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y² �M � CG�¥:, EM �� Γu L.d ED�CG� ED, EC, EL,

EG¥NÚ�å.l FLCD�NÚo>/,�D, L, K ��.3�S�8>/

CCBDLE ¥^ødk½n� A, K, M ��, � AK ²© CG. �
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¯K 2 ®��K¢ê x1, x2, · · · , xn÷v
nP

i=1
xi = 1,¦X

1≤i<j≤n
(j − i)xixj

����.

dK�(a5uOr�þ���K.

���... 2 ®� xi ≥ 0÷v
nP

i=1
xi = 1,¦ n = 4, 5�

nX
i=1

ixi (1− xi)

����.

···KKKLLL§§§ ��g,��{´ò n = 4, 5 ÿÐ�?¿�ê, �w,é

n = 4, 5��{3�u 5�¿Ø·^ (�Ø,��oÑùK�<Ø�¦��é

?¿ ny²).u´=?1,�«g´: ò 1− xiO��
P
j 6=i

xj,�ª=z�X
1≤i<j≤n

(i + j)xixj.

?1
àgzÓ��¤
·�dK�êÅ,é��e¡ü�ð�ª
nX

1≤i, j≤n
min {i, j}xixj =

nX
i=1

ix2
i + 2

nX
i=1

ixixj

= x2
n + (xn + xn−1)

2 + · · ·+ (xn + xn−1 + · · ·+ x1)
2; ¬

nX
1≤i, j≤n

max {i, j}xixj =
nX

i=1

ix2
i + 2

nX
i=1

jxixj

= (n + 1) (x1 + x2 + · · ·+ xn)2

−
�
x2
1 + (x1 + x2)

2 + · · ·+ (x1 + x2 + · · ·+ xn)2
�
, 

òüª�\������¤JÒ´ x1 ≥ x2 ≥ · · · ≥ xn�kX
1≤i, j≤n

(i + j)xixj
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����� n + 1,¢SþdX
1≤i, j≤n

(i + j)xixj = 2

 
nX

i=1

xi

! 
nX

i=1

ixi

!

´y.

øl�Kòüª�~uy

2
X

1≤i<j≤n
(j − i)xixj = (n− 1)S2 −

n−1X
i=1

�
S2
i + (S − Si)

2
�
,

Ù¥ Si =
iP

j=1
xj, S =

nP
i=1

xi,�¡�ªfTÐ�d�Ü� �
n−1
2
S2.�k

X
1≤i<j≤n

(j − i)xixj ≤
n− 1

4
,

�Ò3 x1 = xn = 1
2
, x2 = · · · = xn−1 = 0���.

�5uy
,��©)Xy{ 2.

) � x1 = xn = 1
2
, x2 = · · · = xn = 0�X

1≤i<j≤n
(j − i)xixj =

n− 1

4
,

ey X
1≤i<j≤n

(j − i)xixj ≤
n− 1

4
.

{{{ 1 5¿�ª¬, .� Si =
iP

j=1
xj, S =

nP
i=1

xi,üª�~d�ÜØ�ª�

2
X

1≤i<j≤n
(j − i)xixj = (n− 1)S2 −

n−1X
i=1

�
S2
i + (S − Si)

2
�

≤ (n− 1)S2 − (n− 1)
S2

2

=
n− 1

2
.

�y.

{{{ 2 5¿�X
1≤i<j≤n

(j − i)xixj =
n−1X
i=1

Si (S − Si) ≤
n− 1

4
S2 =

n− 1

4
,

=y.

nþ¤ã,
P

1≤i<j≤n
(j − i)xixj �����

n−1
4

. �
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¯K 3 (1)®��¢ê a1, a2, · · · , an÷v
nP

i=1
ai = n3 − 1,¦

nP
i=1

�√
ai
�2
�

���;

(2)�½��ê n, k,�¢ê a1, a2, · · · , an ÷v
nP

i=1
ai = kn,¦

nP
i=1

[ai]
2 �

���.

···KKKLLL§§§ 5¿��º÷ïÄ
nP

i=1

[ai]
2

ai
k
�½�¤J,�-y·�ïÄù

«
nP

i=1
ai�¹k���ªf,·m©ÀJ\Ã&Ä

nP
i=1

�√
ai
�2
.��º÷�ªfØ

Ó,dª3 ai ��êì�ØU���.�kØ� ai �¢ê.�
nP

i=1
ai = k, k < n

�²�,�Ø� k ≥ n.�{ü�g´´� b2i ≤ ai < (bi + 1)2,K
�√

ai
�

= bi�k

bi ≥ max
¦√

ai − 1, 0
©
.�

a1, · · · , at ≥ 1, at+1, · · · , an < 1,

d�ÜØ�ª
nX

i=1

[
√
ai]

2
=

nX
i=1

b2i ≥
tX

i=1

(
√
ai − 1)

2

=
tX

i=1

ai − 2
tX

i=1

√
ai + t

≥ S − 2
√
tS + t =

�√
S −
√
t
�2
,

Ù¥ S =
tP

i=1
ai > k − (n− t) > t,�

nX
i=1

[
√
ai]

2
>
�√

k − n + t−
√
t
�2 ≥ �√k −√n�2,

¼���ÐÚ�O�����
¡�√

k −
√
n
�2¤

.²}Áuy�A½ k�¦�Ò¤

á,=K (1).

ùg&¢�L§Ò'�ò
,Ø+N��Ò¤áÑ´��u,LØ�
·

�Ò�Uõ�A�ªf(ù�´·¤`�JÑ�ØÑ(¸),No`Á
Ê8�

aq�ªf,ÒØ��Kã
,��Uw�(ØÒ´þãK (2).

Ó�2ò�ÒU¤mg�uy(Øaqk
nX

i=1

[ m
√
ai]

m ≥
�

m
√
k − m

√
n
�m

,

d��y²�^�)�v�o¿ÂÒ�3
 2g��¹.

) (1) � a1 = a2 = · · · = an = n2 − 1
n
K

nX
i=1

[
√
ai]

2
= n(n− 1)2.
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ey
nX

i=1

[
√
ai]

2 ≥ n(n− 1)2.

�
�√

ai
�

= bi,K b2i ≤ ai < (bi + 1)2.Ø�� a1, · · · , at ≥ 1, at+1, · · · , an < 1,

�

S =
tX

i=1

ai = n3 − 1−
nX

i=t+1

ai ≥ n3 − 1− n + t > t,

K

nX
i=1

[
√
ai]

2
=

nX
i=1

b2i ≥
tX

i=1

(
√
ai − 1)

2

=
tX

i=1

ai − 2
tX

i=1

√
ai + t

≥ S − 2
√
tS + t =

�√
S −
√
t
�2

>
�√

n3 − 1− n + t−
√
t
�2

=
(n3 − 1− n)

2�√
n3 − 1− n + t +

√
t
�2 ≥ �√n3 − 1−

√
n
�2

q �√
n3 − 1−

√
n
�2

> n(n− 1)2 − 1⇔ 2n2 > 2
√
n4 − n

¤á�
nP

i=1

�√
ai
�2
��ê.�

nP
i=1

�√
ai
�2 ≥ n(n− 1)2�y.

nþ
nP

i=1

�√
ai
�2
����� n(n− 1)2.

(2) � a1 = · · · = an−1 = k − 1
n
, an = k + n−1

n
,K

nX
i=1

[ai]
2 = (n− 1) (k − 1)2 + k2.

qdK¿
nX

i=1

[ai] >
nX

i=1

(ai − 1) = kn− n

�
nP

i=1
[ai]��ê.�d

nP
i=1

[ai] ≥ kn− n + 1��

nX
i=1

[ai]
2 ≥ 1

n

 
nX

i=1

[ai]

!2

≥ (nk − n + 1)2

n
= n(k − 1)2 + 2 (k − 1) +

1

n
.

2d
nP

i=1
[ai]

2��ê�

nX
i=1

[ai]
2 ≥ n(k − 1)2 + 2k − 1 = (n− 1) (k − 1)2 + k2.

nþ¤ã,
nP

i=1
[ai]

2����� (n− 1) (k − 1)2 + k2. �
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