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I. ÁÁÁ KKK

1. ¦���¢ê c,¦�é²¡þ?¿ü�ü �þ
→
v1,

→
v2,þ�3ü �

þ
→
v ,÷v

| →v · →v1 | · |
→
v · →v2 | ≥ c.

2. 3Ø�>n�/ ABC ¥,ÙS%� I,	%� O.� A, B, C ¤é�>

��Ý©OP� a, b, c,� c < a < b.: B1, C1©O´�� AC, AB þ�:�

÷v AB1 = AC1 = b + c − a.�� BB1 � CC1 �u P,�� AP � BC �u

Q. D´: A'u OI �¶é¡:.y²: QD´ ∠BDC �	�²©�.

3. - δ ∈ (0, 1), xj ∈ R, j ∈ {1, 2, · · · ,m},÷v 0 < xj ≤ 1+δ,�
mQ
j=1

xj = 1.

y²:
mY
j=1

|xj − 1| < (δe)m.

4. ®�ã G�3 k(k ≥ 2)�ØÓ� r ���fã G1, G2, · · · , Gk, Ai =

V (Gi), i = 1, 2, · · · , k,÷v

|A1 ∪ A2 ∪ · · · ∪ Ak|+ |A1 ∩ A2 ∩ · · · ∩ Ak| ≤ 2r − 1.

y²: Gk r + 1���fã.

5. ò�êl���ü�� p1 < p2 < · · · .P an =
nQ

i=1
pi, An � an �¤k

Ïf�¤�8Ü.y²: e��ê m ≤ an,K�3ØÓ� b1, b2, · · · , bk ∈ An,
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k ≤ 2n¦�

m = b1 + b2 + · · ·+ bk.

6. ®�4ABC S�u �O, AD´ �O��», E ´ BC þ�:, D'u

E �é¡:� K.L C, D, E ��2g� OC u F, DF � AC u P, PK ©O

� AB, BC u Q, T,L A, P, Q��2g� �Ou S.

y²: S, K, E, T o:��.

///. )))������µµµ555

K 1 ¦���¢ê c,¦�é²¡þ?¿ü�ü �þ
→
v1,

→
v2,þ�3ü 

�þ
→
v ,÷v

| →v · →v1 | · |
→
v · →v2 | ≥ c.

(þ°�Æ�X�øK)

) 1 c����� 1
2
.

d^=ØC5,Ø�b�
→
v1= (1, 0),�

→
v2= (cos θ, sin θ),P?¿ü �þ

→
v= (cosϕ, sinϕ).k

| →v · →v1 | · |
→
v · →v2 | = | cosϕ|| cos(θ − ϕ)| =

1

2
| cos θ + cos(θ − 2ϕ)|.

é�½� θ,o�±·�À� ϕ0,¦ cos(θ − 2ϕ0)�u 1½ −1 (ÎÒ� cos θ�

Ó),d�
1

2
| cos θ + cos(θ − 2ϕ0)| ≥

1

2
.

= c ≥ 1
2
.

,��¡,� cos θ = 0 (=
→
v1⊥

→
v2)�,é?¿ü �þ

→
v ,k

| →v · →v1 | · |
→
v · →v2 | =

1

2
| cos(θ − 2ϕ)| ≤ 1

2
.

nþ��, c����� 1
2
. �

) 2 (���eee¥¥¥ÆÆÆ¾¾¾���RRR)

P 〈→a,
→
b 〉�

→
a Ú

→
b ¤Y���.

�
→
v1⊥

→
v2,e 〈

→
v ,
→
v1〉 = α,K | →v · →v1 | = | cosα|, |

→
v · →v2 | = | sinα|.�

| →v · →v1 | · |
→
v · →v2 | = | cosα · sinα| =

����sin 2α2

���� ≤ 1

2
.

é?¿
→
v1,

→
v2,©Xeü«�¹?Ø:
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e 〈→v1,
→
v2〉 < 90◦,K�

→
v 3

→
v1,

→
v2 ¤Y�²©�þ,k 〈→v , →v1〉 = 〈

→
v ,
→
v2〉 <

45◦.¤±

| →v · →v1 | = |
→
v · →v2 | >

√
2

2
.

e 〈→v1,
→
v2〉 ≥ 90◦, K�

→
v 3

→
v1, −

→
v2 ¤Y�²©�þ, k 〈→v , →v1〉 ≤ 45◦,

〈→v , →v2〉 ≥ 135◦.¤±

| →v · →v1 | = |
→
v · →v2 | ≥

√
2

2
.

nþ, c��� 1
2
. �

µ5 �K´{ü��êK,�Á¥� 86%�édK.dK�rz��Xe:

- V ´��ESÈ�m,-
→
z1,

→
z2´ V ¥�ü �þ,K:

sup
n
| →z · →z1 | · |

→
z · →z2 | : |

→
z | = 1

o
≥ 1

2
.

�Ò¤á��=�
→
z1⊥

→
z2 .

K 2 3Ø�>n�/ ABC ¥,ÙS%� I,	%� O.� A, B, C ¤é�

>��Ý©OP� a, b, c,� c < a < b.: B1, C1©O´�� AC, AB þ�:

�÷v AB1 = AC1 = b+ c− a.�� BB1� CC1�u P,�� AP � BC �u

Q. D´: A'u OI �¶é¡:.y²: QD´ ∠BDC �	�²©�.

(uÀ���ÆÛ�uøK)
 CA = 10.94厘米

 BC = 10.13厘米

 AB = 6.98厘米

B2

C2

Q

P

C1

B1

D

O
I

A

B
C

y² du A, D 'u OI ¶é¡,K OA = OD, IA = ID.5¿� O ´

4ABC �	%, K A, B, D, C o:��. � I 'u AC, AB �ÝK©O�

B2, C2.dÙ��(Ø,

AB2 = AC2 =
b+ c− a

2
.

@o B2, C2©O´ AB1, AC1�¥:.l
 IA = IB1 = IC1.(Ü IA = ID�
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A, B1, D, C1o:��� I ´�%.

@o

∠BC1D = ∠CB1D, ∠C1BD = ∠B1CD,

K4BC1D v 4CB1D,�
DB

DC
=
BC1

CB1

.

é4ACC19�� B1BP,dMenelaus ½n

CP

PC1

· C1B

BA
· AB1

B1C
= 1.

é4BCC19�� AQP,dMenelaus ½n

C1A

AB
· BQ
QC
· CP
PC1

= 1.

òþüª�Ø,¿5¿� AB1 = AC1,��
QB
QC

= BC1

CB1
.¤± QB

QC
= DB

DC
.d	�²

©�½n� QD´ ∠BDC �	�²©�. �

µ5 �K´¥�JÝ�AÛK,�Á¥� 55%�édK.d	�²©�½

n��Iy BD
CD

= BQ
CQ
.¦^üg Menelaus ½n(½�g Cave ½n)�� BQ

CQ
=

BC1

CB1
.2dA, B, D, Co:��,A, B1, D, C1o:���4BC1D v 4CB1D,

l
 BD
CD

= BC1

CB1
,ù�Òy²
(Ø.

K 3 - δ ∈ (0, 1), xj ∈ R, j ∈ {1, 2, · · · ,m}, ÷v 0 < xj ≤ 1 + δ, �
mQ
j=1

xj = 1.y²:

mY
j=1

|xj − 1| < (δe)m.

(ìÜ�ÆNá¥Æ�[UøK)

y² 1 (ääärrr¥¥¥ÆÆÆ±±±ëëë^̂̂) kyXeÚn.

ÚÚÚnnn � n´�ê, a1, a2, · · · , an, b1, b2, · · · , bn´�Kê,� ai ≥ bi, i =

1, · · · , n,K
nY

i=1

(ai − bi) ≤

�
n

Ì
nY

i=1

ai − n

Ì
nY

i=1

bi

�n

.

y² d2Â��ÜØ�ª(q¡¦È/ª�Minkowski Ø�ª),

nY
i=1

ai ≥

�
n

Ì
nY

i=1

(ai − bi) + n

Ì
nY

i=1

bi

�n

,

C/=��y(Ø.
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£��K.

Ø�� x1, x2, · · · , xm Ø�� 1 (ÄK�>� 0). � x1, x2, · · · , xn ≥ 1,

xn+1, · · · , xm < 1(m− n = k).dÚn,k

�> =
nY

i=1

(xi − 1)
kY

j=1

(1− xn+j) ≤
 

nY
i=1

x
1
n
i − 1

!n
�
1−

kY
j=1

x
1
k
n+j

�k

,

�
nY

i=1

x
1
n
i = x ≤ 1 + δ,

K
kY

j=1

x
1
k
n+j =

k

Ê
1

xn
.

d�

�> ≤ (x− 1)n
�
1− 1

x
n
k

�k

≤ δn
�
1− (1 + δ)−

n
k

�k
.

d Bernoulli Ø�ª� (1 + δ)−
n
k > 1− n

k
δ,¤±

δn
�
1− (1 + δ)−

n
k

�k
< δn

�n
k
· δ
�k

= δm
�n
k

�k
.

��Iy
�
n
k

� k
m ≤ e,
 e

m
k ≥ m

k
+ 1 > n

k
,��y. �

y² 2 Ø�� xj 6= 1,ÄK(Øw,¤á.

dé¡5, Ø�� x1 ≤ x2 ≤ · · · ≤ xk < 1 < xk+1 ≤ · · · ≤ xm, Ù¥

1 ≤ k < m.-

T =
mY

j=k+1

xj,

K T > 1,
kQ

j=1
xj =

1
T
,du 0 < xj ≤ 1 + δ,� T ≤ (1 + δ)m−k,= δ ≥ T

1
m−k − 1.

dy² 1¥Ún,k
mY
j=1

|xj − 1| =
kY

j=1

(1− xj)
mY

j=k+1

(xj − 1)

≤ (1− k
√
x1 · · ·xk)k( m−k

√
xk+1 · · ·xm − 1)m−k

= (1− T−
1
k )k(T

1
m−k − 1)m−k.

5¿� δ ≥ T
1

m−k − 1 ,��y�·K,�Iy

(1− T−
1
k )k(T

1
m−k − 1)m−k < em(T

1
m−k − 1)m

⇔ e
m
k T

1
m−k + T−

1
k − e

m
k − 1 > 0.

-

f(x) = e
m
k x

1
m−k + x−

1
k − e

m
k − 1,
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K� x ≥ 1�,d ex > x, ∀x > 0�,

f ′(x) =
1

m− k
e

m
k x

1
m−k

−1 − 1

k
x−

1
k
−1

= x−1
�

1

m− k
e

m
k x

1
m−k − 1

k
x−

1
k

�
≥ x−1

�
1

m− k
· m
k
− 1

k

�
> 0.

� f(T ) > f(1) = 0,��·K¤á. �

y² 3 e�3,� xi = 1,K(Øw,¤á.dé¡5,Ø�b� x1 ≤ x2 ≤

· · · ≤ xs < 1 < xs+1 ≤ · · · ≤ xm, (1 ≤ s < m).e�½ xy,� 0 < x < 1, y > 1,

K

|x− 1||y − 1| = (1− x)(y − 1) = x+ y − xy − 1.

� x+yO��, |x−1||y−1|�O�.Ïd,é (x1, xm), (x1, xm−1) · · · , (x1, xs+1)

^N�,� xs+1 = · · · = xm = 1 + δ,k LHS O�.

d�éN��� x1 ≤ x2 ≤ · · · ≤ xs,òÙ¥���ê���ê x1, xs N

� s
√
x1 · · ·xs Ú x1 · xs/ s

√
x1 · · · xs.aqcãN�� LHS O�.Øäé#���

x1 ≤ x2 ≤ · · · ≤ xs?1ù��N�,�õ s− 1gN��,k

x1 = · · · = xs = a, xs+1 = · · · = xn = 1 + δ(s ≥ 1), � as(1 + δ)m−s = 1.

e¡�Iy²
mY
j=1

|xj − 1| = (1− a)sδm−s < (δe)m ⇔ 1− a < δe
m
s ¬

e δe
m
s ≥ 1,Kw,¬¤á,e� δe

m
s < 1.(Ü as(1 + δ)m−s = 1,k

¬⇔ (1− δe
m
s )s(1 + δ)m−s < 1

⇔ s ln(1− δe
m
s ) + (m− s) ln(1 + δ) < 0. ­

-

f(δ) = s ln(1− δe
m
s ) + (m− s) ln(1 + δ).

¦�k

f ′(δ) = − se
m
s

1− δem
s
+
m− s
1 + δ

=
m− s−mδem

s − sem
s�

1− δem
s

�
(1 + δ)

®

�Ä� se
m
s > s · m

s
= m,k ® < 0.�

f(δ) ≤ f(0) = 0,
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=­¤á.

nþ,·K�y! �

µ5 �K´¥�JÝ��êK,�Á¥� 35%�édK.{ 1´|^2Â

�ÜØ�ª,ò�Ø�ª� �ü�AÛ²þ� 1��¦È�/ª,?
�Iy

²��üCþØ�ª,��|^ Bernoulli Ø�ª��y².{ 2��^¦��

�{y²
Ó�üCþØ�ª.{ 3|^N�{,kNá3 1üý�ê,2N�

u 1�ê.AO5¿3ùÚN��,I��N��N�u 1�ê�AÛ²þê,

e==N�ü��²þ,KdN�Ø¬3k�Ú(å.

K 4 ®�ã G�3 k(k ≥ 2)�ØÓ� r���fã G1, G2, · · · , Gk, Ai =

V (Gi), i = 1, 2, · · · , k,÷v

|A1 ∪ A2 ∪ · · · ∪ Ak|+ |A1 ∩ A2 ∩ · · · ∩ Ak| ≤ 2r − 1.

y²: Gk r + 1���fã.

(uÀ���ÆÇ£´øK)

y² 1 ·�é k + r8By² G1 ∪G2 ∪ · · · ∪Gk k r + 1���fã.

� k = 2�,dN½�n, |A1 ∪ A2| + |A1 ∩ A2| = |A1| + |A2| = 2r,�^�

Ø¤á.

� k = 3, r = 2�,^�Ø�ª=�

|A1 ∪ A2 ∪ A3|+ |A1 ∩ A2 ∩ A3| ≤ 3,

´� G1 ∪G2 ∪G3� 3 ���ã.

b�(Øé�u k + r(k ≥ 3)�¤á,�Ä k + r��/.

e A1 ∩A2 ∩ · · · ∩Ak 6= ∅,� v ∈ A1 ∩A2 ∩ · · · ∩Ak,K v�¤k:��.ò

¤k Ai�K v,^8Bb����3 r���fã,2¿þ v9Ù¤ë�>,=

� r + 1 �fã.

e� A1 ∩ A2 ∩ · · · ∩ Ak = ∅.

e |A1 ∪ · · · ∪Ak−1|+ |A1 ∩ · · · ∩Ak−1| ≤ 2r− 1,KéG1, G2, · · · , Gk−1^

8Bb��,(Ø¤á.

e |A1 ∪ · · · ∪ Ak−1|+ |A1 ∩ · · · ∩ Ak−1| ≥ 2r.

P X = (A1 ∪ · · · ∪ Ak−1)\(A1 ∩ · · · ∩ Ak−1).5¿� Ak ∩X 9Ù>�¤�

ã���ã,�¤k:þ� A1 ∩ · · · ∩Ak−1�ë,q A1 ∩ · · · ∩Ak−19Ù>�¤

��ã,� (Ak ∩X) ∪ (A1 ∩ · · · ∩ Ak−1)9Ù>�¤��ã.

7 êÆ#(�



��Ø�� |(Ak ∩X)∪ (A1 ∩ · · · ∩Ak−1)| ≤ r,ÄK(Ø¤á.d Ak ∩X �

A1 ∩ · · · ∩ Ak−1Ø�,� A1 ∩ A2 ∩ · · · ∩ Ak = ∅,�

r ≥ |(Ak ∩X) ∪ (A1 ∩ · · · ∩ Ak−1)|

= |Ak ∩X|+ |A1 ∩ · · · ∩ Ak−1|

= |Ak|+ |X| − |Ak ∪X|+ |A1 ∩ · · · ∩ Ak−1|

= r + |A1 ∪ · · · ∪ Ak−1| − |A1 ∩ · · · ∩ Ak−1|

− (|A1 ∪ · · · ∪ Ak| − |A1 ∩ · · · ∩ Ak−1|) + |A1 ∩ · · · ∩ Ak−1|

= r + |A1 ∪ · · · ∪ Ak−1|+ |A1 ∩ · · · ∩ Ak−1| − |A1 ∪ · · · ∪ Ak|.

u´,

|A1 ∪ · · · ∪ Ak| ≥ |A1 ∪ · · · ∪ Ak−1|+ |A1 ∩ · · · ∩ Ak−1| ≥ 2r,

ù�^�gñ,�(Ø¤á! �

y² 2 - A1∪A2∪ · · · ∪Ai = Bi, A1∩A2∩ · · · ∩Ai = Ci(i = 1, 2, · · · , k),

K

|B1|+ |C1| = |A1|+ |A1| = 2r.

qd^�� |Bk|+ |Ck| ≤ 2r − 1,��3 i ∈ {1, 2, · · · , k − 1},¦�

|Bi|+ |Ci| − |Bi+1| − |Ci+1| ≥ 1.

e¡�	8Ü (Bi ∩ Ai+1) ∪ Ci.

Äk,·�y² (Bi ∩ Ai+1) ∪ Ci ´����fã,òT8Üy©�ü�Ü

©: Bi ∩ Ai+1� Ci \ (Bi ∩ Ai+1).

é x, y ∈ Bi ∩ Ai+1,k x, y ∈ Ai+1� x, y��.

é x, y ∈ Ci \ (Bi ∩ Ai+1),k x, y ∈ Ci,= x, y ∈ A1,� x, y��.

é x ∈ Bi∩Ai+1, y ∈ Ci\(Bi∩Ai+1).d x ∈ Bi,� x ∈ Aj(j ∈ {1, 2, · · · , i}),

qd y ∈ Ci� y ∈ Aj,� x, y��.

nþ,?¿ x, y ∈ (Bi ∩Ai+1) ∪Ci,k x, y��.= (Bi ∩Ai+1) ∪Ci´��

��fã.

e¡y² (Bi ∩ Ai+1) ∪ Ci��´ r + 1����fã,ù´du

|(Bi ∩ Ai+1) ∪ Ci| = |Bi ∩ Ai+1|+ |Ci| − |Bi ∩ Ai+1 ∩ Ci|

= |Bi|+ |Ai+1| − |Bi ∪ Ai+1|+ |Ci| − |Ci+1|

= |Bi|+ |Ai+1| − |Bi+1|+ |Ci| − |Ci+1|

www.nsmath.cn 8



= |Ai+1|+ (|Bi|+ |Ci| − |Bi+1| − |Ci+1|)

≥ |Ai+1|+ 1

= r + 1.

nþ,�·K�y. �

y² 3 (ääärrr¥¥¥ÆÆÆ±±±ëëë^̂̂) k = 2�,

2r − 1 ≥ |A1 ∪ A2|+ |A1 ∩ A2| = |A1|+ |A2| = 2r,

gñ.

k ≥ 3�,P

Sl =
l[

i=1

(Al+1 ∩ Ai) ∪
 

l\
i=1

Ai

!
(l = 2, 3, · · · , k − 1).

?� Sl ¥ü:,eùü:þáu
l[

i=1

(Al+1 ∩ Ai) ,Kùü:þáu Al+1,�

3 G¥��.eùü:þáu
l\

i=1

Ai,Kùü:3 G¥���.eùü:©Oá

u
l[

i=1

(Al+1 ∩ Ai)Ú
l\

i=1

Ai,K§�Ñáu��ú��8Ü (3 A1, · · · , Al+1)¥,

ùü:3 G¥E,��.� Slp�
����fã,e(ØØ¤á,K |Sl| ≤ r.

e¡y²: �����
k[

i=1

Ai

�����+
�����
k\

i=1

Ai

�����+
k−1X
l=2

|Sl| =
kX

i=1

|Ai| (∗)

�Ä�� x,§Táu8Ü Ai1 , Ai2 , · · · , Aim (i1 < i2 < · · · < im, m ≥ 1) .

em = k,K x3�mª��O� kg.

em < k,é i2©Xeü«�¹?Ø:

(1) i2 ≥ 3,K x ∈ Sl ��=��3 j > 1¦ l = ij − 1,� x3�mü>�

�O�mg.

(2) i2 = 2,������ê p /∈ {i1, i2, · · · , im} ,K x ∈ Sl ��=��3

j > 2¦ l = ij − 1½ l = p− 1,� x3�mü>E�O�mg.

¤± (∗)ª¤á,
d�yb�,

�> ≤ 2r − 1 + (k − 2)r = kr − 1 < kr =m>,

gñ.�b�Ø¤á,y.. �

µ5 �K´�J�|ÜK,�Á¥Ø� 5%�édK.��g,��\:

´�Ä A1, · · · , Ai ��,23 A1, · · · , Ai �¿¥À��
:¦��¤ r + 1�

9 êÆ#(�



��fã.��±k�Äù
:�á3Ù§,� Aj ��/.þ¡n«y{,��

6uù��{.3äN��ê��O¥,y{ 1|^
8Bb�,À� i� k;y

{ 2��À� |Bi|+ |Ci|~��¯�@� i;y{ 3K´3�Nþ�Ä,|^ð�

ª (∗)��gñ.

K 5 ò�êl���ü�� p1 < p2 < · · · .P an =
nQ

i=1
pi, An � an �¤

kÏf�¤�8Ü.y²: e��ê m ≤ an,K�3ØÓ� b1, b2, · · · , bk ∈ An,

k ≤ 2n¦�

m = b1 + b2 + · · ·+ bk.

(úô§²��¥Æ�²�øK)

y² 1 (ÀÀÀ���������NNN¥¥¥GGGZZZHHH) kye¡�Únµ

ÚÚÚnnn ?��¹²�Ïf���ê�L«�ü�ØÓ�Ã²�Ïf��

�ê�Ú.

y² �y{,b���ê nØ÷vÚn,K

{1, n− 1}, {2, n− 2}, · · · ,
��n− 1

2

�
, n−

�n− 1

2

��
zéþ��k��¹²�Ïf�ê. (Ü n ¹²�Ïf�, 1 � n ¥��k�
n−1
2

�
+ 1 ≥ n

2
�¹²�Ïf�ê.


 1� n¥¹²�Ïf�ê��ê�õkX
p´�ê

� n
p2

�
≤

X
p´�ê

n

p2

< n
�
1

22
+

1

32
+

1

52
+

1

72
+

1

112
+

1

132
+

1

172
+

1

192
+

1

232
+ · · ·

�
< n

�
1

22
+

1

2× 4
+

1

4× 6
+

1

6× 8
+

1

8× 10
+ · · ·

�
<
n

2
,

gñ! �Ún�y.

£��K.

é n8By²�·K.

� n = 1�, a1 = 2,w,¤á.

b�(Øé n− 1(n ≥ 2)¤á,�Ä n��/.

é?¿Ø�u an�êm,�m = kpn + r,Ù¥ k, r ∈ N∗� r < pn.K

k ≤ an
pn

= an−1,
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�d8Bb�� k�L«� an−1Øõu 2n−2�ØÓÏf�Ú.q an = pnan−1,

� pnk�±L«� anØõu 2n− 2�ØÓÏf�Ú,�ù
ÏfþØ�u pn.

e r = 0,K(Ø¤á.e� r > 0.

e rÃ²�Ïf,Kd r < pn�, r� an�Ïf��®À�ÏfØÓ,�(

Ø¤á.

e r¹²�Ïf,dÚn��, r�±L«� 2�ØÓ�Ã²�Ïfê�Ú,

�ù
ê�u pn.�ùü�ê� an�Ïf��®À�ÏfØÓ,�(Ø¤á! �

µ5 �K´�J�êØK,�Á¥Ø� 5%�édK.^8B{y²T¯

K´g,�,38BLÝ¥|^�{Ø{��y¤À��Ïf�Ø�Ó,ù��

I�Ä{ê r¹²�Ïf��/,ùB´Ún.

K 6 ®� 4ABC S�u �O, AD´ �O��», E ´ BC þ�:, D'

u E �é¡:�K.L C, D, E ��2g� OC u F, DF � AC u P, PK ©

O� AB, BC u Q, T,L A, P, Q��2g� �Ou S.

y²: S, K, E, T o:��.

(�H���ÆNá¥Æ��øK)

PK = 4.74厘米

QK = 1.57厘米

IK = 11.02厘米

HK = 3.65厘米

PI = 7.41厘米

QH = 2.46厘米

PD = 7.41厘米

QD = 2.46厘米

PK = 4.74厘米

QK = 1.57厘米

IK = 11.02厘米

HK = 3.65厘米

PI = 7.41厘米

QH = 2.46厘米

PD = 7.41厘米

QD = 2.46厘米

K K

L

O2

O1

N

M

S

T

Q

P

F

D

S

T

Q

P

F

D

O

A A

O

B C
E

B C
E

y² 1 �M, N ©O´DQ, DP ¥:, O1, O2©O´4CED, 4BED�

	%, OB2g� �(BDE)u L.

Ï� OM �AB,¤± OM ⊥ BD,l
 O23 OM þ,Ón O13 ON þ.Ï

�

∠OO1D =
1

2
(360◦ − ∠DO1C) = 180◦ − ∠DFC = ∠OFD,

¤± O, F, O1, Do:��;Ón O, L, O2, Do:��.Ï�

∠OO2D = 180◦ − ∠BED = ∠DEC = ∠DFC,

11 êÆ#(�



¤± O, F, O2, Do:��,l
 O, L, O1, D, O2, F 8:��.u´

∠DLE = ∠DBE = ∠DAC = ∠DOO1 = ∠DLO1,

l
 L, E, O1n:��.Ón F, E, O2n:��.

3�S�8>/ LDFO2OO1¥dødk½n�µ LD, OO2��:3NE

þ,u´ L, M, Dn:��,l
 L3DQþ.Ï� B, L, E, Do:��,¤±

∠LDE = ∠LBE = 90◦ − ∠BAC,

Ón ∠FDE = 90◦ − ∠BAC.




∠CBM = ∠QBM −∠ABC = ∠BQM −∠ABC = ∠BAD+∠QDA−∠ABC,

∠BCN = ∠ACB−∠PCN = ∠ACB−∠DPC = ∠ACB− (∠CAD+∠ADP ),

¤±

∠CBM−∠BCN = (∠BAD+∠QDA+∠CAD+∠ADP )−(∠ABC+∠ACB) = 0,

u´ ∠CBM = ∠BCN,¤± BM � CN.¤±

KP

KQ
=
EN

EM
=
EC

EB
.

Ï� ∠SQA = ∠SPA,¤± ∠SQB = ∠SPC.
 ∠SBQ = ∠SCP,¤±4SBQ

�4SCP ^=�q,l
4SQP �4SBC �^=�q.d KP
KQ

= EC
EB
� K, E

´�é�qéA:,¤± AK, AE �Y�� PQ, BC �Y���,=

∠KSE = ∠PTC = ∠KTE.

¤± S, K, E, T o:��. �

PK = 4.74厘米

QK = 1.57厘米

IK = 11.02厘米

HK = 3.65厘米

PI = 7.41厘米

QH = 2.46厘米

PD = 7.41厘米

QD = 2.46厘米

NM

KJ
H

G

L
I

R

S

T

Q

P

F

D

O

A

B
CE
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y² 2 (���eee¥¥¥ÆÆÆ¾¾¾���RRR) � D'u AB, AC é¡:©O� H, I, HI �

AB, AC u J, L.� 4BDE 	��� BOu G, DG� AB u Q′, PQ′ � HI

uK ′.du

∠OGD = 180◦ − ∠BGD = 180◦ − ∠BED = ∠DEC = 180◦ − ∠OFD,

� O, F, D, G��.Ï�

Q′K ′

K ′P
=
Q′J

PL
· sin∠Q

′JK ′

sin∠PLK ′
,

L D�MN �BC � AB, AC uM, N,d ∠ABD = ∠ACD = 90◦,k

∠JDB = ∠MDB = 90◦ − ∠ABC = ∠OAC.

�

∠ADJ = ∠OCB = ∠ADL = ∠OBC,




∠LDJ = 2∠OBC = 180◦ − ∠BOC = ∠PDQ′,

Ïd

∠Q′DJ = ∠PDL,

Q′J

PL
=
Q′D

PD
· sin∠PLD
sin∠Q′JD

=
Q′D

PD
· sin∠LDA
sin∠JDA

· AJ
AL

=
Q′D

PD
· sin∠PLK

′

sin∠Q′JK ′
.

�
Q′K ′

K ′P
=
Q′D

DP
,

=DK ′²© ∠Q′DP.dDE²© ∠Q′DP kDEK ′��.dDE = EK = EK ′

kK = K ′, Q = Q′.Ïd

∠QHJ = ∠QDJ = ∠PDL = ∠PIL,

� QH � PI.��

QK

PK
=
QD

PD
=
QH

PI
=
HK

IK
=
BE

CE
.

Ï� A, B, C, S Ú A, P, Q, S ��,k

∠SPT = ∠SAB = ∠SCT,

� S, P, C, T ��.

Ï�

∠SQP = ∠SAP = ∠SBC, ∠SPQ = 180◦ − ∠SAQ = ∠SCB,

13 êÆ#(�



k4SPQ v 4SCB.d QK
KP

= BE
EC
,k4SKE v 4SPC.�

∠KSE = ∠PSC = ∠PTC,

=K, S, T, E ��. �

S

Q(Q')

T

P

F

K

D

O

A

B CE

y² 3 (ääärrr¥¥¥ÆÆÆ±±±ëëë^̂̂) �

∠PDE = α = ∠FCE = 90◦ − ∠BAC.

3 ABþ�: Q′¦�� DP, DQ′'u�� DK é¡,dÜ�½n:

sin∠CDB
DE

=
sin∠CDE

BD
+

sin∠BDE
CD

¬

Ï� sin∠CDB = sin∠CAB = cosα,d

∠CDB − α = (180◦ − ∠BAC)− (90◦ − ∠BAC) = 90◦

�

∠CDE + ∠BDQ′ = ∠BDE + ∠CDP = 90◦,

�\¬�

cosα

DE
=

cos∠BDQ′

BD
+

cos∠CDP
CD

=
1

PD
+

1

Q′D
(^� DC ⊥ AC, DB ⊥ AB),

¤±

sin 2α

DK
=

sinα

PD
+

sinα

Q′D
,

� P, K, Q′��,l
 Q� Q′­Ü.¤±

PK

KQ
=
PD

DQ
=
CD

BD
· cos∠BDQ
cos∠CDP

=
CD

BD
· sin∠CDE
sin∠BDE

=
CE

EB
. ­

Ï�

∠SPQ = ∠SAQ = ∠SCB, ∠SQP = 180◦ − ∠SAP = ∠SBC.

¤±(Ü­� 4SPQ v 4SCB, 4SPK v 4SCE ¤± ∠SKQ = ∠SEB,�

S, K, E, T o:��.y.. �

www.nsmath.cn 14



µ5 �K´�J�AÛK,�Á¥Ø� 5%�édK.{ 1Ì�ÏLé�

�,��9²1'X�� KP
KQ

= EC
EB
.2(Ü4SPQ v 4SCB =�y²(Ø.{

2�{ 1g´���Ó,ØL¦^
©�½n¦$�{z
�
.{ 3'�|©

�¦^Ü�½ny²
 DK ²© ∠PDQ,l
y²
(Ø.
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