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~`/VI�½0¥¦Ú^S���

¾�¸

3“|Ü¦Ú”¥,��¦Ú^S,´�«~�C/�ª.XJ¦Ú�½��

9��ëê,K·�¡��“üI�½”�¦Ú/ª.

éu “üI�½” �õ�|Ü¦Ú,��¦Ú^S´�~{ü�,����

¦ÚÎÒ� �=�.'X :
n∑
i=1

n∑
j=1

xij =
n∑
j=1

n∑
i=1

xij.

XJ¦Ú�½�9õ�ëê,K·�¡�� “VI�½” �¦Ú/ª.

“VI�½” �¦Ú/ª¥,ëê�½���£ã�: f(i, j)äk5� p,'

X: i+ j ≤ n, i < j ��.

���Ñ�´,“VI�½”3ü�¦Ú¥�¿Â´Ø²(�.'X,\Uw

Ñ“S =
∑

i|k, j|k
1”L��´�o¿gí?

XJ´é i!j ¦Ú,K S L«: k ��êé (i, j)��ê;XJ´éêé k

¦Ú,K S L«: i!j �ú�ê��ê.

Ïd,VI�½Ï~Ñy3õ?¦Ú�S�¥,Ù��/ª�∑
i äk5� p

∑
f(i, j)äk5� q

.

Ï�	��6Äëê� i (é i¦Ú),¦ÚL§¦S��ëê i�é�½,l

S��6Äëê� j (é j ¦Ú).

'X,õ?¦Ú“
∑

Ûê k≤n

∑
i|k, j|k

1”¥,Ï�	�é k ¦Ú,� k �½�,b½

k = 3,KS�L��¿Â´: 3��êé (i, j)��ê.=
∑

i|3, j|3
1 = 4,ù´Ï�

�êé (i, j) = (1, 1), (1, 3), (3, 1), (3, 3).

éu¹kVI�½�¦Ú^S���,¿�{ü/��¦ÚÎÒ� �,I

�Ìeã5K.

?¾FÏ: 2022-02-22.
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===������^̂̂SSS555KKK>>> éuõ?¦Ú
∑

i äk5� p

∑
f(i, j)äk5� q

,ò	��6Äë

ê i£�S��,�7LÓ�É�S�¦Úé i��½,¤±I�ü��½��

8,��é i�#�½.òS��6Äëê j £�	��,�7LÓ��Ä	�

¦Ú¥ j �6Ä,¤±I�ü��½�¿8,��é j �#�½.

{ó�:S�	¦¿;	�S¦�.

e¡±Ý
�“þn�”¦Ú�~`²�.

éuÝ
 (aij)n×n,Ùþn�¦Ú�
n∑
i=1

n∑
j=i

aij,§�S�¦Ú¹kVI�½.

XÛ��Ù¦Ú^S?k
ÓÆédéJO(rº,Ù¢é{ü,�IUì

cã5K?1=�,ÃI/ÏAÛ�*.

�BuO�ü��½���¿,kò�½�¤8Ü�“£ãL«”/ª :
n∑
i=1

n∑
j=i

aij =
∑

1≤i≤n

∑
n≥j≥i

aij.

òS�� j £�	�,d 1 ≤ i ≤ n, i ≤ j ≤ n¦¿,� j ∈
n⋃
i=1

[i, n] = [1, n],

	�¦ÚC¤
∑

1≤j≤n
.

ò	�� i£�S�,d 1 ≤ i ≤ n, i ≤ j ≤ n¦�,� i ∈ [1, n] ∩ [1, i] =

[1, i],S�¦ÚC¤
∑

1≤i≤j
.

u´, ∑
1≤i≤n

∑
n≥j≥i

aij =
∑

1≤j≤n

∑
1≤i≤j

aij,

=
n∑
i=1

n∑
j=i

aij =
n∑
j=1

j∑
i=1

aij.

e¡0���êØ¥�9“VI�½”|Ü¦Ú�~f.

===KKK888>>>�Ã¡¢ê� {xn}÷v x1 = 1,Áy:é?Û�ê n ≥ 2,k∑
i|n

∑
j|n

xixj
[i, j]

≥
∏
�ê p|n

(
1− 1

p

)
,

Ù¥
∑
i|n
L«é n�¤k�Ïf i¦Ú, [i, j]L« i!j ���ú�ê,

∏
�ê p|n

L
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«é n�¤k�Ïf p¦È. (2018 ¥IåfêÆc���)

===ãããµµµ>>> �K�~`{,Ù(Ø=� x1 �'(Ù§��?¿��),ùA�

Ø�gÆ!ù�´E¤�
<)K�}���Ï.

�,§��f�~h<,�¢Sþ´�“�Pm”.'X,(��Ñ�)��

�Òé{á,�¢��ê�,�íÔ¤ [1]:

===yyy²²²>>>5¿�,é n�Ïf i!j,l 1� n��ê¥U� [i, j]�Ø�ê

��ê�
n

[i, j]
,=k

n

[i, j]
=

∑
[i,j]|k, k≤n

1.

dd��∑
i|n, j|n

xixj
n

[i, j]
=
∑
i|n, j|n

xixj
∑

[i,j]|k, k≤n

1 =
∑
i|n, j|n

xixj
∑

i|k, j|k, k≤n

1

=
∑
k≤n

∑
i|(n, k)

∑
j|(n, k)

xixj =
∑
k≤n

 ∑
i|(n, k)

xi

2

≥
∑

k≤n, (k,n)=1

 ∑
i|(n, k)

xi

2

=
∑

k≤n, (k, n)=1

x1
2 = ϕ(n),

Ù¥ ϕ(n)´î. (Euler)¼ê,= 1, 2, · · · , n¥� np��ê��ê.Ù�

ϕ(n) = n
∏
�ê p|n

(
1− 1

p

)
,

ùÒ�¤
y². �

�L[�w,Ù|Ü$��k:h<,�'ÎÒ�¹Â'�Ä�.b�\Ö

�ù�)�,\¬N�?n ?

~ó�,¦ì��,�±ô�.�êÆ�Ö,�¹kùÄ,Ï~�©� 3��

g[2]:1���g´ÖÃ.XJÖØÃ,K`²�3�£�"�,I��õ.

éu�K,XJ\�3�Ö(J,Kék�U´vk
)Xe�
�'��

µ�£ (�9õ�¡��£,SN��´L).

(1) |Ü¦Ú(È)�ü«L��ª.

(i) ÊÏ�ª:eI6Ä,X
n∑
i=1

xi,
∑
i∈I

xi,
∑

1≤i<j≤n
aij � ;

(ii) {Ñ�ª:�L�6Ä,���L«�
∑
x∈A

f(x).AO/, f(x) = 1�,¦

ÚC¤
∑
x∈A

1 = |A|.

3 êÆ#(�



K¥�¦È“
∏

�ê p|n

(
1− 1

p

)
”æ^�Ò´“{Ñ�ª”,§¢SþÒ´

r∏
i=1

(
1− 1

pi

)
,

Ù¥ n = pα1
1 pα2

2 · · · pαr
r .

(2)“VI�½”��¦Ú^S�5K(Xc¡¤ã) ;

(3) �'�êØ�£ :

î.¼ê½Â: ϕ(n) =
∑

k≤n, (k, n)=1

1 ;

î.¼êO�úª:

ϕ(n) = n
r∏
i=1

(
1− 1

pi

)
(eI i6Ä, Ù¥ n = pα1

1 pα2
2 · · · pαr

r )

= n
∏
�ê p|n

(
1− 1

p

)(
�L� p 6Ä

)
;

ú�ê�5�:“a!b���ú�ê”�Ø“a!b�ú�ê” (|^�ÏêI

O©)ª=�wÑ),ddBk

a | k, b | k ⇔ k´a!b�ú�ê⇔ [a, b] | k.

ú�ê�5�:“a!b�ú�ê”�Ø“a!b���ú�ê”(|^�ÏêIO

©)ª=�wÑ),ddBk

k | a, k | b⇔ k´ a!b�ú�ê ⇔ k | (a, b).

(4) Oêúª

x ≥ 1!a ∈ N∗�,
[x
a

]
´ [1, x]¥� a�Ø�ê��ê:[x

a

]
=

∑
1≤k≤x, a|k

1.

§��[L«�
∑

1≤k≤x, k∈N
f(k),Ù¥ f(k) =

 1 (a | k),

0 (a - k).
AO/, x ≥ 1�, [x]´ [1, x]¥�:(�ê)��ê: [x] =

∑
1≤k≤x, k∈N

1.

(5) õ�ª¦{5K

∑
i∈A

∑
j∈A

xixi =
∑
i∈A

xi
∑
j∈A

xj =

(∑
i∈A

xi

)2

.

'X:
n∑
i=1

n∑
j=1

xixj =

(
n∑
i=1

xi

)2

.

XJÙGþã�
�£,ÖÃ)�Ò´�´Þ�
.�,,�©ü�k�

?)Ø:¦K��“²�”ÎÒ(�©[1]).

�Ö�1��g´,á�Ù)�Ä¾´N��Ñ5�.e¡,·�X¿Û
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þã)��uyL§.

===KKKaaa>>>l^�w,§Lu{ü,kÑ�.

l8Iw,ÛÜ(�´·��~ÙG�.'X,Ø�ªm>Ò´·��P*

l : ∏
�ê p|n

(
1− 1

p

)
= ϕ(n)/n.

dd��k“�©1”,òØ�ªz{.

===(((���ééé���>>>Ø�ª�du
∑
i|n

∑
j|n

n

[i, j]
xixj ≥ ϕ(n).

2wØ�ª��>,d��Ñy
ÙG(�:
n

[i, j]
�¿Â� [1, n]¥� [i, j]

�Ø�ê��ê(Ù¥5¿ i | n, j | n⇔ [i, j] | n⇔ n

[i, j]
��ê).

n

[i, j]
=

∑
1≤k≤n, [i,j]|k

1 (1� n¥� [i, j]�Ø�ê k��ê).

===ëëëêêê===���>>>Ø�ª�C¤
∑
i|n

∑
j|n

( ∑
1≤k≤n, [i,j]|k

1

)
xixj ≥ ϕ(n).

�d,g,����¦Ú^S,òS	�¦Úé i!j ��½KÜ3�å,©

lëê±B|^õ�ª¦{{K.

d	,�¦Ù�½�	�¦Ú��½��,I�òé i!j �½�“'�/

ª”[i, j] | k,=��“Õá/ª”: i | k!j | k (dú�ê�5�,ùü�é i!j �

�½´�d�).2òÙ�	�¦Ú¥“i | n, j | n”¦�,C¤ i | (n, k), j | (n, k).

u´, ∑
i|n

∑
j|n

 ∑
1≤k≤n, [i,j]|k

1

xixj =
∑
i|n

∑
j|n

∑
1≤k≤n, i|k, j|k

xixj

=
∑

1≤k≤n

∑
i|(n, k)

∑
j|(n, k)

xixj.

===������ggg���>>>��¦Ú^S,Ø�ªC¤
∑

1≤k≤n

∑
i|(n, k)

∑
j|(n, k)

xixj ≥ ϕ(n).

�d,®¤õ©lëê,���|^õ�ª¦{{K.

===(((���ééé���>>>Ø�ªC¤
∑

1≤k≤n

∑
i|(n, k)

xi
∑

j|(n, k)
xj ≥ ϕ(n),=

∑
1≤k≤n

 ∑
i|(n, k)

xi

2

≥ ϕ(n).

�d,Ø�ª®´�{/ª.y3�{�\®�^�: x1 = 1,ù�Iò x1l

¦Ú¥©lÑ5=�.�d?k���²:ØU3S�¦Ú¥©,�3	�
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¦Ú¥©.ù´Ï� xi (i > 1)�¢ê,�7��,Ã{?1“��� ”.

'X,eãín´�Ø�:
∑

1≤k≤n

( ∑
i|(n, k)

xi

)2

≥
∑

1≤k≤n
(x1)

2.

XJ¤O8I,Ò�;�O\þã�².

dî.¼ê½Â: ϕ(n) =
∑

k≤n, (k, n)=1

1,Ø�ªC�

∑
1≤k≤n

 ∑
i|(n, k)

xi

2

≥
∑

k≤n, (k, n)=1

1.

�	�>�m>��É,�Iò�>�	�¦Ú¥©lÑ÷v (k, n) = 1

� kéA��=�,Ù{���ï.

===���������   >>>∑
1≤k≤n

 ∑
i|(n, k)

xi

2

=
∑

1≤k≤n, (k, n)=1

 ∑
i|(n, k)

xi

2

+
∑

1≤k≤n, (k, n)6=1

 ∑
i|(n, k)

xi

2

≥
∑

1≤k≤n, (k, n)=1

∑
i|(n,k)

xi

2

=
∑

1≤k≤n, (k, n)=1

(x1)
2

=
∑

k≤n, (k, n)=1

1 = ϕ(n).

y..

===###���>>>

n
∑
i|n

∑
j|n

xixj
[i, j]

=
∑
i|n

∑
j|n

n

[i, j]
xixj =

∑
i|n

∑
j|n

 ∑
1≤k≤n, [i,j]|k

1

xixj

=
∑
i|n

∑
j|n

∑
1≤k≤n, i|k, j|k

xixj =
∑

1≤k≤n

∑
i|(n, k)

∑
j|(n, k)

xixj

=
∑

1≤k≤n

∑
i|(n, k)

∑
j|(n, k)

xixj =
∑

1≤k≤n

 ∑
i|(n, k)

xi

2

≥
∑

1≤k≤n, (k, n)=1

 ∑
i|(n, k)

xi

2

=
∑

1≤k≤n, (k, n)=1

(x1)
2

=
∑

k≤n, (k, n)=1

1 = ϕ(n) = n
∏
�ê p|n

(
1− 1

p

)
,

y.. �

�Ö�1n�g´M#.'X:þã)�UÄ{z?kvkg��Ó!�L

y�ªØ���#)�?UØU^ù��{)ûÙ§¯K?'X, 2021c¥Iå
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