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I. ÁÁÁ KKK

5.1 à n(n ≥ 5)>/ Ω : P1P2 · · ·Pn�¤ké��Ãn��:u ΩSÜ.y

²: �±3z�o>/ PiPjPkPl(1 ≤ i < j < k < l ≤ n)SÜÀÑ��Ø3?Û

Ω�é��þ�:,¦�¤ÀÑ�
�
n
4

�
�:üüØÓ,�?¿ü:¤(½��ã�

���^ Ω�é����.

5.2 �½ 2021 �pØ�Ó���ê a1, a2, · · · , a2021, 8B½Âê� {an}

Xe: éz��ê n ≥ 2022, an ´3 a1, a2, · · · , an−1 ¥�Ñy��Ø´¦È

an−1an−2 · · · an−2021��ê�����ê.y²: �3��êM,¦�¤kØ�u

M ���êÑ3ê� {an}¥Ñy.

5.3 ¦����¢ê C,¦�é?¿�ê n ≥ 2,�3¢ê x1, x2, · · · , xn ∈

[−1, 1] ÷v Y
1≤i<j≤n

(xi − xj) ≥ C
n(n−1)

2 .

?¾FÏ: 2021-07-30.
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6.4 éz���ê N,P N ���ê�ê� τ(N), N �üüØÓ��Ïf

�ê� ω(N), N ��Ïf�ê(O\ê)� Ω(N).y²: é?¿��ê n,k
nX

m=1

5ω(m) ≤
nX
k=1

�n
k

�
τ(k)2 ≤

nX
m=1

5Ω(m).

ùp, bxcL«Ø�L¢ê x����ê.

6.5 ¦¤k¼ê f : R→ R÷v: éu?¿ x, y ∈ R,

f
�
xf(y) + y2021

�
= yf(x) + (f(y))2021.

6.6 y²�3�¢ê λ ÷v: é?¿��ê m, XJ²¡���IX¥

4ABC �n�º:�îp�Iþ��ê,¿� 4ABC SÜ (Ø¹>.)k�=

k��:�îp�Iþ�m��ê�,K4ABC �¡È�u λm3.

7.1 �½�ê n ≥ 2.¦�����ê m,¦��3 n2 �üüØÓ��¢ê

xi,j(1 ≤ i, j ≤ n)÷v±e^�:

(1)é?¿ i, j, xi,j = max{xi,1, xi,2, · · · , xi,j}½xi,j = max{x1,j, x2,j, · · · , xi,j};

(2)é?¿ i,�õ�3m�eI k,¦� xi,k = max{xi,1, xi,2, · · · , xi,k};

(3)é?¿ j,�õ�3m�eI k,¦� xk,j = max{x1,j, x2,j, · · · , xk,j}.

7.2 Xã¤«,b� 4ABC (AB < AC)�S%´ I,	��´ �O. M Ú

N ©O´lúBAC ÚøBC �¥:. D ´øAC þ�:,÷v AD � BC. 4ABC 3

∠BAC S�����> BC ��u: E.: F 3 4ABC S,÷v IF � BC �

∠BAF = ∠CAE.��� NF � �O�,���:´ R,�� AF � DI ��u

:K,�� AR� IF ��u: L.y²: NK ⊥ML.

L

K

R

F

E

D

N

M

I

A

B C

7.3 P S(k)���ê k3�?�L«e�¤kêè�Ú.¦¤k�ê n ≥ 2

Úknê β ∈ (0, 1),¦��3 n�üüØÓ���ê a1, a2, · · · , an,÷v: éu

{1, 2, · · · , n}�?¿ r(r ≥ 2)�f8 I,k S
�X
i∈I

ai

�
= β ·

X
i∈I

S(ai).
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8.4 é¤k¢ê x1, x2, · · · , x60 ∈ [−1, 1],¦
60X
i=1

x2
i (xi+1 − xi−1)

����U�,ùp x0 = x60, x61 = x1.

8.5 ¦����¢ê α,¦�é¡È� 1�?¿àõ>/ P,�3²¡þ�:

M ¦� P ∪Q�à��¡ÈØ�L α.ùp Q� P 'u:M �¥%é¡ã/.

8.6. �½�ê n ≥ 2.k 2n2 ÀÃë\¥I�Ú'm,zü ÀÃTé��

Û,(J�k²Û.®�

(1)é?¿n ÀÃ`!¯!Z,e`�¯,�¯�Z,K`�Z;

(2)¤k'm¥²Û�|êØ�L n3

16
.

y²: �lù 2n2 ÀÃ¥ÀÑ n2 ÀÃ,¿·�P� Pij(1 ≤ i, j ≤ n),¦

�é?¿ i, j, i′, j′ ∈ {1, 2, · · · , n},e i > i′,K Pij � Pi′j′ .

///. )))������µµµ555

5.1 à n(n ≥ 5)>/ Ω : P1P2 · · ·Pn�¤ké��Ãn��:u ΩSÜ.y

²: �±3z�o>/ PiPjPkPl(1 ≤ i < j < k < l ≤ n)SÜÀÑ��Ø3?Û

Ω�é��þ�:,¦�¤ÀÑ�
�
n
4

�
�:üüØÓ,�?¿ü:¤(½��ã�

���^ Ω�é����.

y² �é��ò Ω©¤eZ�«� U1, U2, · · · , Ut,K�I¦ÀÑ�
�
n
4

�
�

:üü3ØÓ«�¥.

5¿�, z�ào>/ PiPjPkPl(1 ≤ i < j < k < l ≤ n) �éA�é�

� PiPk, PjPl ��:, ¡ù���:�“(:”, �¤k(:´ X1, X2, · · · , Xm�
m =

�
n
4

��
.·�F" PiPjPkPl SÀÑ�:¤3«��(: PiPk ∩ PjPl ��(¡

(:K �«� α����=�K ´ α���º:).

y3�Äeãö�: é?¿��f8 Γ ⊆ {X1, X2, · · · , Xm},� Γ�à�´

S, S ´:½�ã½àõ>/,� S ���º: Xj (Xj Ø3 S ,^>.SÜ).

äääóóó �3��� Xj ���«� α, αØ� Γ¥Ù¦(:��. ¬

y² �LXj �é��� l1, l2,�Xj ���«�´ α1, α2, α3, α4,Xeã.

^�y{,b��3(: Y1, Y2, Y3, Y4 ∈ Γ \ {Xj}, Y1, Y2, Y3, Y4©O� α1,

α2, α3, α4��(Y1, Y2, Y3, Y4�U�Ó).w,�ã Y1Y2� l2kú�:(P� Z1),

�ã Y3Y4� l2kú�:(P� Z2),� Z1, Z23 Xj üý.
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l1

l2









X j

Z2

Z1

Y4

Y3

Y1

Y2

���gíÑZ1, Z2, Xj3Y1, Y2, Y3, Y4�à�S,Ù¥“Xj3Y1, Y2, Y3, Y4

�à�S”�“ Xj ´ Γà����º:”gñ!

�¬�y.

y3�Äl X1, X2, · · · , Xm¥,zg�Kà�þ��:.

Ø��é 1 ≤ i ≤ m, Xi ´ Xi, Xi+1, · · · , Xm �à����º:(ÄK

ü),d¬�: é 1 ≤ i ≤ m,��Ñ��� Xi���«� Vi, Vi� Xi+1, · · · , Xm

þØ��.w, V1, V2, · · · , VmüüØÓ.é 1 ≤ i ≤ m,-XiéA�ào>/¥

�Ñ�:3«� Vi¥=�.

�K�y. �

µ5 �K´{ü�|ÜAÛ¯K,kõ«){,�)�|^
é���:

PiPk ∩ PjPl,^ Hall½n��±�Ñ�K.

5.2 �½ 2021 �pØ�Ó���ê a1, a2, · · · , a2021, 8B½Âê� {an}

Xe: éz��ê n ≥ 2022, an ´3 a1, a2, · · · , an−1 ¥�Ñy��Ø´¦È

an−1an−2 · · · an−2021��ê�����ê.y²: �3��êM,¦�¤kØ�u

M ���êÑ3ê� {an}¥Ñy.

y² (I)Äk^�ê�{�O {an}�O��Ý.

Ù��3~ê C > 0,¦�?¿ n ∈ Z+, n���ê�ê τ(n) < C · n0.0001.

5¿�: é n ≥ 2022, an ØU���� a1, a2, · · · , an−1 9 an−1 · · · an−2021

���ê,� n− 1 + τ(an−1 · · · an−2021)�ê,�

an ≤ n+ τ(an−1 · · · an−2021)

≤ n+ C · (an−1 · · · an−2021)0.0001

≤ n+ C ·max{an−1, · · · , an−2021}
2021
10000 . ¬

5¿� n ≥ max{a1, · · · , a2021}+ 1�,

max{a1, · · · , an} ≥ n > max{a1, · · · , a2021}.
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��� max{a1, · · · , an} = am, 2022 ≤ m ≤ n,d¬�

max{a1, · · · , an} = am

≤ m+ C ·max{am−1, · · · , am−2021}
2021
10000

≤ n+ C ·max{a1, · · · , an}
1
2 ,

)�

max{a1, · · · , an} ≤

�
C

2
+

s
C2

4
+ n

�2

(∀n ≥ max{a1, · · · , a2021}+ 1).

AO/ an ≤
�
C
2

+
q

C2

4
+ n

�2

,ùL²:

�3~ê k > 0,¦ an ≤ n+ k ·
√
n(∀n ∈ Z+). 

(II)�e5)û�¯K,?���Ø3 {an}¥���ê x,du {an}¥�

kk�� ≤ x, � n ¿©�� an > x, d� an Ø� x �nd�½´: x �Ø

an−1 · · · an−2021. �

x | an−1 · · · an−2021. (é?¿¿©�� n) ®

äääóóó 1 xÃ�u 104��Ïf.

y² ^�y{. e�3�ê p | x, p > 104, Kd®�: é¿©�� n,

p | an−1 · · · an−2021,= an−1, · · · , an−2021 ¥k p��ê.u´�3~ê L,¦�é

?¿ n ∈ Z+, a1, · · · , an¥ p��ê��ê ≥ n
2021
− L.?

max{a1, · · · , an} ≥ max
1≤i≤n
p|ai

{ai} ≥ p ·
� n

2021
− L

�
.

(Ü�

n+ k ·
√
n ≥ p ·

� n

2021
− L

�
,

- n¿©�=�gñ(Ï� 1 < P
2021

).

äääóóó 2 é?¿�ê� pα | x,k α ≤ 108.

y² ^�y{.b� a > 108,d®�: é¿©�� n, p108 | an−1 · · · an−2021,

? an−1, · · · , an−2021¥�3 p104 ��ê,u´�3~ê L′,¦�é?¿ n ∈ Z+,

a1, · · · , an¥ p104 ��ê�ê ≥ n
2021
− L′,?

max{a1, · · · , an} ≥ max
1≤i≤n
p10

4 |ai

{ai} ≥ p104 ·
� n

2021
− L′

�
.

(Ü�

n+ k
√
n ≥ p104 ·

� n

2021
− L′

�
,

- n¿©�=�gñ (Ï� p10
4

2021
≥ 210

4

2021
> 1).
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(Üäó 1, 2�: x |
Y

�êp≤104

p108 ,?

x ≤
Y

�êp≤104

p108 ≤ (104!)108 ,

�M = (104!)
108

+ 1,=ÎÜ�K�¦. �

µ5 �K´¥�JÝ�êØ¯K,�K/ªÚ 2018 \Á 4 '��,�±

k�Äaq\ÁK/�Äz����Ïf©),�uy�ØÑ,7LÏé#��

{,²L}Áuy�±^��ê�ê�O5�O {an}O��Ý (¯¢þ,K8¥

�“Ø´ an−1 · · · an−2021���ê”Ø´“Ø�Ø an−1 · · · an−2021 ”�J«
ù�

:) ?�Ñ�K,�K/ªDÚ){#L,�<@�´�38ÔèÑ��Ð�

K.

5.3 ¦����¢ê C,¦�é?¿�ê n ≥ 2,�3¢ê x1, x2, · · · , xn ∈

[−1, 1] ÷v Y
1≤i<j≤n

(xi − xj) ≥ C
n(n−1)

2 .

) Ø�� 1 ≥ x1 ≥ · · · ≥ xn ≥ −1 (ÄKü), u´�� xi = cos θi

(1 ≤ i ≤ n), 0 ≤ θ1 ≤ · · · ≤ θn ≤ π. �ÄEê pj = eiθj , qj = e−iθj(1 ≤ j ≤

n), p1, · · · , pn, qn, · · · , q1 ´ü �þ�gü�� 2n �Eê, �§�éA:

A1, A2, · · · , A2n,Ké 1 ≤ j < k ≤ n,

xj − xk = cos θj − cos θk

= 2 · sin θk − θj
2

· sin θk + θj
2

=
1

2
|pj − pk| · |qj − pk| (�u½n)

=
1

2
· |AjAk| · |A2n+1−jAk|

=
1

2
·
È
|AjAk| · |A2n+1−jAk| · |AjA2n+1−k| · |A2n+1−jA2n+1−k|,

? Y
1≤j<k≤n

(xj − xk) =
�

1

2

�C2
n

·
Ì Y

1≤j<k≤2n
j+k 6=2n+1

|AjAk|. ¬

ò¤ku AjAk(1 ≤ j < k ≤ 2n, ¹j + k = 2n+ 1ö)UeI�© n|:

Ω1 : A1A2, A2A3, · · · , A2nA1,

Ω2 : A1A3, A2A4, · · · , A2nA2,

www.nsmath.cn 6



...

Ωn−1 : A1An, A2An+1, · · · , A2nAn−1,

Ωn : A1An+1, A2An+2, · · · , AnA2n.

é 1 ≤ t ≤ n− 1, Ωt¥¤ku�±��Ú ≤ t · π.

Ωt¥k λt ∈ {2n− 2, 2n}^u AjAk ÷v j + k 6= 2n+ 1.Ù¥,

tπ ≤ (n− 1)π ≤ λt ·
π

2
.

P Ωt¥÷v j + k 6= 2n+ 1�u��Ý¦È� pt,d�)Ø�ª,

pt ≤ (2 · sin tπ
λt

)λt ≤ 22n ·
�

sin
tπ

λt

�2n−2

≤ 22n · (sin tπ

2n− 2
)2n−2. 

q5¿�,w, Ωn¥÷v j + k 6= 2n+ 1�u�¦È ≤ 2n,�Y
1≤j<k≤2n
j+k 6=2n+1

|AjAk| ≤ 2n ·
n−1Y
t=1

22n ·
�

sin
tπ

λt

�2n−2

= 23n−2 ·
 
n−1Y
t=1

2 · sin tπ

2n− 2

!2n−2

= 23n−2 · (2 ·
√
n− 1)2n−2.

�\¬�: Y
1≤j<k≤n

(xj − xk) ≤
�

1

2

�C2
n

· 2
3n−2

2 · (2 ·
√
n− 1)n−1,

dd=��K¥� C 7÷v C ≤ 1

2
.

,��¡,é?¿ n ≥ 2,- A1A2 · · ·A2n´à 2n>/,�A/

(x1, x2, · · · , xn) =

�
cos

π

2n
, cos

3π

2n
, · · · , cos

(2n− 1)π

2n

�
.

d� Y
1≤j<k≤2n
j+k 6=2n+1

|AjAk| ≥
Y

1≤j<k≤2n
k−j 6=n

|AjAk| =
n−1Y
t=1

�
2 · sin tπ

2n

�2n

= (
√
n)2n > 1.

�\¬� Y
1≤j<k≤n

(xj − xk) ≥
�

1

2

�C2
n

.

��K¤¦ C ���� 1
2
. �

µ5 �K´(J�Ø�ª¯K,Äkßÿ�E,5¿� {xi}�©Ù´“üà

�,¥mÕ”,ddßÿ�U´�� cos (=��3�»þ�ÝK),?��n��

�,ò�K8(uÙG�¯K,�Oü �þu��¦È.
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6.4 éz���ê N,P N ���ê�ê� τ(N), N �üüØÓ��Ïf

�ê� ω(N), N ��Ïf�ê(O\ê)� Ω(N).y²: é?¿��ê n,k
nX

m=1

5ω(m) ≤
nX
k=1

�n
k

�
τ(k)2 ≤

nX
m=1

5Ω(m).

ùp, bxcL«Ø�L¢ê x����ê.

y² 5¿�
�
n
k

�
L« 1, 2, · · · , n¥ k��ê��ê,�

nX
k=1

�n
k

�
· τ(k)2 =

nX
k=1

�
τ(k)2 ·

X
1≤m≤n
k|m

1
�

=
nX

m=1

�X
k|m

τ(k)2
�
,

l�Iy²: é?¿m ≥ 1,k

5ω(m) ≤
X
k|m

τ(k)2 ≤ 5Ω(m). ¬

m = 1�¬w,,e�m ≥ 2 (Ø´8B).

� m ��Ïf©)� pα1
1 · · · pαt

t , K m �¤k��ê� pβ11 · · · p
βt
t , Ù¥

0 ≤ β1 ≤ α1, · · · , 0 ≤ βt ≤ αt, �

τ
�
pβ11 · · · p

βt
t

�2
= (β1 + 1)2 · · · (βt + 1)2,

� X
k|m

τ(k)2 =
X

0≤β1≤α1
···

0≤βt≤αt

(β1 + 1)2 · · · (βt + 1)2 =
tY
i=1

�
12 + 22 + · · ·+ (αi + 1)2

�
,

u´

¬⇔ 5t ≤
tY
i=1

�
12 + 22 + · · ·+ (αi + 1)2

�
≤ 5α1+···+αt .

�Iy: é?¿ α ∈ Z+,k

5 ≤ 12 + 22 + · · ·+ (α + 1)2 ≤ 5α. 

P

S(α) = 12 + 22 + · · ·+ (α + 1)2 =
(α + 1)(α + 2)(2α + 3)

6
,

K S(1) = 5,� α ≥ 1�

S(α + 1)

S(α)
=
α + 2

α + 1
· α + 3

α + 2
· 2α + 5

2α + 3
∈
�
1,

2

1
· 3

2
· 5

3

�
= [1, 5],

8B´� S(α) ∈ [5, 5α]é?¿ α ≥ 1¤á, �y.

?�K�y. �

µ5 �K´{ü�êØØ�ª,aq�¯K�k 2014 8Ôè1nU1 1 K

(2014 c@�K�J).
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6.5 ¦¤k¼ê f : R→ R÷v: éu?¿ x, y ∈ R,

f
�
xf(y) + y2021

�
= yf(x) + (f(y))2021.

) P�K^�� P (x, y).

w,,e f ~�,K�U f ≡ 0.e� f �~�.

äääóóó 1 é d ∈ R \ {0},k f(d) 6= 0.

y² ^�y{,e f(d) = 0,é?¿ x ∈ R,d P (x, d)�

f
�
d2021

�
= df(x) + f(d)2021.

u´

f(x) =
1

d
·
�
f
�
d2021

�
− f(d)2021

�
,

íÑ f ~�¼ê,gñ.

äääóóó 2 f(1) = 1.

y² é?¿ x ∈ R,d P (x, 1)�

f(xf(1) + 1) = f(x) + f(1)2021.

däó 1� f(1) 6= 0,?é?¿ x ∈ R,

f(xf(1) + 1) 6= f(x),

�U f(1) = 1.

äääóóó 3 f(x+ 1) = f(x) + 1, ∀x ∈ R.

y² d P (x, 1)�

f(xf(1) + 1) = f(x) + f(1)2021,

(Ü f(1) = 1=� f(x+ 1) = f(x) + 1.

däó 2, 3� f(n) = n, ∀n ∈ Z.

äääóóó 4 f(x+ f(y)) = f(x) + y, ∀x, y ∈ R.

y² y = 0�,d f(0) = 0�äó 4¤á.e� y 6= 0.

�½ y,?� z ∈ R,d P (z, y), P (z + 1, y)�:

f
�
zf(y) + y2021

�
= yf(z) + f(y)2021,

f
�
zf(y) + f(y) + y2021

�
= yf(z + 1) + f(y)2021,

üª�~�

f
�
zf(y) + f(y) + y2021

�
− f

�
zf(y) + y2021

�
= y(f(z + 1)− f(z)) = y.

9 êÆ#(�



däó 1� f(y) 6= 0,� zf(y) + y2021�H R,l

f(x+ f(y))− f(x) = y, ∀x ∈ R.

äääóóó 5 f(f(y)) = y, ∀y ∈ R.

y² 3äó 4¥� x = 0=�.

äääóóó 6 f(x+ y) = f(x) + f(y), ∀x, y ∈ R.

y² 3äó 4¥^ f(y)O� y=�.

äääóóó 7 f(xy) = f(x)f(y), ∀x, y ∈ R.

y² däó 5�: �K^����

f (xf(y)) + f
�
y2021

�
= yf(x) + f(y)2021, ∀x, y ∈ R.

3þª¥- x = 0,��

f
�
y2021

�
= f(y)2021, ∀y ∈ R.

?

f(xf(y)) = yf(x), ∀x, y ∈ R.

3þª¥^ f(y)O� y�

f(xy) = f(x)f(y), ∀x, y ∈ R.

(Üäó 6, 7´� f 3 [0, +∞)þØ~,ù´dué?¿ u ≥ v ≥ 0,�3

α1, α2 ∈ R, u = α2
1 + α2

2, v = 2α1α2,l

f(u)− f(v) = f(α2
1 + α2

2)− f(2α1α2) = f(α1)2 + f(α2)2 − 2f(α1)f(α2) ≥ 0.

u´ f 3 [0, +∞)þ÷v�Ü�§,(Ü f(1) = 1�

f(x) = x, ∀x ∈ [0, +∞),

2däó 6�

f(−x) = f(0)− f(x) = −x, x ≥ 0,

�

f(x) = x, ∀x ∈ R.

w, f(x) = x, ∀x ∈ R÷v�¦.

�¤¦¼ê�

1◦ f(x) = x, ∀x ∈ R,

2◦ f(x) = 0, ∀x ∈ R.
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)��.! �

µ5 �K´¥�JÝ�¼ê�§,'���Ú´�Ñ P (x + 1, y), P (x, y)

�©.

6.6 y²�3�¢ê λ ÷v: é?¿��ê m, XJ²¡���IX¥

4ABC �n�º:�îp�Iþ��ê,¿� 4ABC SÜ (Ø¹>.)k�=

k��:�îp�Iþ�m��ê�,K4ABC �¡È�u λm3.

y² ¡îp�Iþ�m��:�“m�:”.

Äk�Ä��C�

(x, y)→ (ax+ by, cx+ dy),

Ù¥a, b, c, d ∈ Z,

�������a c

b d

������� = 1.TC��Ð?´: ·��Ø��,^��´Y²

�.

£��K.d Pick’s½n,�Iy 4ABC S(¹>.)�:ê ≤ Θ(m3).ò¤

k�:Uî,p�I modm©¤m2a,�Iy4ABC Sz�a�:ê ≤ Θ(m).

äN/,?� x0, y0 ∈ Z,¡÷v x ≡ x0, y ≡ y0 (mod m)� (x, y)´“Ð:”.

·�y²4ABC S“Ð:”�ê ≤ Θ(m). ¬

äääóóó éz^�� l, lþ�õ 2m+ 100�Ð:34ABC S. 

y² ^�y{.b� l ∩ 4ABC ¹ ≥ 2m + 101�Ð:(���,²£,Ø�

� lY²).

�4ABC S��“m �:”´ O,�Ä O, l� �'X,k 2«:

l l

l

l0

情形 2情形 1 ( 可能 O 在 l 上 )

P

A

B

C
A

C

B

O

O

O

C

B

A

=���/// 1>

L O� l0 � l,� P = AO ∩ l.

e |OP | > m · |AO|,Kò AOò� m���4ABC S,�:“m�:”,g

11 êÆ#(�



ñ.

e |OP | ≤ m · |AO|,K�ã�Ý:

l0 ∩4ABC�Ý ≥
1

m+ 1
· (l ∩4ABC�Ý) >

2m+ 10

m+ 1
·m > 2m,

u´ l0 ∩4ABC þk,�“m�:”,gñ.

l l

l

l0

情形 2情形 1 ( 可能 O 在 l 上 )

P

A

B

C
A

C

B

O

O

O

C

B

A

=���/// 2>

L O� l0 � l,L C � lc � l,� P = AO ∩ lc.

e |AP | > (m+ 1) · |AO|,Kò AOò�m���,�:“m�:”,gñ.

e (m+ 1) · |AO| ≥ |AP | ≥ |AO|,K

l0 ∩4ABC�Ý ≥
1

m+ 1
· (lc ∩4ABC�Ý)

≥ 1

m+ 1
· (l ∩4ABC�Ý)

>
2m+ 10

m+ 1
·m

> 2m,

u´ l0 ∩4ABC þk,�“m�:”,gñ.

e |AO| ≥ |AP | ≥ 0,K

l0 ∩4ABC�Ý ≥ l ∩4ABC�Ý > 2m,

�gñ.

l

lc

l0

B

C

A

P

O

�äó�y.
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y3y²¬: e4ABC SÐ:ê ≤ 108,K¬¤á.

e�4ABC SÐ:ê > 108,KdÄT,4ABC S�3üÐ: R, Sî,p�

I mod 100m�����|�Ó,u´�ã RSþk 101�Ð:,P δ��� RS,

Ø�� δ=��� y = y0 (���,²£).



A

B

C

´�4ABC ∩ (��y = y0 + m)�õ¹ 2�“Ð:”.ÄK,�� y = y0 þ¹

Ð: (z, y0), (z + 2m, y0), y = y0 +mþkÐ: (w, y0 +m), (w + 2m, y0 +m),

���²£,Ø�� z = w,Kþão:�¤���/Sk 2�m�:,gñ.

Ón4ABC ∩ (��y = y0 −m)þ��õ 2�“Ð:”.

?é�ê i ≥ 2, 4ABC ∩ (�� y = y0 + im) = ∅.ÄK

4ABC ∩ (y = y0 +m)�Ý ≥ 1

2
· (4ABC ∩ (y = y0)�Ý ) ≥ 50m,

íÑ4ABC ∩ (y = y0 +m)þk ≥ 10�“Ð:”.

Ónéu i ≤ −2,�

4ABC SÐ:ê ≤ 2 + (2m+ 100)(däó) + 2 ≤ Θ(m),

¬�¤á.

�¬�y.?�K�y. �

µ5 �K´(J�|ÜAÛ¯K,kõ«){,3�«){¥Ä�Ñ�^

�“ò AOò�m�”,Ó���*	�Ù¦�¡�éõ5�,âU�Ñ�K.

7.1 �½�ê n ≥ 2.¦�����ê m,¦��3 n2 �üüØÓ��¢ê

xi,j(1 ≤ i, j ≤ n)÷v±e^�:

(1)é?¿ i, j, xi,j = max{xi,1, xi,2, · · · , xi,j}½xi,j = max{x1,j, x2,j, · · · , xi,j};

(2)é?¿ i,�õ�3m�eI k,¦� xi,k = max{xi,1, xi,2, · · · , xi,k};

(3)é?¿ j,�õ�3m�eI k,¦� xk,j = max{x1,j, x2,j, · · · , xk,j}.

) (Ø´: m���

8>><>>:
n+ 2

2
, (2 | n)

n+ 3

2
, (2 - n)

.
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ò xi,j ü¤ n× nL�:

x1,1 x1,2 · · · x1,n

x2,1 x2,2 · · · x2,n

...
...

...

xn,1 xn,2 · · · xn,n

¡÷vxi,j = max{xi,1, · · · , xi,j}�xi,j´“1Ð�”,÷vxi,j = max{x1,j, · · · , xi,j}

� xi,j ´“�Ð�”.

(I)k�Ñ�E:

ò n× nL�©¤ 4Ü© Ω1, Ω2, Ω3, Ω4, (r =
�
n
2

�
, s =

 
n
2

£
).

- Ωi(1 ≤ i ≤ 4)¥�êþ3 (i, i + 1)¥,� Ω1, Ω4¥�êl�e�mþ4

O, Ω2, Ω3¥�êlmþ��e4O.

~X: e r = 2, s = 3,K Ω2¥�±W:

d�,é 1 ≤ i ≤ r,1 i1¥ xi,1, · · · , xi,r+1´1Ð�,é r + 1 ≤ i ≤ n,1 i

1¥ xi,1, xi,r+1, xi,r+2, · · · , xi,n´1Ð�.aqéu�.

�z�1(�)¥1(�)Ð�ê��ê≤ max{s+1, r+1} =

8>><>>:
n+ 2

2
, 2 | n

n+ 3

2
, 2 - n

.

(II)2y²m ≥
�
n+3

2

�
.

w,,1�1(�)¥�ê�þ´�(1)Ð�.

é 2 ≤ i ≤ n,�1 i1k λi�ê´1Ð�,1 i�k µi�ê´�Ð�.

dué 2 ≤ i, j ≤ n, xi,j ½ö1Ð,½ö�Ð,�
nX
i=2

(λi − 1) +
nX
i=2

(µi − 1) ≥ (n− 1)2. ¬

?

m ≥max{λ2, · · · , λn, µ2, · · · , µn}
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≥ 1

2(n− 1)
·
 

nX
i=2

λi +
nX
i=2

µi

!
≥ 1

2(n− 1)
·
�
2(n− 1) + (n− 1)2

�
=
n+ 1

2
. 

y3^�y{, b�“ m < n+2
2
, 2 | n ”½“ m < n+3

2
, 2 - n ”, d��U m =

n+1
2
, 2 - n,�¬, ¥� ≥Òþ��.ùL²:

λ2 = · · · = λn = µ2 = · · · = µn =
n+ 1

2
, (d)

�z� xi,j(2 ≤ i, j ≤ n)ØUÓ�1Ð,�Ð(d).�Ä xi,j((i, j) 6= (1, 1))¥

��� xi0, j0 .

e i0, j0 ≥ 2,K xi0, j0 Ó�1Ð,�Ð,gñ.

e 1 ∈ {i0, j0},Ø�� i0 = 1, j0 ≥ 2,K1 j0�¥�k x1,j0 ´�Ð�,

µj0 =
n+ 1

2
≥ 3 + 1

2
= 2,

gñ.

��y{Ø¤á.

nþ,¤¦m����

8>><>>:
n+ 2

2
, (2 | n)

n+ 3

2
, (2 - n)

. �

µ5 �K´¥�JÝ�|ÜK,�K�)�wq{ü,¢Sþkéõ/��

U¬k4(~Xßÿ�Y!�E).

7.2 Xã¤«,b� 4ABC (AB < AC)�S%´ I,	��´ �O. M Ú

N ©O´lúBAC ÚøBC �¥:. D ´øAC þ�:,÷v AD � BC. 4ABC 3

∠BAC S�����> BC ��u: E.: F 3 4ABC S,÷v IF � BC �

∠BAF = ∠CAE.��� NF � �O�,���:´ R,�� AF � DI ��u

:K,�� AR� IF ��u: L.y²: NK ⊥ML.

L

K

R

F

E

D

N

M

I

A

B C
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y² � BC ¥: Z.Ù� IZ � AE �4NIZ ∼ 4NMI,�

∠BAF = ∠CAE ⇒ ∠FAI = ∠EAI,

�

∠FAI = ∠EAI = ∠ZIN = ∠IMN.

ùL²: AF,MI ��:3 �Oþ,P� T.

� NT ∩ DI = Y, � ∠INM = α, ∠IMN = β, � FI ∩ MN = H. 5¿

� TM, TN ´ ∠ATD S!	�²©�,� TA, TM, TD, TN NÚ�å.l

Y, K, I, DNÚ:�,? NY, NK, NI, NDNÚ�å,Ïd

sin∠INK
sin∠TNK

=
sin∠IND
sin∠TND

=
sin 2α

cos(α− β)
. ¬





H

Y

L

Z

T

K

R

F

D

N

M

I

T

F

E

N

M

I

A

B C

A

,��¡,34MAI ¥,d��l�,

sin∠AML

sin∠IML
=

sin∠MAL

sin∠IAL
· sin∠AIL

sin∠MIL

= − tan∠MAL · cosα

cos β

= tan∠MNF · cosα

cos β
. 

d ∠IHN = ∠ITN = 90◦ � I, T, N, H ��,? ∠ITH = α,3 4FNT ¥,

d��l�,

tan∠MNF =
sin∠FNH
sin∠HFN

=
sin∠HNT
sin∠HTN

· sin∠HTF
sin∠HFT

=
cos β

cosα
· sin 2α

cos(α− β)
. ®

ò®�\�
sin∠AML

sin∠IML
=

sin 2α

cos(α− β)
,
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(Ü¬�:

sin∠INK
sin∠TNK

=
sin∠AML

sin∠IML
. ¯

q5¿�: AM ⊥ IN, IM ⊥ TN,�

∠INK = ∠AML, ∠TNK = ∠IML,

?ML ⊥ NK,�K�y! �

µ5 �K´{üAÛK,5¿�AM⊥IN, IM⊥TN,l�y²ML⊥NK,

�Iy: sin∠AML
sin∠IML

= sin∠INK
sin∠TNK ,���l�Ò�±
.

7.3 P S(k)���ê k3�?�L«e�¤kêè�Ú.¦¤k�ê n ≥ 2

Úknê β ∈ (0, 1),¦��3 n�üüØÓ���ê a1, a2, · · · , an,÷v: éu

{1, 2, · · · , n}�?¿ r(r ≥ 2)�f8 I,k S
�X
i∈I

ai

�
= β ·

X
i∈I

S(ai).

) (Ø´: ¤¦ (n, β)�¦ 2 ≤ n ≤ 10, β ∈ (0, 1) ∩Q� (n, β).

(I)k�Ñ 2 ≤ n ≤ 10��E: ò a1, · · · , an Uêè©eZã,z�ã�(�

xL« 0):

(Iaã)

(IIaã)

� n� I aã(Ó�,¤k s�Ó), t� II aã,K

S(a1) = · · · = S(an) = 9s+ n+ t,

é I ⊆ {1, · · · , n}, |I| ≥ 2,

S

 X
i∈I

ai

!
= |I| · n+ |I| · t,

�IÀÑ s, t ∈ Z+¦ n+ t = β · (9s+ n+ t),ùw,�±��.

(II)2`² n ≥ 11Ø�1.
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�y{: b� n ≥ 11,Ø�� n = 11.

w, a1\ a2�? ,��� T ����K�ê,¦��3�é ai, aj(i 6= j)

�\�3 10T  ? .

� a1, · · · , a11� 10T  � x1, · · · , x11,Ø�� 9 ≥ x1 ≥ · · · ≥ x11 = 0,du,

é ai, aj�\3 10T  ? ,� x1 +x2 ≥ 10.5¿�,é I1, I2 ⊆ {1, · · · , 11}, I1∩

I2 = ∅, |I1|, |I2| ≥ 2,du

S

�X
i∈I1

ai

�
+ S

�X
i∈I2

ai

�
= S

� X
i∈I1∪I2

ai

�
,

�
X
i∈I1

ai,
X
i∈I2

ai�\Ø? .

AO/,
X
i∈I1

xi,
X
i∈I2

xi�\3� Ø? . ¬

´� x10 6= 0 (ÄK (x1 + x10), (x2 + x11)�\? ,gñ),� x10 ≥ 1.y3ò

x1, · · · , x11 ©eZ|(#NkêØ3?Û|¥),z| ≥ 2�ê,�|ê�Ú��

 ê�Ú ≥ 10. 

eX¤á,Kò�|�Ú�g�\,=�¬gñ.e¡`²¤á.

k�Ñ¦�Uõ���|,z���|�Ú�� ê ≥ 2.e�Ñ
 5���

|,K¤á.e��õ�Ñ 4���|,K�e ≥ 3�ê,��e�ê¥,Ãüê

∈ [1, 4],Ãüê ∈ [6, 9],�7�e 0½ 5����.

e�e�êk 0,K�íÑ�e�ê� 0, 1, · · · , 1(≥ 2� 1),gñ.

����e�� 5,?�e�ê�U´“eZ� 5 ”½“eZ� 5,�� 6 ”,ò

�e�ên�n��|,�km(0 ≤ m ≤ 4)���|,
�

11−2m
3

�
�n�|,K�|

ê�Ú�� ê�Ú ≥ 2 ·m+ 5 ·
�

11−2m
3

�
,´�ym = 0, 1, · · · , 4�þk

2 ·m+ 5 ·
�
11− 2m

3

�
≥ 10.

¤á.��íÑgñ!

(Ü (I), (II) =��K¤I(Ø. �

µ5 �K´(J�|ÜK,1��J:3ß�Y,kõ«�U���,�E

�k�½JÝ,Ø�½�eÒU��,I���½}Á,¯¢þ,e�Y´“é,


n, β Ø´��Ø´�Ü”,K3y²Ü©�UI���þ?Ø;e�Y´“éz�

n, β½ö�,½ö�Ü”,K3�EÜ©��� βé�,I��Eéõ�? ,�K

�ª��Y´��«,3y²�Ü©,IÄkß��I�Ä1 1�? �@� ,

?8(u��'u x1, · · · , x11 ��¯K,���ù��¯K�I�À�Ü·

�©a?Ø��{(3�|�mSU?Ø�).�K´1�ÓÀo�J��K.
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8.4 é¤k¢ê x1, x2, · · · , x60 ∈ [−1, 1],¦
60X
i=1

x2
i (xi+1 − xi−1)

����U�,ùp x0 = x60, x61 = x1.

) 5¿�
60X
i=1

x2
i (xi+1 − xi−1) =

1

3

60X
i=1

(xi+1 − xi)3.

é 1 ≤ i ≤ 60,P yi = xi+1 − xi,d xi, xi+1 ∈ [−1, 1]� yi ∈ [−2, 2],?

(yi − 2)(yi + 1)2 ≤ 0,

=

y3
i ≤ 3yi + 2.

l
60X
i=1

x2
i (xi+1 − xi−1) =

1

3
·

60X
i=1

y3
i ≤

1

3
·

60X
i=1

(3yi + 2) = 40.

,��¡,- (x1, · · · , x60) = (1, 0, −1, 1, 0, −1, · · · , 1, 0, −1).d�
60X
i=1

x2
i (xi+1 − xi−1) = 40.

�
60X
i=1

x2
i (xi+1 − xi−1)

����� 40. �

µ5 �K´{ü�Ø�ª,5¿�
P
x2
i (xi+1 − xi−1)Ò´ 1

3
·P (xi+1 − xi)3

Ò�±
.

8.5 ¦����¢ê α,¦�é¡È� 1�?¿àõ>/ P,�3²¡þ�:

M ¦� P ∪Q�à��¡ÈØ�L α.ùp Q� P 'u:M �¥%é¡ã/.

) (Ø´: α��� 2.

(I)��¡,- P ´�4ABC.

eM 3 P 	,K P ∪Q = ∅,?

P ∪Qà�¡È ≥ P ∪Q¡È = 2.

eM 3 P S,� A, B, C 'uM é¡:� A′, B′, C ′,K

P ∪Qà�¡È ≥ S4AMB′ + S4B′MC + S4CMA′ + S4A′MB + S4BMC′ + S4C′MA

19 êÆ#(�



= 2(S4AMB + S4BMC + S4CMA)

= 2.

� α ≥ 2.

B'

A'

C'

A

B C

M

(II),��¡,·�`² α = 2ÎÜ�¦.

� P �ål��(��)��éº: A, B,ïX,� A(0, 0), B(L, 0), L > 0,

K

P ⊆ {(x, y) | 0 ≤ x ≤ L, y ∈ R} (d AB��).

� M �
�
L
2
, 0
�
. � P ∪ Q �à�´ R, dé¡5, �`² SR ≤ 2, �I`²

SR1 ≤ SP1 + SQ1 ,ùp P1, Q1, R1©O´ P, Q, R�1�����.

5¿�P1, Q1, R1�w�à¼ê�ã�,�P1, Q1, R1©OéA f1(x), f2(x),

g(x) (x ∈ [0, L]),K

SP1 =
Z L

0
f1(x)dx, SQ1 =

Z L

0
f2(x)dx, SR1 =

Z L

0
g(x)dx.

�`² Sp1 + SQ1 ≥ SR1 ,�I`²é x ∈ [0, L],k

f1(x) + f2(x) ≥ g(x).

�½ x,d R�½Â� g(x)�L«�

x− α
β − α

· fi(β) +
β − x
β − α

· fj(α),

ùp 0 ≤ α ≤ x ≤ β ≤ L, α 6= β, i, j ∈ {1, 2}.du f1, f2�� ⊆ [0, +∞),�

g(x) =
x− α
β − α

· fi(β) +
β − x
β − α

· fj(α)

≤x− α
β − α

· f1(β) +
β − x
β − α

· f1(α) +
x− α
β − α

· f2(β) +
β − x
β − α

· f2(α)

≤f1(x) + f2(x), (à5)

? SR ≤ 2.

nþ, α���� 2. �

µ5 �K´{ü�|ÜAÛ,�� α ≥ 2��E�,y²Ü©�ØJ.
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8.6. �½�ê n ≥ 2.k 2n2 ÀÃë\¥I�Ú'm,zü ÀÃTé��

Û,(J�k²Û.®�

(1)é?¿n ÀÃ`!¯!Z,e`�¯,�¯�Z,K`�Z;

(2)¤k'm¥²Û�|êØ�L n3

16
.

y²: �lù 2n2 ÀÃ¥ÀÑ n2 ÀÃ,¿·�P� Pij(1 ≤ i, j ≤ n),¦

�é?¿ i, j, i′, j′ ∈ {1, 2, · · · , n},e i > i′,K Pij � Pi′j′ .

y² P t =
 
n
4

£
∈ Z+.

k�K²Ûgê ≥ t�ÀÃ,K�K�ÀÃê ≤
n3

8

t
≤ n2

2
,����e 3n2

2

¶ÀÃ,P� V1, · · · , VN(N ≥ 3n2

2
),�½gC�gC,K“�”´ V1, · · · , VN þ

� S'X.�ÿÀüS,Ø��: é 1 ≤ i, j ≤ N,e Vi � Vj,K i ≤ j.y3ò

V1, · · · , VN �Ñc n2 + (n− 1)(2t− 2)�,©¤ 2n− 1ã Γ1, · · · , Γ2n−1,zã�

g¹ n, 2t− 2, n, 2t− 2, · · · , n, 2t− 2, n¶ÀÃ,du

n · n+ (n− 1)(2t− 2) ≤ n · n+ (n− 1)
�

2 ·
�n

4
+ 1

�
− 2

�
<

3n2

2
,

�ù�±��.

y3À� Pi,j,P

Ai = {Pi,1, · · · , Pi,n} (1 ≤ i ≤ n),

-

(A1, · · · , An) = (Γ2n−1, · · · , Γ5, Γ3, Γ1),

·��yù�ÒÎÜ�¦.

?� α = Pi,j, β = Pi′, j′ , i > i′.� α ∈ Γp, β ∈ Γq,d i > i′ � p ≡ q ≡ 1

(mod 2),� p < q,� α = Vr, β = Vs,du Γp, Γq�mk���� 2t− 2�ã,�

s− r ≥ 2t− 1,?�3 r ≤ k ≤ s,¦ Vr� Vk, Vk� VsþØ´²Û (Ï� Vr, Vs

²Ûêþ ≤ t− 1).l Vr � Vk, Vk � Vs,íÑ Vr � Vs.

�ù�� Pi,j ÎÜ�¦.

�K�y! �

µ5 �K´¥�JÝ�|ÜK,Äk5¿� 1
16
é�,�±k�Ä Θ(n3),d

d���±k�K²Ûêéõ�<(þ?�O�~^Ã{)(¯¢þ,�¡2äNO

� n3 c�Xêuy 1
16
fÐ
).�¡À� Pi, j kõ«�U���,I�ÿ}Á,

ù� IMO 20171 5K'��,�K´��éÐ�äkÀoõU�|ÜK.
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