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1o�nÏ¯K�))��:µ

Üà�

1�K � n´��ê. Ð©�ò 2n� 0½ 13ç�þ�¤�1, zgö�Þ

K��óê� 0½��óê� 1. e�ª¤kêÑ�ÞK, ¦�Ð¤k�Uü��

�ê.

(�®�¥Æ) aL~ øK)

) 1 (�â�Här¥Æ��ÍÓÆ�)��n):

Äky²��ü�÷v�¦�¿�^�´ÙÛê �óê þ� 1��ê�

Ó.

7�5: Ï�zgÞK���óê� 1(½ 0)¥Tk��3Ûê !,��3

óê , q�ª¤kê�Þ�, ¤±Ûê �óê þ� 1��ê�Ó.

¿©5: é n8B. � n = 1�w,¤á, b� n�¤á, 5w n+ 1���/.

w,�3ü� 1½ü� 0��, ÄKdü� 0, 1�O, Ã{ö�. ÞK?ü�

��� 1½ 0�, {e 2n�ê|¤�ü�E÷v^�. �d8Bb���ª¤k

êÑ�ÞK.

8B�y.

éu��÷v�¦�ü�, �ÙÛê �óê þk k � 1, Ù¥ k =

0, 1, · · · , n. Kù��ü���ê�
n∑
k=0

(
Ck
n

)2
= Cn

2n. �

) 2 (�â°�p?¥ÆÓhðÓÆ�)��n):

·�òù 2n�ê¥�1 2, 4, 6, · · · , 2n�ê?1��(1�� 0, 0�� 1).

5¿�d�zgö�Ñ´ÞK����� 0Ú�� 1, ¤±���o��e 0,

�o��e 1, �o�ÑÞ�. u´Þ��duÐ© 0� 1��ê�Ó, k Cn
2n «

ü�. �

) 3 (�â°�p?¥Æç[WÓÆ�)��n):

Äk5¿��ª(J�ÞØ^SÃ', q�ªvk��� 0Ú 1, ¤±�½{
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eeZ| 01½ 10(ØUÓ�Ñy).

é�K�ê k, ¡��ü�´ kÐ�, XJ�ª{e k| 01; ¡��ü�´ −k

Ð�, XJ�ª{e k| 10.

é�ê k, ^ f(n, k)L« kÐ�ü���ê, � |k| > n�, 5½ f(n, k) = 0.

e¡é n8By² f(n, k) = Cn+k
2n .

� n = 1�, ´� f(1, 0) = 2, f(1,±1) = 1, (Ø¤á.

b� n ≥ 2�(Øé n− 1¤á, 5w n���/.

éu�� k Ð�ü�, ecü�ê´ 01, K�¡´ n − 1� k − 1Ð�ü�,

k f(n − 1, k − 1) �; ecü�ê´ 10, K�¡´ n − 1 � k + 1 Ð�ü�, k

f(n − 1, k + 1)�; ecü�ê´ 00½ 11, K�¡´ n − 1� k Ð�ü�, �k

f(n− 1, k)�. u´k4íúª

f(n, k) = f(n− 1, k − 1) + f(n− 1, k + 1) + 2f(n− 1, k).

(Ü8Bb��,

f(n, k) =Cn+k−2
2n−2 + Cn+k

2n−2 + 2Cn+k−1
2n−2

=Cn+k−1
2n−1 + Cn+k

2n−1 = Cn+k
2n .

l
(Øé n¤á.

AO- k = 0, =��K�Y Cn
2n. �

µ5 uH���ÆNá¥Æ�f�, <�N¥oS?!ê�, É�¢�¥Æ

M#�, ìÀ�¢�¥Æ�[), �Här¥Æ±ë^!�¢!
ß¶!4Ä!4

ða, �®��Æ�qf�!!f�!§�â�ÓÆ��Ñ
�K��()�.

1�K y²: é?¿�ê n ≥ 2, �3¼ê f(x) = ax+b
cx+d

(Ù¥ a, b, c, d´¢ê,

ad 6= bc), ¦�

g(x) = f (1)(x)f (2)(x) · · · f (n)(x)

´~�¼ê.

5: f (n)(x)L« f(x)� ngS�.

(<�N¥Æ) ê� øK)

y² (�â�®��Æ�!f�!§�â!qf�ÓÆ�)��n):

� n = 2�, � f(x) = 1
x
, K g(x) = 1

x
· x = 1�~ê, ÷v�¦.

� n ≥ 3�, � f(x) = 2 cos 2π
n
− 1

x
.
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P ω = e
2πi
n , k8By², é?¿��ê k,

f (k)(x) =
(ωk+1 − ωk+1)x− (ωk − ωk)

(ωk − ωk)x− (ωk−1 − ωk−1)
.

¯¢þ, � k = 1�,

f(x) = ω + ω − 1

x
=

(ω2 − ω2)x− (ω − ω)

(ω − ω)x− (ω0 − ω0)
,

(Ø¤á.

b�(Øé k¤á, 5w k + 1���/.

d8Bb�,

f (k+1)(x) = f (k)(f(x))

=
(ωk+1 − ωk+1)(ω + ω − 1

x
)− (ωk − ωk)

(ωk − ωk)(ω + ω − 1
x
)− (ωk−1 − ωk−1)

=
(ωk+2 − ωk+2)− 1

x
(ωk+1 − ωk+1)

(ωk+1 − ωk+1)− 1
x
(ωk − ωk)

=
(ωk+2 − ωk+2)x− (ωk+1 − ωk+1)

(ωk+1 − ωk+1)x− (ωk − ωk)
,

(Ø¤á.

8By..

£��K. d�

g(x) =
n∏
k=1

f (k)(x) =
n∏
k=1

(ωk+1 − ωk+1)x− (ωk − ωk)

(ωk − ωk)x− (ωk−1 − ωk−1)

=
(ωn+1 − ωn+1)x− (ωn − ωn)

(ω − ω)x− (ω0 − ω0)
= 1

�~ê, ÷v�¦.

nþ, ·K�y. �

µ5 (1). °�p?¥ÆÓhðÓÆ�Ñ, g(x)�±�u?Û�"~ê.

¯¢þ, é C > 0, �-

f(x) =
C

2
√
C cos 2π

n
− x

�, g(x) = C
n
2 ; �-

f(x) =
C

2
√
C cos π

n
− x

�, g(x) = −C n
2 .

(2). uH���ÆNá¥Æ�f�, <�N¥�Ïª, ìÀ�¢�¥Æ�[

), �Här¥Æ��Í!±ë^!
ß¶!4Ä!4ða, ½á$�¥Æû	~

�ÓÆ��Ñ
�K��()�.
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1nK �4ABC S�u� O, 4BOC �	����� AB,AC ©O�u:

D,E. P�� DE � lA, aq½Â lB, lC . � lA, lB, lC �¤4PQR. y²: 4PQR

�	���� O��.

(�®�ÆÆ) q²Z øK)

y² 1(�â�Här¥Æ4ðaÓÆ�)��n):

Xã, �� O3 A,B,C ?����¤4A′B′C ′, Ma,Mb,Mc©O� B′C ′,

C ′A′, A′B′�¥:.

´� A′34BOC �	��þ, ¤± A′, B,D,C,E Ê:��. u´

∠A′DB = ∠A′CB = ∠CAB,

¤± A′D � AC. Ón, A′E � AB, ¤±o>/ A′DAE ´²1o>/, l
��

DE ²©�ã A′A.

qd

∠B′AC = ∠ABC = ∠DEC,

� DE � B′C ′, ¤±�� DE ´ 4A′B′C ′ ²1u B′C ′ �¥ �. � la =���

MbMc.

ù�, lA, lB, lC �¤�n�/=�MaMbMc, Ù	��´ 4A′B′C ′ �Ê:�.

q� O´4A′B′C ′�S��, �d¤�nM½n, §���. �

y² 2(�â�Här¥Æ�¢ÓÆ�)��n):

� lA� BC �u: X, lB � CA�u: Y , lC � AB�u: Z.

ky² AX,BY,CZ �u�:.
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Ï� B,D,O,C,E ��, ¤±

∠BDC = ∠BOC = 2A,∠BEC = 180◦ − ∠BOC = 180◦ − 2A.

u´ ∠ACD = ∠ABE = A, ?
 ∠BCD = C − A,∠EBC = A−B. ù�,

BX

CX
=

S4BDE
S4CDE

=
BD ·BE

CE · CD
=

sin(C − A)

sin(A−B)
· sinC
sinB

.

Ón,

CY

AY
=

sin(A−B)

sin(C −B)
· sinA
sinC

,
AZ

BZ
=

sin(C −B)

sin(C − A)
· sinB
sinA

.

¤±
BX

CX
· CY

AY
· AZ
BZ

= 1,

�dl�½n� AX,BY,CZ �u�:, ��:� T .

e¡y² T =�4PQR�	���� O��:.

Äk, �y T 3� Oþ, dÜ0t½n, �Iy² T 3 AB,BC,CAþ�ÝK

HC , HA, HB ��. 2dÜ�½n, �Iy²

sin∠HBTHC

THA

=
sin∠HCTHA

THB

+
sin∠HATHB

THC

.

Ï�

THC

THB

=
d(X,AB)

d(X,AC)
=

sin∠XAB

sin∠XAC
=

BX

CX
· AC
AB

=
sin(C − A)

sin(A−B)
,

Ón��

THA sin(C −B) = THB sin(C − A) = THC sin(A−B),

¤±�Iy²

sinA sin(C −B) = sinB sin(C − A) + sinC sin(A−B),
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ùdÈzÚ�=y.

Ùg, Ï� B,D,C,E ��� T ´ AX �� O ��:, ¤± T ´d��

AB,BC,CA, lA �¤o>/���:, u´ T 34BDX,4CEX,4ADE �	�

�þ.

��� lB � BC,AB ©O�u: F,G, �� lC � CA,BC ©O�u: H, I,

KÓn�� T 34CFY,4AGY,4BFG,4AHZ,4BIZ,4CHI �	��þ.

d T 34CEX,4CFY �	��þ, � T ´d�� lA, lB, BC,CA�¤o>

/���:, ¤± T 34RXF,4RY E �	��þ.

Ón, T 34PY H,4PZG,4QXI,4QZD�	��þ.

d T 34RXF,4QXI �	��þ, � T ´d�� lA, lB, lC , BC �¤o>/

���:, � T 34PQR�	��þ.

��, �
y²4PQR�	���� O3 T ?��, �Iy²

∠TAC − ∠TPR = ∠RTC.

¯¢þ,

∠TAC − ∠TPR =∠TAC − ∠THA = ∠HTA = ∠HZA

=∠HIB − ∠ZBI = A−B,

∠RTC = ∠Y TC − ∠Y TR = A− ∠AER = A−B.

nþ, ·K�y. �

µ5 (1). ½á$�¥Æû	~ÚuH���ÆNá¥Æ�f�ÓÆy²
,

�:´4ABC î.��_d"B:(=î.�'u4ABC n>é¡����:).

(2). �e¥Æ"Æ©!�ZÐ, �Här¥Æ��Í, �g¥Æ�yx!
>

Õ, �[B�¥¢�Æ�¸bS, ìÀ�¢�¥Æ�[), <�N¥ê�, �®��

Æ�qf�!!f�!§�â, °�p?¥ÆÓhð, þ°½¢�Æ�ÂÖH, u

�¥Æ�?À, À��âÆ�Á[��ÓÆ��Ñ
�K��()�.

1oK ��ê p ≥ 11, S ´ Zp × Zp� 3p− 3�f8. y²: �3 S � p− 1

�f8 T , ¦�
∑
x∈T

x = (0, 0), Ù¥\{3� p¿Âe.

(�®�ÆÆ) �bë øK)

y² (�âøKö�)��n):

ky²��Ún.
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ÚÚÚnnn �3�K�ê x, y, z, ÷v x+ y+ z = p− 1, ��±r Sy©���8

Ü

A1, A2, · · · , Ax, B1, B2, · · · , By, C1, C2, · · · , Cz,

¦�é?¿ 1 ≤ i ≤ x, Ai¥¤k���1��©þ�Ó; é?¿ 1 ≤ j ≤ y, Bj ¥

¤k���1��©þpØ�Ó; é 1 ≤ k ≤ z, |Ck| = 1, �
x∑
i=1

|Ai| = p− 1 + x,

y∑
j=1

|Bj| = p− 1 + y.

y² r Zp × Zp w� p 1 p ��:
, Ù¥1��©þéA�ê, 1�

�©þéA1ê. ·��Iy²�3÷v^�� A1, A2, · · · , Ax, ¦� R :=

S \ (A1 ∪ A2 ∪ · · · ∪ Ax)¥��3z��õk p − 1 − x�. ù´Ï��¹ R¥�

��õ��k y���, rù y���©�� B1, B2, · · · , By ���, 2l R¥�

Ñ, p − 1���, r§�©�� B1, B2, · · · , By, ¿rÓ����©��ØÓ�

Bj(dz�kØ�L y�����±��). ���k z := p− 1− x− y���/

¤ z�ü�8 C1, C2, · · · , Cz.

e¡5�E A1, A2, · · · , Ax.

�Ñ¹ S ¥���õ� p−1
2
�, �{z��õk p−1

2
���, ÄK��oêØ

�u
(
p+1
2

)2
> 3p − 3, ùp^�
 p ≥ 11. e�{,����êØ�u 3, K�Ñ

�����êØ�u 3(p−1)
2

. e�{z��õk 2���, K�Ñ�����êØ

�u (3p− 3)− 2 · p+1
2
≥ 3(p−1)

2
.

��Ñ��¥k w�k��, K w ≤ p−1
2
. rù w���P� U1, U2, · · · , Uw,

Ù¥���êØ�u p+3
2
�k U1, U2, · · · , Uk(k�U� 0). é 1 ≤ i ≤ w, �E8Ü

Vi ⊆ Ui, ÷vé 1 ≤ i ≤ k, |Vi| = |Ui| − p−1
2
; é k + 1 ≤ i ≤ w, |Vi| = 1. d�é

1 ≤ i ≤ w, |Ui \ Vi| ≤ p−1
2
.

e
w∑
i=1

|Vi| ≤ p− 1 + w, K� x = w. du

x∑
i=1

|Ui| ≥
3(p− 1)

2
≥ p− 1 + x,

�3 Ai(1 ≤ i ≤ x), ¦� Vi ⊆ Ai ⊆ Ui,
x∑
i=1

|Ai| = p− 1 + x, � R¥��3z��

õk p−1
2
≤ p− 1− x�, ÷v�¦.

e
w∑
i=1

|Vi| ≥ p+ w, K
k∑
i=1

|Vi| ≥ p+ k, u´

k∑
i=1

|Ui| ≥ p+
p+ 1

2
k,
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¤± p+ p+1
2
k ≤ kp� p+ p+1

2
k ≤ 3p−3. dcö� k > 2,d�ö� k < 4,� k = 3.

d�� x = 3,Ï� |U1|, |U2|, |U3| ≥ p+3
2

> 4, |U1|+ |U2|+ |U3| ≥ p+ p+1
2
· 3 > p+2,

¤±é 1 ≤ i ≤ 3, �3 Ai ⊆ Ui, ¦� |Ai| ≥ 4, |A1|+ |A2|+ |A3| = p+ 2, ùp^�


 p ≥ 11. ù� R¥��3z��õk p− 4�, ÷v�¦.

Úny..

£��K. dÚn¥�y©, � P = A1 +A2 + · · ·+Ax, K P ¥��1��©

þ�Ó, ��w1�©þ. d Cauchy-Davenport½n,

|P | ≥ min{p, |A1|+ |A2|+ · · ·+ |Ax| − (x− 1)} = p,

� P �,����Ü��.

� Q = B1 + B2 + · · · + By, Q
∗, B∗1 , · · · , B∗y ´ Q,B1, · · · , By 31��©þþ

�ÝK, K Q∗ = B∗1 +B∗2 + · · ·+B∗y . d Cauchy-Davenport½n,

|Q∗| ≥ min{p, |B∗1 |+ |B∗2 |+ · · ·+ |B∗y | − (y − 1)} = p,

¤±z�þk Q¥���.

Ïd P +Q = Zp × Zp, l


A1 + · · ·+ Ax +B1 + · · ·+By + C1 + · · ·+ Cz = Zp × Zp.

��lþ¡z�8Ü¥������, |¤8Ü T , ¦�
∑
x∈T

x = (0, 0). q

|T | = x+ y + z = p− 1, ¤± T ÷v�¦.

nþ, ·K�y. �

µ5 (1). øKöé�KkXeµ5.

�K
ué Erdös-Ginzburg-Ziv½n�?Ø: ?¿ 2p − 1��ê¥�3 p�

ê�Ú´ p��ê. �«y²�ª´, XJÙ¥k p�ê� pÓ{, Kù p�ê�

Ú=´ p��ê; XJvk, Kr 2p− 1�ê
¤ p− 1�ü�8Ú 1���8, �

±y²ù
8Ü�\Ú�H� p�¤k{ê.

)û�K�J:´��k\Ñ�^�, =^ Ai �\Ú�� P , Ù1�©þ�

Ó, 1�©þ�±�H¤k{ê; 2Á�²¡, =2\þ Bi, 41�©þ�±�H

¤k{ê. ù��üÚÑ´���¯K, �±^ Cauchy-Davenport½n)û. ,

�Ü©Ò´[�?ØXÛé�÷vù�^��y©.

(2). Erdös-Ginzburg-Ziv ½n�����¡� Kemnitz ß�: ²¡þ?¿

4n− 3��:¥�3 n�:�­%�´�:. u 2003cy².

(3). ìÀ�¢�¥Æ�[)ÓÆ��Ñ
�K��()�.
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