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2020 c 1 ��{IêÆ�rþkù����)K:

¯K 1 �½�¢ê C, ¦¤k��¢ê� {xn}+∞n=1 , ¦�?ê
+∞∑
n=1

xn Âñ,

�é?¿��ê k, Ñk
+∞∑
n=1

xnxn+k
xk

= C.

(��Y¥k�
�Ø, �©Á�Ñ�����#y²±9éù�¯K�

í2.

©Û�) P

D (z0, r) = {z ∈ C : |z − z0| < r} , z0 ∈ C, r > 0

±9

D̄ (z0, r) = {z ∈ C : |z − z0| ≤ r} , z0 ∈ C, r > 0.

�ÄXe¼ê:

f (z) =
+∞∑
n=1

xnz
n, z ∈ D̄ (0, 1) .

dýéÂñ��?ê�5�, ù�¼ê3 D̄ (0, 1)þëY, 3 D (0, 1)þ)Û.

�Äü �þEê z,k

f (z) f (z) = f (z) f
(
z−1
)

=
+∞∑
n=1

xnz
n ·

+∞∑
m=1

xmz
−m

=
∑
n,m≥1

xnxmz
nz−m =

+∞∑
n=1

x2n +
∑

1≤n<m

xnxmz
−(m−n) +

∑
1≤m<n

xnxmz
n−m
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= A2 +
+∞∑
k=1

+∞∑
n=1

xnxn+kz
−k +

+∞∑
k=1

+∞∑
m=1

xm+kxmz
k

= A2 +
+∞∑
k=1

(
zk + z−k

) +∞∑
n=1

xnxn+k = A2 +
+∞∑
k=1

Cxk
(
zk + z−k

)
= A2 + Cf (z) + Cf

(
z−1
)

= A2 + Cf (z) + Cf (z),

Ù¥

A2 =
+∞∑
n=1

x2n > 0, A > 0,

�¤k�ÚªC�Ñ�±dýéÂñ��.

dd=�

|f (z)− C|2 = A2 + C2,∀ |z| = 1,

AO/, f 3ü �þÃ":.

é f (z)− C ^����n�

|f (z)− C| ≤
√
A2 + C2,∀z ∈ D̄ (0, 1) .

e z ∈ D̄ (0, 1)¦

f (z) = −A
2

C
,

K

|f (z)− C| = A2

C
+ C =

A2 + C2

C
>

A2 + C2

√
A2 + C2

=
√
A2 + C2,

gñ! l

A2 + Cf (z) 6= 0,∀z ∈ D̄ (0, 1) .

�Ä¼ê

g (z) =

√
A2 + C2f (z)

A2 + Cf (z)
, z ∈ D̄ (0, 1) .

K g3 D̄ (0, 1)þëY, 3 D (0, 1)þ)Û, �

g (0) =

√
A2 + C2f (0)

A2 + Cf (0)
= 0.

é |z| = 1,k

|g (z)| =
√
A2 + C2 |f (z)|
|A2 + Cf (z)|

=

√
A2 + C2 |f (z)|∣∣∣f (z) f (z)− Cf (z)

∣∣∣
=

√
A2 + C2 |f (z)|
|f (z)| |f (z)− C|

=

√
A2 + C2

|f (z)− C|
= 1.
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3ù�Ú��, (��Y�Ñ
Xe�Ú½:

¼ê g (z)ò0 N��0, òü �N��ü �, d Schwarz Ún, ·��

� g´��^=C�:

g (z) = cz,

Ù¥ |c| = 1.

;�X, (��Y)Ñ
 f,¿dd¦Ñ
ê��Ï�. �´ù´k¯K�,

Ï� Schwarz Ún`�´:

ëY¼ê f : D̄ (0, 1)→ C3 D (0, 1)þ)Û, �ò 0 N�� 0, òü �þ

�:N��4�� D̄ (0, 1)¥, Kk|f
′ (0)| ≤ 1,

|f (z)| ≤ |z| , ∀z ∈ D (0, 1) \ {0} .

¿�XJþãù
Ø�ª(Ã��) ��k�����Ò, K f ´^=C�.

XJ==�k f òü �N��ü �, K^=C��(ØØ¤á, ~X

- f (z) = z2 ½ö, ���/, f ��
ü ���g��©ª�5C��¦

È(Ø´EÜ).

�
?Eù�¯K, ·�I���\/�÷ g�5�.

·�k

g (1) =

√
A2 + C2f (1)

A2 + Cf (1)
> 0.

K g (1) = 1.e�3 g (z) = 1, |z| = 1, z 6= 1,K��

f (1) = f (z) .

�´·�k

|f (z)| =

∣∣∣∣∣
+∞∑
n=1

xnz
n

∣∣∣∣∣ ≤
+∞∑
n=1

|xnzn| =
+∞∑
n=1

xn = f (1) ,

Ù¥��Ò�Ø�, Ï�

(x2z
2)

(x1z)
=
x2
x1
z ∈ C\ [0,+∞) ,

ù�)
��gñ! l

g (z) 6= 1,∀ |z| = 1, z 6= 1.

ÚÚÚnnn eëY¼ê g : D̄ (0, 1)→ C3D (0, 1)¥)Û,� g (0) = 0, g (1) = 1,

|g (z)| = 1, g (z) 6= 1,∀ |z| = 1, z 6= 1,
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K

g (z) = z, ∀z ∈ D̄ (0, 1) .

Úny² e g (z)3D (0, 1)þkÃ��":(Oê), �ù
":���

4�: z,K z 3>.þ, l |z| = 1.dëY5, g (z) = 0,ù� |g (z)| = 1g

ñ! l g3 D (0, 1)þ�kk��":(Oê). �¢ê 0 < r0 < 1¦ r0�u

¤kù
":���.

5¿�XJ r0 < |z| ≤ 1,K g (z) 6= 0.dd´�, �±dé¡òÿ, ò g (z)

òÿ¤ D
(
0, r−10

)
þ�)Û¼ê. P N ´ g 3 D (0, 1)S�":�ê(Oê),

KdË��n��

N =
1

2πi

∫
γ

g′ (z)

g (z)
dz =

1

2π
Im

(∫
γ

g′ (z)

g (z)
dz

)
,

Ù¥ γ´_��½��ü �. d g (0) = 0k N ∈ Z+.�éê¼ê�©|

`
(
reiθ
)

= log r + iθ, r > 0, θ ∈ (0, 2π) .

�½ 0 < ε < π,(Ü g (z)ëY5±98Ü

K =
{

eiθ : ε ≤ θ ≤ 2π − ε
}

�;5, ¿5¿�

g (z) ∈ {w ∈ C : |w| = 1, w 6= 1} ⊂ C\ [0,+∞) ,∀z ∈ K,

���3 0 < δ < 1− r0¦�m8

Kδ = {w ∈ C : ∃z ∈ K, |w − z| < δ}

÷v

g (Kδ) ⊂ C\ [0,+∞) .

l ` ◦ g3Kδ þ�)Û¼ê.

dd��

1

2π
Im

(∫
z=eiθ,ε≤θ≤2π−ε

g′ (z)

g (z)
dz

)
=

1

2π
Im

(∫
z=eiθ,ε≤θ≤2π−ε

(` ◦ g)′ (z) dz

)
=

1

2π
Im
(
`
(
g
(
ei(2π−ε)

))
− `
(
g
(
eiε
)))

< 1,

Ù¥È©¥��ld θl���½�.

K

N =
1

2π
Im

(∫
γ

g′ (z)

g (z)
dz

)
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=
1

2π
Im

(∫
z=eiθ,−ε≤θ≤ε

g′ (z)

g (z)
dz

)
+

1

2π
Im

(∫
z=eiθ,ε≤θ≤2π−ε

g′ (z)

g (z)
dz

)
<
M0ε

π
+ 1,

Ù¥M0 ´ |g′/g|3ü �þ����, �È©¥�¤k�ld θ l���½

�.

ùé¤k 0 < ε < π¤á. - ε→ 0+� N ≤ 1.(Ü N ∈ Z+� N = 1.

þ¡�?Øy²
 N = 1.l 0 � g�ü":.

d g (0) = 0,�3¼ê h (z)3 D̄ (0, 1)þëY, 3 D (0, 1)þ)Û, �

g (z) = zh (z) ,∀z ∈ D̄ (0, 1) .

K

|h (z)| = 1,∀ |z| = 1.

du 0 ´ g�ü":, K hvk":. XJ hØ´~ê, �� h (D (0, 1))

�m8. � h3 D̄ (0, 1)þ����������, �§�©O´M,m,K

M > m > 0.

dd��M 6= 1½öm 6= 1.u´�3 z ∈ D (0, 1)¦� |h (z)|� h����,

���, �d |h (z)| ≥ m > 0��?¿� r > 0,3 D (h (z) , r)¥ÑQk���

u |h (z)|�, qk���u |h (z)|�. �´ |h (z)|��
������½ö�

��. ùíÑ

D (h (z) , r) 6⊂ h (D (0, 1)) .

ù� h (D (0, 1))´m8gñ! dd�� h´~ê. (Ü

h (1) = g (1) = 1

��

h (z) = 1,∀z ∈ D̄ (0, 1) .

ùíÑ

g (z) = z,∀z ∈ D̄ (0, 1) .

Ún�y.

£££������KKK. dÚn, g (z) = z, ?�Ú,

f (z) =
A2z√

A2 + C2 − Cz
.
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l

xn = A2C−1
(

C2

A2 + C2

)n
2

, ∀n ∈ Z+.

-

λ =

√
C2

A2 + C2
∈ (0, 1) ,

�

xn = C
(
λ−2 − 1

)
λn.

²u�, é?Û λ ∈ (0, 1) ,ê�

xn = C
(
λ−2 − 1

)
λn

þÎÜ^�. lùÒ´¤k�÷v^��ê�. ).! �

5¿�, ù�y²¥�'�:´Ún¥O� g (z)3ü ��¥�":�

ê. dË��n, �*/5w, du g (z)rü �±N��g�, K g (z)�"

:�êÒ´� z = e2πix ¥ xl 0 �� 1 �, g (z) 3ü �±þ_��7��

ê. K8^�¥��¢ê��y
ü �±þ�k z = 1? g (z) = 1,l�*

5w, g (z) 3ü �±þ�U7��. ùp�y²Ò´þz���Lã.

ù�g,,/ÚÑ
��#�¯K: XJòK8^�¥��¢ê�U�

�K¢ê�, ¬u)�oQ? d�, ù�EC¼ê��{ÒØ2s�
.

¯K 2 �½�¢ê C,¦¤k��K¢ê� {xn}+∞n=1 ,¦�?ê
+∞∑
n=1

xn Â

ñ, �é?¿��ê k,Ñk
+∞∑
n=1

xnxn+k = Cxk.

) �
)ûù�¯K, ·�}ÁòÙ8(�þ��¯K.

Äk, k��²�) xn ≡ 0.e¡� {xn}Ø´²�).

�	8Ü

I = {k ∈ Z+ : xk > 0} 6= ∅.

äó, 8Ü I ÷v±eü�5�:

(1) k ∈ I ⇒ ∃x, y ∈ I, x− y = k

(2) x, y ∈ I, x > y ⇒ x− y ∈ I

¯¢þ, éu (1), ��d�ª=���; éu (2), ÏL3�ª¥� k = x− y=
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���.

XJ I �k�8, 3 (1) ¥� k = max I =�gñ. l I ´Ã�8. � I

¥��l���ü��

t = k1 < k2 < · · · .

e¡8By²:

ki = ti, ∀i ∈ Z+. (∗)

� i = 1�, (Øw,¤á. ��� 1 ≤ i < m(ØÑ¤á, ey km = mt,

Ù¥m > 1.

d (2), �� km − k1 = kj, 1 ≤ j < m.K km = k1 + kj = (1 + j) t.

km > km−1 = (m− 1) t, 1 ≤ j ≤ m− 1,

Ïd

j = m− 1, km = mt.

d±þ?Ø, (∗) ª�y. ½=

I = {tm : m ∈ Z+} .

�Äê�

ym = xtm,m ∈ Z+.

N´�y {ym}÷v¯K 1 �^�, l�3�¢ê λ0 ∈ (0, 1) ,÷v

ym = C
(
λ−20 − 1

)
λm0 .

P λ = λ
1/t
0 ,Kk

xn =

0, t - n,

C (λ−2t − 1)λn, t | n.

²u�, ±þê�ÎÜ^�. l¤k÷v¯K^��ê� {xn}�

xn = 0,∀n ∈ Z+,

±9

xn =

0, t - n,

C (λ−2t − 1)λn, t | n,

Ù¥ λ� (0, 1)¥�?¿¢ê, � t�?¿��ê. ).! �
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5P ¯K 1 y²3Ún�	�Ü©^�
©ÛÆ¥?ê��£Ú�
E

C¼êØ�Ä:�£(EC¼ê�)Û±9����n), Ún�y²^�
Ä

:�ÿÀÆ�£±9EC¼êØ��
�J��£(Ë��n). ¯K2 ==^

�
Ð�êÆ��£±9¯K 1 �(Ø.

�� �öa�"v<�[��"Úekt�Ç�9%'~.
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