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1�K 3b�4ABC ¥, O´	%, M ´p AD�¥:, ∠AS����

�Ia� BC �u: E, � AB!AC �ò��©O�u: P!Q. � OIa�ME

�u: T , TP!TQ©O� �Ia �u,�: X!Y . y²: �� AT ´4ABX

�4ACY �	����¶.

(�â�¥Æ) �Á: øK)

y² (�ânÞ¥ÆÛ�©ÓÆ�)��n):
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��O��Ia�u U, V ü:, #½Â T ´�Ia3 U, V ?����:, K

T 3 OIaþ. e¡y² T 3ME þ.

��� PQ,BC�u: S,K´�AE´ S'u�Ia�4�,¤±AE⊥SIa.

q AD⊥SE,DE⊥EIa, ¤±4ADE v 4SEIa.

��� UV,BC �u: R, K

RE2 = RU ·RV = RB ·RC.

(Ü S,E;B,C ´NÚ:�, � R´ SE �¥:.

Ï�M ´ AD�¥:, ¤±M,R´þã�q�éA:, u´ME⊥RIa.

1 êÆ#(�

http://www.nsmath.cn/jdzs


q´� TE ´ R'u �Ia�4�, � T 3ME þ.
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d� UY V Q´NÚo>/, ò� UV � AQu:W , KWY ´ �Ia ��

�.

Ï�WY 2 = WU ·WV = WA ·WC, ¤±4ACY �	���WY ��,

?4ACY �	��� �Ia��. Ón, 4ABX �	��� �Ia��.

� �Ia3 X, Y ?����u: Z, K Z 34ABX �4ACY �	���

�¶þ, l AZ ´ùü����¶.

éòz��S�8>/ PPXQQY ^ødk½n�, A, T 9 PY � QX �

�:��. éòz��S�8>/ PXXQY Y ^ødk½n�, T, Z 9 PY �

QX ��:��. � A, T, Z ��.

nþ, ·K�y. �

µ5 (1). Ø�ÓÆ3y²¥^�
Ù��(Ø E, I,M ��. k
ÓÆu

y
 T ´4PEQ�4IbIIc� q¥%, Ù¥ Ib, Ic´4ABC�,	ü��%.

(2). É²Æ�¥Æ�(!DÛg!öh!�^, ÉÇ½Égn¥�&, �

[B�¥�Ru, þ°¥Æ4��, H�½1�¥ÆoWH!u^�, úô§²

¥Æ7v£, uH��N¥�f�, �H��N¥M�Ê, nÞ¥Æ�f�, �

e¥Æ�ZÐ�ÓÆ��Ñ
�K��()�.

1�K y²: �3Ã¡õ���ê n, ¦� nØ´�,� σ(σ(n))� τ(n)p

�, Ù¥ σ� τ ©OL«ÏêÚ�Ïê�ê.

5: 3�K¥, ��/X ab�ê, Ù¥ a, b´�u 1��ê.

(�H��N¥Æ) 4�À øK)
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y² 1 (�âúô§²¥Æ7v£ÓÆ�)��n):

� p�?¿�u 100��ê, ·�y² n = 2p−13p−1÷v�¦.

P

m =
(2p − 1)(3p − 1)

2
,

K σ(σ(n)) = σ(m), τ(n) = p2.

� q´m�?¿���Ïf. d p´Û�ê� q´Û�ê, (Ü��5�,

d q | 2p − 1½ q | 3p − 1þU�� q ≡ 1 (mod p), AOk q > p.

Ï�m�¤k�Ïfþ� p{ 1, ¤±

σ(m) ≡ τ(m) (mod p).

� qα‖m, e p | τ(qα) = α + 1, K α ≥ p− 1. �ù��

6p > m ≥ qα > pp−1,

� p > 100gñ!

l p - τ(qα), ? p - τ(m), = p - σ(m), � (σ(σ(n)), τ(n)) = 1.

nþ, ·K�y. �

y² 2 (�â�H��N¥�g�ÓÆ�)��n):

�Iy²é?¿��ê N , �3�ê n > N ÷v�¦.

ò�êl���ü�� p1, p2, · · · . �½��ê k, ¦� pk > N , ¿�

½¿©����ê M . � (pk + 1)(pk+1 + 1) · · · (pM + 1) �¤kÛ�Ïf�

q1 < q2 < · · · < qt, K qt ≤ pM+1
2

.

é {k, k + 1, · · · ,M}�?¿��f8 I, P3
∏
i∈I

(pi + 1)�ÛêÜ©��Ï

ê©)¥, �ê�Ûê��ê�eI8� TI , K TI ´ {1, 2, · · · , t}�f8.

d�ê½n, ��M ¿©�,¦�«m (pM+1
2
, pM)¥�ê��ê�L k. (

Ü qt ≤ pM+1
2
�M ≥ k + t, u´ 2M−k+1 − 1 > 2t.

d� {k, k + 1, · · · ,M}���f8��êõu {1, 2, · · · , t}�f8��ê,

¤±dÄT�n, �3 {k, k + 1, · · · ,M}�ØÓ���f8 I, J , ¦� TI = TJ .

-

n =
∏
i∈I4J

pi,

Ù¥ “4”L«é¡�, K nØ´�, n ≥ pk > N , �

σ(n) =
∏
i∈I4J

(pi + 1).
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d TI = TJ � σ(n)�ÛêÜ©���²�ê,u´ σ(σ(n))�Ûê.  τ(n)

� 2��, � (σ(σ(n)), τ(n)) = 1.

nþ, ·K�y. �

µ5 uH��N¥�f�, þ°¥Æ4��, �[B�¥�Ru, ÉÇ½

Égn¥�&, É²Æ�¥ÆDÛg!�(�ÓÆÑ�Ñ
aqy²��)�.

ù«y{ÄuXe²;�·K: �3Ã¡õ���ê n, ¦� σ(n)´��²�

ê.

1nK ���ê k ≤ n. T ´k n�º:�ä, �k k�ä�. y²: �±

^ 1, 2, · · · , nò T �º:?Ò, ¦�?¿�>�ü�º:?Ò���ýé�Ø

�L
⌈
k
2

⌉
.

(þ°�Æ ekt øK)

y² (�âúô§²¥Æ7v£ÓÆ�)��n):

k`²�I3z�º:þIØÓ��ê, ¦�?¿��ü�º:�Iê�

��ýé�Ø�L
⌈
k
2

⌉
.

¯¢þ, ò¤I� n �êl���ü�� a1 < a2 < · · · < an. d

|ai − aj| ≥ |i− j|, �òI� ai�º:?Ò� i=�.

é k8B.

� k = 2�, T ´�^ó, ò 1, 2, · · · , n^gI3ó�z�º:þ=�.

� k = 3 �, Tk��º: x �Ý� 3, � T ´± x �å:�n^ó�

¿. 3 x þI 0, 31�^óþ^gI −1,−3,−5, · · · , 31�^óþ^gI

−2,−4,−6, · · · , 31n^óþ^gI 0, 1, 2, · · · =�.

b� k ≥ 4�·Ké k − 2¤á, 5w k���/.

�3��º: x�ÝØ�u 3.

e deg x ≥ 4, K?�ü�ä� u, v, ¦�l u� v�ó²L x.

e deg x = 3, K�3��ä� u, ¦�l u� x�óþk,��ÝØ�u 3

�º: y (ÄK T �± x�å:�n^ó�¿, �k 3�ä�, gñ!) 2?��

�ØÓu u�ä� v, ¦�l u� v�ó²L x. d�l u� v�óþkü�Ø

Ó�º: x, y, ÝþØ�u 3.

�l u� v�ó�

u = v0 − v1 − · · · − vm = v,
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2�

s = min{1 ≤ i ≤ m− 1 | deg vi ≥ 3},

t = max{1 ≤ i ≤ m− 1 | deg vi ≥ 3}.

dþ¡�?Ø, s, t½ÂûÐ, �½ö s < t½ö s = t, deg s ≥ 4.

�l T ¥�Kº: v0, v1, · · · , vs−1, vt+1, · · · , vm ��� T ′. K T ′ E�ä,

� T ′�¤kä�� T �¤kä��K u, v, � k − 2�.

P dk
2
e = c. d8Bb�, �ò T ′�º:I�ØÓ��ê, ¦�?¿��ü

�º:�Iê���ýé�Ø�L c− 1.

é T ′ ¥�?¿��º: A, � A �Iê� f(A) = q(c − 1) + r, Ù¥

q, r ∈ Z, 1 ≤ r ≤ c− 1, yòÙ#Iê� g(A) = qc+ r.

d� T ′¥¤kº:�#IêØ� c�Ø�pØ�Ó, ¿�?¿��ü�º

:�Iê���ýé�Ø�L c.

Ø�� g(vs) ≤ g(vt), P
[
g(vs)
c

]
= a, dg(vt)

c
e = b, K a < b.

é 0 ≤ i ≤ s− 1, -

g(vi) = ac− (s− 1− i)c;

é t+ 1 ≤ i ≤ m, -

g(vi) = bc+ (i− t− 1)c.

yò T �¤kº:U gIê, K n�º:�IêpØ�Ó, ���ü�º:�

Iê���ýé�Ø�L c.

8By..

nþ, ·K�y. �

µ5 (1). �K´Ø© The bandwidth of a tree with k leaves is at most dk
2
e

¥�(J, Ùfz��Q�� 2021c#(SGêÆc����1�K.

(2). ÉÇ½Égn¥�&, þ°¥Æ4��, �H��N¥M�Ê�ÓÆ

��Ñ
�K��()�.

1oK �½��ê k, n. ¦���¢ê λ, ¦�é?¿÷v
n∑
i=1

xi = kn�

�¢ê x1, x2, · · · , xn, Ñk
n∑
i=1

[xi]
2

xi
≥ λ.

(§²�=IS¢�Æ�Æ) �º÷ øK)
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) (�â<�N¥�bëÓÆ�)��n):

� n ≤ k�, ·�y² λ����� (kn−n+1)2

kn
.

��¡, �

x1 = x2 = · · · = xn−1 =
(k − 1)kn

kn− n+ 1
= k − 1 +

(k − 1)(n− 1)

kn− n+ 1
,

xn =
k2n

kn− n+ 1
= k +

k(n− 1)

kn− n+ 1
.

N´�y
n∑
i=1

xi = kn, �d n ≤ k�

0 ≤ (k − 1)(n− 1)

kn− n+ 1
≤ k(n− 1)

kn− n+ 1
< 1.

¤±
n∑
i=1

[xi]
2

xi
= (n− 1) · (k − 1)2

(k−1)kn
kn−n+1

+
k2

k2n
kn−n+1

=
(kn− n+ 1)2

kn
.

,��¡, d
n∑
i=1

[xi] =
n∑
i=1

xi −
n∑
i=1

{xi} > kn− n

�
n∑
i=1

[xi] ≥ kn− n+ 1.

¤±d�ÜØ�ª,

n∑
i=1

[xi]
2

xi
≥

(
n∑
i=1

[xi]

)2

n∑
i=1

xi

≥ (kn− n+ 1)2

kn
.

� n ≥ k + 1�, ·�y² λ�����

(n− 1)2(k − 1)2

kn− k − 1
+

k2

k + 1
,

Ù¥� k = 1, n = 2�� 1
2
.

��¡, é¿©���¢ê δ, �

x1 = x2 = · · · = xn−1 =
kn− k − 1

n− 1
+ δ = k − 1 +

n− 2

n− 1
+ δ,

xn = k + 1− (n− 1)δ.

N´�y
n∑
i=1

xi = kn, �� δ → 0�,

n∑
i=1

[xi]
2

xi
→ (n− 1)2(k − 1)2

kn− k − 1
+

k2

k + 1
.
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,��¡, ·�y²
n∑
i=1

[xi]
2

xi
≥ (n− 1)2(k − 1)2

kn− k − 1
+

k2

k + 1
.

1�Ú, P S =
n∑
i=1

[xi], þ¡®y S ≥ kn− n+ 1.

e S ≥ kn− n+2, K
n∑
i=1

{xi} ≤ n− 2. Ø�� [x1] = a > 0, ¿P {x1} = ε.

d

ε < 1 ≤ 2a2 − a
(a− 1)2

,

�
a2

a+ ε
>

(a− 1)2

a
,

¤±�3¿©���¢ê η, ¦�

a2

a+ ε
>

(a− 1)2

a− η
.

Ï�
n∑
i=2

{xi} ≤ n− 2− ε, ¤±�·�O� x2, · · · , xn, ¦� [x2], · · · , [xn]Ø

C, �o�O\ ε+ η, �� x′2, · · · , x′n. 2- x′1 = a− η, K
n∑
i=1

x′i = kn,

[x1]
2

x1
=

a2

a+ ε
>

(a− 1)2

a− η
=

[x′1]
2

x′1
,

n∑
i=2

[xi]
2

xi
>

n∑
i=2

[x′i]
2

x′i
,

�
n∑
i=1

[x′i] =
n∑
i=1

[xi]− 1.

Ïd�ØäN�¦� S = kn− n+ 1.

1�Ú, Ø�� [x1] ≥
⌈
kn−n+1

n

⌉
= k. d�ÜØ�ª,

n∑
i=1

[xi]
2

xi
≥ [x1]

2

x1
+

(S − [x1])
2

kn− x1
.

�/ 1: � [x1] = k�,

[x1]
2

x1
+

(S − [x1])
2

kn− x1
=
k2

x1
+

(S − k)2

kn− x1
.

P

f(x) =
k2

x
+

(S − k)2

kn− x
,

)

f ′(x) = −k
2

x2
+

(S − k)2

(kn− x)2
≥ 0,
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�

x ≥ k2n

S
=

k2n

kn− n+ 1
≥ k + 1.

Ï� x1 ≤ k + 1, ¤±

f(x1) ≥ f(k + 1) =
k2

k + 1
+

(n− 1)2(k − 1)2

kn− k + 1
.

�/ 2: � [x1] ≥ k + 1�, P a = [x1], K

[x1]
2

x1
+

(S − [x1])
2

kn− x1
=
a2

x1
+

(S − a)2

kn− x1

=

(
1

x1
+

1

kn− x1

)
a2 − 2S

kn− x1
a+

S2

kn− x1
.

ù´'u a��g¼ê, m��þ, é¡¶
S

kn−x1
1
x1

+ 1
kn−x1

=
Sx1
kn

=
(kn− n+ 1)x1

kn
≤ x1 − 1,

Ù¥���Ú^�
 x1 ≥ k + 1, n ≥ k + 1. u´� a = x1 − 1������.

P b = x1 − 1 ≥ k, K

a2

x1
+

(S − a)2

kn− x1
≥ b2

b+ 1
+

(S − b)2

kn− b− 1
.

��y²� b ≥ k�,

b2

b+ 1
+

(S − b)2

kn− b− 1
≥ k2

k + 1
+

(S − k)2

kn− k − 1
. (∗)

¯¢þ,

(∗)⇔ b2

b+ 1
− k2

k + 1
≥ (S − k)2

kn− k − 1
− (S − b)2

kn− b− 1

⇔ b2k − bk2 + b2 − k2

(b+ 1)(k + 1)
≥ (kn− 1)((S − k)2 − (S − b)2) + k(S − b)2 − b(S − k)2

(kn− k − 1)(kn− b− 1)

⇔ (bk + b+ k)(b− k)
(b+ 1)(k + 1)

≥ (kn− 1)(2S − k − b)(b− k) + (bk − S2)(b− k)
(kn− k − 1)(kn− b− 1)

⇔ bk + b+ k

(b+ 1)(k + 1)
≥ (kn− 1)(2S − k − b) + (bk − S2)

(kn− k − 1)(kn− b− 1)

⇔ 1− 1

(b+ 1)(k + 1)
≥ 1− (kn− 1− S)2

(kn− k − 1)(kn− b− 1)

⇔ (b+ 1)(k + 1)(n− 2)2 − (kn− k − 1)(kn− b− 1) ≥ 0.

þª�>´'u b��g¼ê, Xê

(k + 1)(n− 2)2 + (kn− k − 1) ≥ 0,

Ïd�Iy²� b = k�¤á. ù�du

(k + 1)(n− 2)− (kn− k − 1) ≥ 0⇔ n ≥ k + 1,
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¤á.

nþ, ¤¦����
(kn−n+1)2

kn
, n ≤ k

(n−1)2(k−1)2
kn−k−1 + k2

k+1
, n ≥ k + 1

.

�

µ5 �â±ìIS¢�Æ�Öh�, É²Æ�¥Æ�(!±Kó, ÉÇ½

Égn¥�&, �[B�¥�Ru, uH��N¥�f�, nÞ¥ÆÊÕ, 2

Ü��N	� µ, �H��N¥Æ)M�Ê�ÓÆ��Ñ
�K��()�.
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