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I. ÁÁÁ KKK

1 ÊÊÊccc???

9.1 OZ3ç�þ�
 10 ���ê, Ù¥?Ûü�êÑØ��. 8�Ù¥

U
éÑ 3 ��� 5 �Ø�ê, ��éÑ 4 ��� 4 �Ø�ê. Á¯: ù 10 �

ê�ÚUÄ�u 75?

9.2 3ç�þr,���ê n�
 9 H (��3,���e�). OZ3z

�ê��>½m>�þ���"êi, ù
êi�Ø�Ó. Á¯: 3¤��� 9

�ê¥�õ�kA��ê?

9.3 �½���7´�Xê��gn�ª P (x). 8�, é,ü��ê aÚ

b, �ê P (a)~ P (b)´��²�ê. y²: �3õu�z���êé (c, d), ¦

��ê P (c)~ P (d)Ñ´��²�ê.

9.4 úip,
<´*l(XJ A´ B�*l, K B�´ A�*l). y�

Túi�?Û 100 <¥, *lé�ê8Ñ´Ûê. ¦ÁTúi<ê����U

�.

9.5 �4ABC ´b�n�/, CE ´§��^�²©�. 3 ∠ACB �	

?¾FÏ: 2022-05-09.
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�²©�þ��: D, 3> BC þ��: F , k ∠BAD = 90◦ = ∠DEF . y²:

4CEF �	%3�� BDþ.

9.6 �kê� a1, a2,. . . , a2022, éu?Û n, k, Ù¥ 1 ≤ n ≤ 2022 Ú

1 ≤ k ≤ 2022, Ñk an − ak≤n3 − k3. 8� a1011 = 0, Á¯ a2022�U�=
�?

9.7 OZ±,«�ªr 100× 100 ��Ly©��X�õ�ì (= 1× 2 �

��Ý/), ¿3z�õ�ì¥^7Ú�ãë�§�ü����¥%. �gÁã

^,�«�ªrù���L©¤�X�õ�ì, ¿3z�õ�ì¥^ùÚ�ã

ë�ü����¥%. �gF"dz���ÑU÷X7ÚÚùÚ��ãr�,

��O���. Á¯: ¦��"´Ä�½ÑU¢y?

9.8 Xã¤«,3F/ABCD¥,é��BD�u.>AD. é��AC�

BD��u:E. : F 3�ãADþ,¦�EF ²1u CD. y²: BE�uDF .

9.9 3²¡þIÑ
 n�:, Ù¥?Ûn�IÑ:¤/¤�n�/¥��

�ÝêÑ´��ê. Á¯: éuN����� nkd�U?

9.10 y²: �3ù����ê b, ¦�é?Û n > b, Ñk n!�� êiÚ

Ø�u 10100.

2 ���ccc???

10.1 Ó 9.1.

10.2 �½�gn�ª P (x). y², �3n�üüØÓ�¢ê a, bÚ c, ¦

�

P (a + b) = P (c), P (a + c) = P (b), P (b + c) = P (a).

10.3 �gk n�0J, ù
0JkeZ«ØÓ¬«, ¿� n ≥ 145. 8�,

XJl¤�� n�0J¥?��|Ø�u 145 �0J (AO/, ���Ñ¤k

n�0J), KÙ¥7k�«¬«�0JfÐk 10 �. Á¦ n����U�.

10.4 � P (x) = anx
n + an−1x

n−1 + · · ·+ a1x + a0, Ù¥ n´��ê. 8�
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a0, a1, · · · , anÑ´�ê, k an 6= 0, �é?Û k = 1, 2, · · · , n, Ñk an−k = ak, ¿

� an + an−1 + · · ·+ a0 = 0. y², P (2022)��,��u 1 ���²�ê�Ø.

10.5 8>/ AECDBF S�u� Ω. 8�: D ²©øBC, 
 4ABC �

4DEF kú��S��.�� BC ©O��ã DF Ú�ã DE ��u: X Ú

Y ,
�� EF ©O��ãABÚ�ãAC��u: ZÚ T . y²: X, Y, T, Zo

:��.

10.6 ç�þ�Xn��ë�Ûê. Á¯: ùn�ê� 2022 Ø�{ê�Ú

UÄ´,��ê?

10.7 �½��S�u��o>/ ABCD, Ù¥ ∠A = 2∠B. 8� ∠C �

²©��> AB��u: E. y²: AD + AE = BE.

10.8 Ó 9.9.

10.9 3� 100 >/���º:þ©O�k�qaÚÚf, ÚfþU^�

����g�kÒè 1, 2, · · · , 100.z�Ú#N��üq�3º��º:þ�Ú

f� �, XJ¦��Òè��Ø�u k. Á¯:éuN����� k, �±ÏL

�X��ù«C�¦�z�qÚf�ªÑfÐ3^����þ£Ä
�� �

(�éugC�Ð© �
ó).

10.10. Ó 9.10.

3 ������ccc???

11.1 Ó 9.1.

11.2 Ó 10.2.

11.3 3ncI ABCD�¡ BCDÚ¡ ACDþ©O�: A′ Ú B′,¦�

∠AB′C = ∠AB′D = ∠BA′C = ∠BA′D = 120◦. 8��� AA′ ��� BB′ �

�. y², : A′�: B′��� CD�ål��.

11.4 úip,
<´*l (XJ A´ B�*l, K B�´ A�*l). y

�Túi�?Û 101 �<¥, *lé�ê8Ñ´Ûê. ¦ÁTúi<ê���

�U�.

11.5 � S ´�� 100 �8Ü, Ù¥���Ñ´Ø�L 10000 ���ê.

3�m¥IÑ¤kù��:, §��n��I�Ñ´ S ¥���. éu¤IÑ

� 1000000 �:¥�z��: (x, y, z), Ñ�§bþ���kê x2+y2+z2

xy+yz+zx
�I
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\. Á¯: �õ�kõ��I\þ�Xê 2?

11.6 Ó 9.6.

11.7 ��ê n�� êi�¦È�u x, 
ê n + 1�� êi�¦È

�u y. Á¯: UÄ�3,���ê m, §�� êi�¦È�u y − 1, 
ê

m + 1�� êi�¦È�u x− 1?

11.8 Ó 10.9.

11.9 S�u� ω �F/ ABCD �ü.´ AD Ú BC. é�� AC �

BD ��u: P . : M ´�ã AB �¥:. �ã AD �¥R��� ω ��

u: K Ú: L. : N ´ 4PCD�	��þØ�¹: P �øCD�¥:. y²

K,L,M,N o:��.

11.10 � a, b, c, d��K¢ê, k a + b + c + d = 8. y²

a3

a2 + b + c
+

b3

b2 + c + d
+

c3

c2 + d + a
+

d3

d2 + a + b
≥ 4.

II. )))������µµµ555

1 ÊÊÊccc???

9.1 OZ3ç�þ�
 10 ���ê, Ù¥?Ûü�êÑØ��. 8�Ù¥

U
éÑ 3 ��� 5 �Ø�ê, ��éÑ 4 ��� 4 �Ø�ê. Á¯: ù 10 �

ê�ÚUÄ�u 75?

) U.

�E: � 1, 2, 3, 4, 5, 6, 8, 10, 12, 20, K 10 �ê÷vK¿, �Ú� 71. �

µ5 �KN´Ñ��/�3u: XJ��Ä 3 ��� 5 �Ø�ê, 4 ��

� 4 �Ø�ê´üüØÓ� 7 �ê, @o§��Ú��´ 4 + 8 + 12 + 16 + 5 +

10 + 15, 2\þ 1, 2, 3, Ú��´ 76. ¢Sþ, XJÑy
 20 ��ê¬¦�Ú

C�.

9.2 3ç�þr,���ê n�
 9 H (��3,���e�). OZ3z

�ê��>½m>�þ���"êi, ù
êi�Ø�Ó. Á¯: 3¤��� 9

�ê¥�õ�kA��ê?

) 6 �.

�Ä mod 3, 5¿���ê mod 3Ó{u§�� êi�Ú. du 1, 2, · · · ,
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9 H{ mod 3���{X 3 g, ¤±���Ê�ê¥Tk 3 � 3 ��ê. 
ù

Ê�êz��Ñ��´ 10, ¤±ù 3 � 3 ��êØ�U´�ê.u´�õ8��

ê.

�E: � n = 3, V\� 13, 23, 33, 43, 53, 63, 73, 83, 93, d�Tk 6 ��

ê. �

µ5 ��{ü�êØK. '�´é�rêè�3c¡Ú�¡��Ó�þ,

uy�3=�. ,��ây²ØJé��E.

9.3 �½���7´�Xê��gn�ª P (x). 8�, é,ü��ê aÚ

b, �ê P (a)~ P (b)´��²�ê. y²: �3õu�z���êé (c, d), ¦

��ê P (c)~ P (d)Ñ´��²�ê.

y² � P (x) = px2+qx+r,Ù¥ p 6= 0. K^�C� (pa2+qa)−(pb2+qb)

´��²�ê. = (a− b)(p(a + b) + q) = k2, Ù¥ k´�ê.

¤¦� P (c)− P (d)´²�ê�du (c− d)(p(c + d) + q) ���²�ê.

·�- c+ d = a+ b, � c− d = (2l+ 1)2(a− b). Ù¥ l´�½���ê. @

ok

(c− d)(p(c + d) + q) = ((2l + 1)k)2

´��²�ê.

5¿�, þã�§k)�du a + b � (2l + 1)2(a − b) ÓÛó, ùdu

2l + 1�Ûê´w,�.

- lH{��ê, ØÓ� léAØÓ�÷v�¦��êé (c, d). ùÒ�¤


y². �

µ5 �K´���E5�{üêØK. 5¿�XêØ�½´knê, ¤±

ù���E´���.

9.4 úip,
<´*l(XJ A´ B�*l, K B�´ A�*l). y�

Túi�?Û 100 <¥, *lé�ê8Ñ´Ûê. ¦ÁTúi<ê����U

�.

) �Y� 101.

�E: 101 �<¥�n�< A,B,C, ¦�m?ü<p�*l, Ù{�?ü<

þØ�*l.
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�y: eÙ¥ 100 <�¹ A,B,C, K 100 �<¥*léê� 3: eÙ¥ 100

<Ø�¹ A,B,C ¥,< (Ø��� A ), K 100 �<¥*léê� 1. ¤á!

y²: b�<ê� n, n ≥ 102. �Eã G, ±ù
<�º:, *l'Xë>.

K? 100 �:�¤�p�fãkÛê>.

é?¿üüØÓ�o: u, v, a, b, §��	��k 98 �:. ?�Ù¥ 98 �

:. éù 98 �:Ú u, a$^^�, ±9éù 98 �:Ú u, b$^^�, �� a, b

�ù 98 �:\þ uë>êÓÛó.

Ónk a, b�ù 98 �:\þ vë>êÓÛó. ùü�^�(Ü��: a, b�

{u, v}ë>êÓÛó. �Ò´`, a, bü:� {u, v}�ë>�¹�o�Ó, �o�

�. (=: b�o=ë� {u, v}¥ aë��@
:, �o=ë� {u, v}¥ aØë�

@
:)

�½ a, b,5¿� {u, v}´?¿À��,ù`² a, bü:�G¥Ù{ n−2�

:�ë>�¹�o�Ó, �o��.

d{ü� Ramsey ½n�: �o GkK3, �o G�ÖãkK3. ¯¢þ, d

u
�
100
2

�
´óê, `² G�Öã�÷vK¿. �Ø�� GkK3.

�Ñ G���ì A, k A¥�� 3 �:. 5¿�,
�
100
2

�
´óê, ¤± G¥

vk K100. � A	kÙ¦:. é?¿�: xØ3 A ¥, d A ´��ì, �3

y ∈ A, x, y Ø��. é?¿ z ∈ A, z 6= y, du z, y ��
 x, y Ø��, `²

x, z� G¥Ù{ n− 2 �:�ë>�¹��, `² x � G− {z}¥�:þØë

>. 5¿� A¥��3�:, `²ù�� z��kü«ÀJ. � x� A¥�:þ

Øë>.

�Ò´`, A	�:� A¥þØë>.

é?¿ x /∈ A, y ∈ A, x, y� G¥Ù{ n− 2�:�ë>�¹��. 
 y�

A	�:þØë>,`² x� A	�Ù§:þë>. ù`² A 	�:üü��.

u´ Gdü�Õá�ì|¤.

,��¡, 3�Km©�®²y²
 G¥?ü�:�§�	�? 99 �:

ë>êÓÛó. �ü�ì¥���:, P� x, y, 2?�§�	� 99 �:. K

x, y�ù 99 �:ë>ê�Ú� 99, ´��Ûê, gñ!

u´y²
<ê�õ� 101. nþ, ¤¦� 101. �

µ5 �K´�����¡�Ä:�ãØK. y²Ü©�Ïé:�õ�k

�o�r�(Ø. 5¿���±L§�î>5.
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9.5 �4ABC ´b�n�/, CE ´§��^�²©�. 3 ∠ACB �	

�²©�þ��: D, 3> BC þ��: F , k ∠BAD = 90◦ = ∠DEF . y²:

4CEF �	%3�� BDþ.

y² CE⊥CD ⇒ ∠DCE = ∠DAE = 90◦ ⇒ DCEAo:��.

�4CEF 	%� O. K

∠OEF = 90◦ − ∠ECF = 90◦ − ∠ACE

= 90◦ − ∠ADE = ∠DEA = 90◦ − ∠FEB,

⇒ OE⊥AB.

= OE � AD. ��Iy²: OE
AD

= EB
AB

.

3� O¥, ∠CFE = ∠B + ∠FEB = ∠B + ∠ECB = ∠CEA. �k:

OE =
CE

2 sin∠CEA
.

3� ADCE ¥, ∠DCA = 90◦ − ∠C
2

. k:

AD

sin(90◦ − ∠C
2

)
=

CE

sin∠A
.

�n�
OE

AD
=

sinA

2 sin(∠A + ∠C
2

) ∗ cos ∠C
2

.

� a, b, cL«4ABC n>�, Kk

EB

AB
=

a

a + b
=

sinA

sinA + sinB

=
sinA

2 sin A+B
2

cos A−B
2

=
sinA

2 cos C
2

sin(∠A + ∠C
2

)
.

þª´{ü�Ú�zÈ. �k OE
AD

= EB
AB

. �y. �

µ5 �KxÑIOã�ØJuy OE � AD, ��Ò�±ÏL�'~y²

(Ø.
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9.6 �kê� a1, a2,. . . , a2022, éu?Û n, k, Ù¥ 1 ≤ n ≤ 2022 Ú

1 ≤ k ≤ 2022, Ñk an − ak≤n3 − k3. 8� a1011 = 0, Á¯ a2022�U�=
�?

) �Y� 7233550317.

éu?Û n, k, Ù¥ 1 ≤ n ≤ 2022 Ú 1 ≤ k ≤ 2022, k

an − ak ≤ n3 − k3.

e�� n, k, Kk

ak − an ≤ k3 − n3,

=

an − ak ≥ n3 − k3.

�k an − ak = n3 − k3. �\ n = 2022, k = 1011, �

a2022 − a1011 = 20223 − 10113 = 7233550317.

� a2022 = 7233550317. �

µ5 �K��:´�� n, k.

9.7 OZ±,«�ªr 100× 100 ��Ly©��X�õ�ì (= 1× 2 �

��Ý/), ¿3z�õ�ì¥^7Ú�ãë�§�ü����¥%. �gÁã

^,�«�ªrù���L©¤�X�õ�ì, ¿3z�õ�ì¥^ùÚ�ã

ë�ü����¥%. �gF"dz���ÑU÷X7ÚÚùÚ��ãr�,

��O���. Á¯: ¦��"´Ä�½ÑU¢y?

) Ø�½.

�Eã G, ± 10000 �����º:, ü:����=�ùü��ë�
�

^7Ú½ùÚ�ã. (eÑkKëü^>, G�±k­>)

Kz:Ýþ� 2, `² G�>�±©¤eZ�Ø���. XJ�g4 GC

¤
ëÏã, `² GÒ´���.

Xã, ·��EOZ����{: =Ø
�þ�4��f�	, Ù{�fÑ

^ç��õ�ìCX, 
�þ� 4 ��f^î��õ�ì. ã¥, ùÚ�:L«

��L��:, 7Ú�:L« G¥�:.

XãIP�
 G¥�:, KOZ3 G¥(½
ù
7Ú�ã.

yb��gU�¤¦�F", = GC¤���. K AØU� C ëù>, Ä

KÑy
�� C2.
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� A,B mëù>. �Ä C,DmØUëù> (ÄKÑy C4 ).� C,F mëù

>.

�Ä G,DmØUëù> (ÄKÑy C6 ).� D,H mëù>.

���Ä E, �UÚ I ëù>, Ñy
 C2. gñ! ��Y�ØU. �

µ5 �K��éãØ´ÄÙöÝº. ¦^ãØ¥�
Ä:�5��`²

ëÏ�du�´�� Hamilton Cycle, C¤
��ér�(Ø. ,�|^>.�

EüÑ, ù�±ÏL�	����¹5��.

9.8 Xã¤«,3F/ABCD¥,é��BD�u.>AD. é��AC�

BD��u:E. : F 3�ãADþ,¦�EF ²1u CD. y²: BE�uDF .

y² d EF ²1u CD, AD²1u BC, k:

FD

BD
=

FD

AD
=

CE

AC
=

BE

BD

� BE �u DF . �y. �

µ5 �K´Ä:��'~�AÛK.

9.9 3²¡þIÑ
 n�:, Ù¥?Ûn�IÑ:¤/¤�n�/¥��

�ÝêÑ´��ê. Á¯: éuN����� nkd�U?

) �Y�180. �E: ��180>/�¤kº:.

�y: ù180�:��, �� n�:�º:¤éA�±�� n◦. ¤á!
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y²: �k n ≥ 181�:, �§��¤8Ü S. ?� A 6= B ∈ S , Kd^�,

S ¥¤k:þ3�� l0, l1, · · · , l179þ. Ù¥, l0 = AB, é i = 1, 2, · · · , 179, li´

l07: A^��^= i◦ ¤���.

5¿�, þã��¥z�^þØ
 A�	�õ�k S ¥��:. (d^�,

?n:Ø��. )

� n ≤ 181. ⇒ n = 181.

d�, é?¿ A 6= B ∈ S, �� l0, l1, · · · , l179þØ
 A	Tk S ¥��:.

ù`²�3 C 6= D ∈ S,C,D 6= A, ¦� ∠CAD = 179◦.

d��Ä S �à�, ��m>/. Kùm�à��S�Ñ�u 179◦.

⇒ m = 360, gñ! u´y²
 n ≤ 180.

nþ�Y� 180. �

µ5 �K�J:3u�ÿß��Y. I���r:�3�þ5���Ý,

�¡�y²Ø´é(J.

9.10 y²: �3ù����ê b, ¦�é?Û n > b, Ñk n!�� êiÚ

Ø�u 10100.

y² �K^���? �e�Ù��Ún: � b > 1, l´��ê, m´�

� bl − 1���ê�ê. Km3 b?�e�êiÚ��´ (b− 1)l.

u´,ePM = 10100,��K¥ b = 10M − 1. K ∀n > b, n!þ´ 10M − 1�

�ê, dÚn�y. �

µ5 Ún�y²g´´�Ñ���~, ,�?n�p ¦�)¤��ê

èÚ��� bl − 1���ê�ê. �[y²�ë�4�#��5Ð�êØJK

86.

2 ���ccc???

10.1 Ó 9.1.

10.2 �½�gn�ª P (x). y², �3n�üüØÓ�¢ê a, bÚ c, ¦

�

P (a + b) = P (c), P (a + c) = P (b), P (b + c) = P (a).

y² � P (x)�é¡¶� x = m, � a + b + c = 2m. Kw,k

P (a + b) = P (c), P (a + c) = P (b), P (b + c) = P (a).
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4 a, b, cüüØÓ�´{ü�. �

µ5 éÄ:��êK.

10.3 �gk n�0J, ù
0JkeZ«ØÓ¬«, ¿� n ≥ 145. 8�,

XJl¤�� n�0J¥?��|Ø�u 145 �0J (AO/, ���Ñ¤k

n�0J), KÙ¥7k�«¬«�0JfÐk 10 �. Á¦ n����U�.

) �Y� 160.

��¡: k 16 «0J, z« 10 �.b��Ñ�|Ø�u 145 �0J¦�v

k�«¬«�0JfÐk 10 �, `²z«0JÑ����
��. ��õ�Ñ

160− 16 = 144 �, gñ!

� n = 160��1. ey n ≤ 160.

b� n ≥ 161, b�k k«0JTk 10 �, k 10k ≤ n.

·�rù k«0J����� (=�Ñ
 n − k�0J), Kvk�«¬«

�0JfÐk 10 �.


 n− k ≥ n− n
10
≥ 161 ∗ 9

10
⇒ n− k ≥ 145, gñ!

nþ, �Y� 160. �

µ5 �K´��{ü�|ÜK, '�3uuy�ZüÑ, =z�T 10 �

0J�æ����. �âù�üÑÏL{ü�O�=�.

10.4 � P (x) = anx
n + an−1x

n−1 + · · ·+ a1x + a0, Ù¥ n´��ê. 8�

a0, a1, · · · , anÑ´�ê, k an 6= 0, �é?Û k = 1, 2, · · · , n, Ñk an−k = ak, ¿

� an + an−1 + · · ·+ a0 = 0. y²: P (2022)��,��u 1 ���²�ê�Ø.

y² ·�y² (x− 1)2 | P (x). ù�, 20212 | P (2022).

d^�, P (1) = 0,

P ′(1) = nan + (n− 1)an−1 + · · ·+ a1

=
n

2
(an + an−1 + · · ·+ a0)

= 0,

� (x− 1)2 | P (x). �y. �

µ5 �KI�ß� (x − 1)2 | P (x)ù�(Ø. ¯¢þ, (x − 1) | P (x)´

w,�. (ÜXêé¡5�±ß�, 'X x2 − 2x + 1 Òä�ù��5�.
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10.5 8>/ AECDBF S�u� Ω. 8�: D ²©øBC, 
 4ABC �

4DEF kú��S��.�� BC ©O��ã DF Ú�ã DE ��u: X Ú

Y ,
�� EF ©O��ãABÚ�ãAC��u: ZÚ T . y²: X, Y, T, Zo

:��.

y² �S���% I, �� BC,EF �u S.

Kk: AID��. ⇒ A�øEF ¥:.

¤± EFXY ��, ZTCB��.

SX ∗ SY = SE ∗ SF = SB ∗ SC = SZ ∗ ST ⇒ XY ZT ��. �y. �

µ5 �K´{ü�AÛK. I�uy A�øEF ¥: (ù�(Ø�´�±

p��). ,�ÏLl¥:�ü�(����
��.

10.6 ç�þ�Xn��ë�Ûê. Á¯: ùn�ê� 2022 Ø�{ê�Ú

UÄ´,��ê?

) ØU.

5¿� 3 | 2022, ¿�n�ëYÛê�Ú´ 3 ��ê, `²{ê�Ú´ 3 �

�ê, e´�ê�U´ 3.

�´, ùn�êØ± 2022 {êüüØÓ, ¿�Ñ´Ûê. `²{ê�Ú�

�´ 1 + 3 + 5, gñ! �ØU. �

µ5 �K´{ü�êØK.

10.7 �½��S�u��o>/ ABCD, Ù¥ ∠A = 2∠B. 8� ∠C �

²©��> AB��u: E. y²: AD + AE = BE.

y² ��� CD,AB�u F . Kk:

∠FDA = ∠CBA =
1

2
∠DAB,
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� ∠ADF = ∠F , = AD = AF . l
 ∠F = ∠B. Ïd CE ´ BF ¥R�. �

AD + AE = AF + AE = EF = EB.

�y. �

µ5 �KXÛ=z^� ∠A = 2∠B ´'�. d?æ^V\��n�/

ADF , ,�uy CDF ��. �,, ¦^O�{��±�t)û.

10.8 Ó 9.9.

10.9 3� 100 >/���º:þ©O�k�qaÚÚf, ÚfþU^�

����g�kÒè 1, 2, · · · , 100.z�Ú#N��üq�3º��º:þ�Ú

f� �, XJ¦��Òè��Ø�u k. Á¯,éuN����� k, �±ÏL

�X��ù«C�¦�z�qÚf�ªÑfÐ3^����þ£Ä
�� �

(�éugC�Ð© �
ó).

) �Y� 50. ��/, r 100 U� 2n, 5y²�Y´ n (n > 1).

�E: e k = n, 4 nØä�X_������, �� 2n − 1g. 5¿�,

n�±Ú?¿ê��. ù�ö�Ò¤õ
.

,��¡, 5y² k ≥ n.

5wz�ê�“ £”��K (ùp� £´�: w¤�^Ã���S�, ±

Ï/��Xù 2n�ê. zg������êw�´��½�m£Ä
��.  

£��K5´���ê���ªG�� £´��£Ä�´�m£Ä)

�Ä�� £��ê xÚ�� £K�ê y. §�3�±þ�$Ä¬��.

ù`²§���L.

�Ä 1, 2n, e§� £�KØÓ, k k ≥ 2n− 1 ≥ n.

e�Ó, ·�5¿�¤kê� £Ú´ 0, Ï�zgö��ü�ê�� £

1, �� £ −1. ¤kk��ê x� 1 � £ØÓ�K.

5¿�max{x− 1, 2n− x} ≥ n, �k k ≥ n. �

13 êÆ#(�



nþ, �Y� 50. �

µ5 �K´k�½JÝ�|ÜK. ß��Y��¿ØN´, �±ÏLw�

��¹��. )ö){�y²\Ã:´5¿��½k��ê¬“ 7�´”, l


¬�Nõê��.

Ûê��{�Ó.

10.10 Ó 9.10.

3 ������ccc???

11.1 Ó 9.1.

11.2 Ó 10.2.

11.3 3ncI ABCD �¡ BCD Ú¡ ACD þ©O�: A′ Ú B′,¦�

∠AB′C = ∠AB′D = ∠BA′C = ∠BA′D = 120◦. 8��� AA′ ��� BB′ �

�. y²: : A′�: B′��� CD�ål��.

y² ABA′B′�¡, � AA′, BB′, CD�:. P� X.

�Iy²4A′CD ∼= 4B′CD.

d^���

∠CA′X = ∠DA′X = 60◦, ∠CB′X = ∠DB′X = 60◦.

5¿�, 3��²¡þ�½: C,D,X n:��, K¦�

∠CTX = ∠DTX = 60◦

�: T �kü�, �ü� T 'u CDé¡. Ï�ù�� T ´± CX ��%��

120◦�u��Ú± DX ��%�� 120◦�u����:.

�k4A′CD ∼= 4B′CD. �y. �

µ5 �K�5¿�r^�=z� AA′, BB′, CD�:, ��=z�²¡A

Û��£¦). A′, B′¢Sþ´¤ê:.

11.4 úip,
<´*l (XJ A´ B�*l, K B�´ A�*l). y

�Túi�?Û 101 �<¥, *lé�ê8Ñ´Ûê. ¦ÁTúi<ê���

�U�.

) �Y� 102.

�E: 102 �<¥�n�< A,B,C, ¦�m?ü<p�*l, Ù{�?ü<
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þØ�*l.

�y: eÙ¥ 101 <�¹ A,B,C, K 101 �<¥*léê� 3; eÙ¥ 101

<Ø�¹ A,B,C ¥,< (Ø��� A ), K 101 �<¥*léê� 1. ¤á!

y²: b�<ê� n, n ≥ 103. �Eã G, ±ù
<�º:, *l'Xë>.

K? 101 �:�¤�p�fãkÛê>.

é?¿üüØÓ�o: u, v, a, b, §��	��k 99 �:. ?�Ù¥ 99 �

:. éù 99 �:Ú u, a$^^�, ±9éù 99 �:Ú u, b$^^�, �� a, b

�ù 99 �:\þ uë>êÓÛó.

Ónk a, b�ù 99 �:\þ vë>êÓÛó. ùü�^�(Ü��: a, b�

{u, v}ë>êÓÛó. �Ò´`, a, bü:� {u, v}�ë>�¹�o�Ó, �o

��. (=: b�o=ë� {u, v}¥ aë��@
:, �o=ë� {u, v}¥ aØë

�@
:)

�½ a, b,5¿� {u, v}´?¿À��,ù`² a, bü:�G¥Ù{ n−2�

:�ë>�¹�o�Ó, �o��.

d{ü� Ramsey½n�: �o Gk K3, �o G�Öãk K3. ¯¢þ, d

u
�
101
2

�
´óê, `² G�Öã�÷vK¿. �Ø�� G kK3.

�Ñ G���ì A, k A¥��3�:. 5¿�,
�
101
2

�
´óê, ¤± G¥

vk K101. � A	kÙ¦:. é?¿�: xØ3 A ¥, d A ´��ì, �3

y ∈ A, x, yØ��. é ∀z ∈ A, z 6= y, du z, y��
 x, yØ��, `² x, z�

G¥Ù{ n− 2 �:�ë>�¹��, `² x � G− {z}¥�:þØë>. 5

¿� A¥��3�:, `²ù�� z ��kü«ÀJ. � x� A¥�:þØë

>.

�Ò´`, A	�:� A¥þØë>.

é ∀x /∈ A, y ∈ A, x, y�G¥Ù{ n−2�:�ë>�¹��.
 y�A	

�:þØë>, `² x� A	�Ù§:þë>. ù`² A 	�:üü��.

u´ Gdü�Õá�ì|¤.

,��¡, ?�Ù¥ 101 �:. �Ù¥üÜ©©Ok a, b�:, a + b = 101.

K>ê�
a2 − a + b2 − b

2
.

5¿ a, b�Û�ó, � a2 + b2 ≡ 1 (mod 4). ¤±

a2 − a + b2 − b

2
≡ 1− 1

2
≡ 0 (mod 2).
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=>ê�óê, gñ! u´y²
<ê�õ� 102. nþ, ¤¦� 102. �

µ5 �K´�����¡�Ä:�ãØK.5¿���±L§�î>5.

11.5 � S ´�� 100�8Ü,Ù¥���Ñ´Ø�L 10000���ê. 3

�m¥IÑ¤kù��:, §��n��I�Ñ´ S ¥���. éu¤IÑ�

1000000 �:¥�z��: (x, y, z), Ñ�§bþ���kê x2+y2+z2

xy+yz+zx
�I\.

Á¯: �õ�kõ��I\þ�Xê 2?

) �Y� 14850.

y²: éu x2+y2+z2

xy+yz+zx
= 2, k

(
√
x +
√
y +
√
z)(
√
x +
√
y −
√
z)(
√
x−√y +

√
z)(−

√
x +
√
y +
√
z) = 0.

�
√
x +
√
y −
√
z = 0,

√
x−√y +

√
z = 0, −

√
x +
√
y +
√
z = 0

��¤á. w,Ø�Ukü�Ó�¤á.

¡þ¡nª����¤á� (x, y, z)´Ð�. éu a1, a2, · · · , an �üüØ

Ó���ê, P f(a1, a2, · · · , an)L«Ð� (x, y, z)�ê, Ù¥ x, y, z ∈ {a1, a2,

· · · , an}.

·�y²��Ún: f(a1, a2, · · · , an) ≤ f(12, 22, · · · , n2).

�d�Iy²: f(a1, a2, · · · , an)¥1��©þ�u ai �Ðé�êØõu

f(12, 22, · · · , n2)¥1��©þ�u i�Ðé�ê. i = 1, 2, · · · , n

�Ä f(a1, a2, · · · , an)¥1��©þ�u ai �Ðé. e ai ´��ö, K1

��©þ=k a1, a2, · · · , ai−1 ù i − 1«ÀJ. 1��©þ(½�, 1n�©þ

�õ�«ÀJ, ��õ i− 1«. e aiØ´��ö, K��ö=k ai+1, · · · , anù

n − i«ÀJ. ��ê �kü«ÀJ, 
(½
��ê�,��©þ�õ�«

ÀJ, ��õ 2(n− i) «. �O�õ 2n− i− 1«. 5¿�, f(12, 22, · · · , n2)¥

1��©þ�u i�Ðé3þã� ¥þ��Ò. u´y²
ù�Ún.

ÏLy²·����
eª:

f(12, 22, · · · , n2) =
nX

k=1

(2n− k − 1) =
3n(n− 1)

2
.

dÚn, Ðé�ê�õ 3
2
∗ 9900 = 14850.

�E: � S = {12, 22, · · · , 1002}, KÐé�ê� 3
2
∗ 9900 = 14850.

nþ, �Y� 14850. �
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µ5 �K1�Ü©���êõ., 1�Ü©´{ü�|ÜOê�O. '�

g,��{´r��êU�²�Ïf©¤�da2éza�O, ���Ø�ª.

ùp�Ñ�)��{'Nõ, Ù�{´�â�E�A:k��.

11.6 Ó 9.6.

11.7 ��ê n�� êi�¦È�u x, 
ê n + 1�� êi�¦È

�u y. Á¯: UÄ�3,���ê m, §�� êi�¦È�u y − 1, 
ê

m + 1�� êi�¦È�u x− 1?

) ØU.

b��3, K x, y ≥ 1. � n + 1� Ø� 0, `²\ 1 �Ø? .

¤± x < y. em + 1$��Ø? , `² y − 1 < x− 1,gñ!

¤±m + 1� ´ 0, x = 1. � nz� Ñ´ 1, `² y = 2. �´m� 

´ 9, m�� êi�¦ÈØU´ 1, gñ! �ØU. �

µ5 �K�I5¿� x, y���'X=�.

11.8 Ó 10.9.

11.9 S�u� ω �F/ ABCD �ü.´ AD Ú BC. é�� AC �

BD ��u: P . :M ´�ã AB �¥:. �ã AD �¥R��� ω ��

u: K Ú: L. : N ´ 4PCD�	��þØ�¹: P �øCD�¥:. y²

K,L,M,N o:��.

y² ∠DOC = 2∠DBC = ∠DPC ⇒ O ∈� PCD. q OC = OD, `²

O´4PCB�	��þ�¹: P �øCD�¥:.

e�M ′´M 'uKL�é¡:,KM ′�CD¥:. �OM ′∗ON = OC2.

= OM ∗ ON = OK ∗ OL. (Ü O´ KL¥:, `² KMLN ´��NÚo>
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/, �,k��. �y. �

µ5 �KXJÙGNÚo>/é>¥:�(�¬'�{ü. ��ß��

%3� PCDþ.

11.10 � a, b, c, d��K¢ê, k a + b + c + d = 8. y²:

a3

a2 + b + c
+

b3

b2 + c + d
+

c3

c2 + d + a
+

d3

d2 + a + b
≥ 4.

y² �Xeð�C/:

a3

a2 + b + c
= a− a(b + c)

a2 + b + c
,

=ÙÌ�ª. ��©�du

a(b + c)

a2 + b + c
+

b(c + d)

b2 + c + d
+

c(d + a)

c2 + d + a
+

d(a + b)

d2 + a + b
≤ a + b + c + d− 4 = 4.

dþ�Ø�ª, k±e� :

a(b + c)

a2 + b + c
≤ a(b + c)

2
È
a2(b + c)

=
1

2

√
b + c.

�
a(b + c)

a2 + b + c
+

b(c + d)

b2 + c + d
+

c(d + a)

c2 + d + a
+

d(a + b)

d2 + a + b
≤ 1

2

X√
a + b.

d�ÜØ�ªk X√
a + b ≤

q
4
X

(a + b) = 8.

�k
a(b + c)

a2 + b + c
+

b(c + d)

b2 + c + d
+

c(d + a)

c2 + d + a
+

d(a + b)

d2 + a + b
≤ 4.

�y. �

µ5 �K´¥�JÝ�Ø�ª. �Ke���þ�½�Üq�¿ØN´.

d){$^
 Cauchy¦�Eâ, �
�Üð�C/¦�Ø�Ò��Cz.¿5

¿��^�ÒHA
).

www.nsmath.cn 18


