Xã: � O��:, ��� y = x� y = tanx, x ∈ [π, 2π]��u A.

L A�R� x¶���� y = sinxu: B. K�� OB�¤¦.

du y = sinx'u�:¥%é¡, �I`²T����ý��.

¯¢þ, L O� y = sinx, x ∈ [0, 2π]���, ·�y²�:=� B.

��:�I� (x, sinx), K sinx
x
��4�. ¦�Bk x = tanx, `²�:=

� B. �

µ5 �K�'�3u|^ y = tanx�ã�. Äk��4ù^��²L�

:. ,��±ÏL¦�5��:�I÷v�o5�.

11.3 b�4ABC �½3²¡þ, ��>� BC. � PQ�Ù	���?

¿�^�», Ù¥ P 3�løABþ, Q3�løAC þ. :X, Y, Z ©O� P ��

� AB, Q��� AC, A��� PQ �Rv. y²: 4XY Z �	% u½�þ

(Ø�6u: P Ú Q�À�).

y² dn|R�� APXZ ��, AP ��». � AP,AQ¥:� K,L,

AB,AC ¥:�M,N . �4XY Z �	%� O. Kk KO⊥XZ,OL⊥Y Z. 5¿

�

∠BPZ + ∠PZX = ∠BPQ+ ∠PAB = ∠PAQ = 90◦,

�k XZ⊥BP ⇒ PB �KO.

q KM �4APB ¥ �, k BP �KM . ¤± KMO��. Ón LNO�

�.

5¿� ∠MON �u BP � CQ�Y��u 90◦ − ∠A�½�, M,N �

½:, ¤± O3±MN ��±�� 90◦ − ∠A �u��þ. �y. �
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µ5 �K�uy±þ(Ø¿ØJ, �±xIOã, ��±ÏLÄ�(�w

� XZ �BQlw���.

11.4 Ó 10.4.

11.5 Ó 10.5.

11.6 �½��ê n . iâ`é�m¥?¿ n^üüÃú�:���, ¦�

±3ù
��þIÑ k�: uÓ�¥¡þ. ¦�¦�·K¤á��� k´õ

�?

) n�óê�, �Y� n ; n�Ûê�, �Y� n+ 1.

��¡, n�óê�, xÑ n
2
^üü²1���, ,�rz^��C¤�ü

ýò��Ø��ü^��. 5¿��^���õ���¥kü��:, `²�

�¥�ù n^���õk n��:. n�Ûê�, xÑ n−1
2
^üü²1���,

,�rz^��C¤�üýò��Ø��ü^��. ,�2?x�^²1��

�, ù���¥�§��õ n+ 1��:.

,��¡, e n�óê, ���¿©��¥�¹¤k n^���à:. ù�

ù�¥���Tk n��:.

e n�Ûê, ·�é��²¡ αÚ?���Ø²1. ù�, z^����©

a��þ½ö�e, �â§Ã�ò����´3 α�þ��´e�. Ø���

þ��õ, �� n+1
2
^. r α�þ²£v
õ�ål¦�¤kù
���à:

þ3²£N�e�. 5¿�, ��¿©��¥�±w����²¡. -��¿©

��¥w�´ α�²£N, ¿�¥%3²£N�þ�¿©�?. 5¿�, z^�

þ���¬�²£N��, ¿5¿�z^�¥���������, e§�à

:3¥	, K§�¥��ü��:. u´, ù�¿©��¥Úù�� n+1
2
^��

z^Ñkü��:. ��k n+ 1�.

nþ, n�óê�, �Y� n ; n�Ûê�, �Y� n+ 1. �

µ5 �K´¥�JÝ�|ÜAÛK. óê��¹{ü, �Ûê�üÑI�

�
|ÜAÛ¥~���{.

11.7 Ó 10.8.

11.8 é4ABC �z�º:, �SÜxÑ�ù�7ü^��, 'uéA�

�²©�é¡. xÑz�d�ÓôÚ���¤�n�/�	��. y²: XJ

4ABC �	���Ù¥������, K�Ú,�����.
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y² 1 Xã, �n^ù��Ñ4XY Z. N´w�, �3���� ABC �

S� 4DEF ¦� DF � XZ,DE � XY,EF � Y Z, ¿� 4DEF,4XY Z ´�

 q�. ¿�l��4DEF ����(½��4XY Z.

±� ABC �ü �ïáE²¡, ^�:���i1L«�:éA�Eê.

·�^ a, b, c, d, e, f L«� XY Z �� DEF ���¿�^�.

du4XY Z,4DEF  q, � q¥%� T ,k� XY Z �� DEF ���

¿�^�´ T 3ü �þ. �,��du DX � EY Úü ���:Ü.

kO� x : k
x− b
d− f

=
x− b
d− f

,
x− c
d− e

=
x− c
d− e

.

(Ü a, b, c, d, e, f ´ü Eê, �n�

x+ dfx = b+
df

b
, x+ dex = c+

de

c
.

)�

x =
be− cf + def(1

b
− 1

c
)

e− f
.

� DX �ü �u X ′, Kduþ�:úªk x+ dx′x = d+ x′. )�

x′ =
d− x
dx− 1

.

é¡/, � EY �ü �u Y ′. Kk

y′ =
e− y
ey − 1

.

K� XY Z �� DEF ���¿�^�� x′ = y′, Ðm�

be− cf − de+ df + def(1
b
− 1

c
)

de
c
− df

e
− b+ c− e+ f

=
cf − da− ef + de+ def(1

c
− 1

a
)

ef
a
− de

c
− c+ a− f + d

.

�{zÖ�, ^
P

cycL«é a, b, cÓ�, Ó�é d, e, f Ó��¦Ú. ùpÞ
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A�~f: X
cyc

ad = ad+ be+ cf,
X
cyc

ae2 = ae2 + bf 2 + cd2.

u´Ðm�±e�ªf:

abc
X
cyc

ab(e− d) + 2abc
X
cyc

a(−de+ df)

+ abc(d− e)(e− f)(f − d) + def(a− b)(b− c)(c− a)

− (ad− be)(be− cf)(cf − ad) + 2def
X
cyc

ab(e− d) + def
X
cyc

de(b− a)

= 0.

Pù�ªf� (#)

,��¡, 5¿�XJù�éA4DEF , 7�éA4D′E ′F ′, Kk

dd′ = bc, ee′ = ac, ff ′ = ab.

¤±�Iy²: er bc
d
, ac

e
, ab

f
�\ (#), K�du (#).

¯¢þ, r bc
d
, ac

e
, ab

f
�\ (#)���ªf¦ (def)2

(abc)2
, Kk:

abc
P

cyc ab(e− d)� def
P

cyc de(b− a)��C�,��;

2abc
P

cyc a(−de+ df)� 2def
P

cyc ab(e− d)��C�,��;

abc(d− e)(e− f)(f − d)� −(ad− be)(be− cf)(cf − ad)��C�,��;

def(a− b)(b− c)(c− a)ØC.

�Ò´`, r bc
d
, ac

e
, ab

f
�\ (#)���ªf¦ (def)2

(abc)2
,K�u (#)ª.

�y! �

y² 2 ·�÷^þãi1. éuù��Ñ�n�/ 4XY Z, 5y²�

ABZ,ACY,BCX �u�: P (aq��:�(�).

ù�I�y²

∠AZB + ∠BXC + ∠AY C = 2π.

ù´w,�.

,�± P �¥%, �»?¿��üC�. éz�: U , ^ U ′ L«�ü��

:. ,�·�k

∠X ′Y ′Z ′ = ∠X ′Y ′P + ∠Z ′Y ′P

= ∠Y XP + ∠Y ZP

= ∠PBC + ∠ABP = ∠ABC.
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é¡/Bk

4X ′Y ′Z ′ ∼ ABC.

Ùg, d�ü�5�k A′, B′, Z ′��, A′, C ′, Y ′��, B′, C ′, X ′��.

qÏ�

∠X ′Y ′A′ = ∠X ′Y ′P − ∠A′Y ′P = ∠Y XP − ∠Y AP

= ∠PBC − ∠Y CP = ∠PBC − ∠XBP

= ∠CBX.

5¿7�Úù�����Ý'X. é¡/B��, eò X ′Y ′Z ′w�´#�

n�/, A′B′Z ′, A′C ′Y ′, B′C ′X ′ w�´n^��, @od(�Ú�K¥n^7

��(�´�q�. d�ü�±���5�, `²� A′B′C ′ Ú� X ′Y ′Z ′ ��,

�Òy²
�K. �

µ5 �K´JÝ���AÛK. �{��)ö��{, Ùg´é{ü, =

kÏL DEF 5�xn^ù�, ,�O�ü�	�����¿�^�. æ^Eê

{´Ï���þ�:�õ. ù��{�O�þ�´����.

�{�´(��Ñ���XAÛ){. ù��{|©/�ü¦�ü�·K

´3�ü¿Âe�d�, ¿�Ù¥����^�
�ü���5�, �©{'.
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