
êÆ#(� >)�Ð«
www.nsmath.cn/jdzs

1n�ÊÏ¯K�))��:µ

Üà�

1�K ¦¤k���ê n, ¦�é?¿ ngÄ�¢Xêõ�ª P , ��

P (2)k n2�ØÓ���¢�, Òkéz���êm, P (m)k nm�ØÓ�¢�.

ùp P (m)L« P �mgS�.

(�®�ÆÆ) w@ øK)

) (�âøKö�)��n):

¤¦� 19�N�óê.

ky²éù
 n(Ø¤á.

n = 1�w,, e� n��óê.

Ï� P (2)k n2�ØÓ�¢�, � P k n�ØÓ�¢� x1 < x2 < · · · < xn,

� P (x) = xk(k = 1, 2, · · · , n)�k n�ØÓ�¢�. d P Ä�� P 3 (xn,+∞)

þüN4O, � P (x)→ +∞(x→ +∞).

e xn > 0, d0�½n, P (x) = xn3 (xn,+∞)þk�¢�, � P (2)�¢�

���gñ. Ïd xn ≤ 0, ? P �¢����.

� P 3«m Ik = [x2k−1, x2k] þ����� mk < 0(k = 1, 2, · · · , n
2
), P

M = max{m1,m2, · · · ,mn
2
}. é y0 ∈ (M, 0], d0�½n9¼êüN5, �

P (x) = y03z� Ik þTkü�ØÓ�¢�, l�k n�ØÓ�¢�. ,��

¡, e P (x) = y0k n�ØÓ�¢�, K y0 > M . � y0 = xk(k = 1, 2, · · · , n), �

P �¢��3 (M, 0]¥.

e¡ém8By² P (m)3 (M, 0]¥k nm�ØÓ�¢�.

�m = 1�, þ¡®y. b�m�¤á, 5wm+ 1���/.

d8Bb�, P (m)(x) = 0k nm �¢�M < y1 < y2 < · · · < ynm ≤ 0. d

þã©Û� P (x) = yk(k = 1, 2, · · · , nm)�k n�ØÓ�¢�, �ù
��3

(x1, 0] ⊆ (M, 0]¥. éØÓ� k, ù
¢�w,pØ�Ó, �Ü¿å5B�Ñ

(M, 0]¥ nm+1�ØÓ�¢�.
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8By..

e� n > 1�Ûê, 5�E�~.

� P (x) = (x+ t)(x+ 2t) · · · (x+ nt), ·�`²�±À� t > 0ÎÜ�¦.

� P 3«m [−2kt,−(2k − 1)t]þ�����mk(t) < 0(k = 1, 2, · · · , n−1
2

),

PM(t) = max{m1,m2, · · · ,mn−1
2
}.

� g(t) = M(t) + nt, KdÃmk ëY� g½ëY.

Ï�é?¿ −1 ≤ x ≤ 0, (x+ 1
n
)(x+ 2

n
) · · · (x+ 1) > −1, ¤± g( 1

n
) > 0.

,��¡, é k = 1, 2, · · · , n−1
2

, P (−(2k − 1
2
)t)´'u t� n > 1gõ�ª,

�d n´Ûê��pg�Xê�K. u´3 t¿©��, éz� k,

mk(t) + nt ≤ P

(
−(2k − 1

2
)t

)
+ nt < 0,

�3 t¿©�� g(t) < 0.

d0�½n, g �3��":. ·��±� g �":¥���ö£ù´Ï

�48 {0}���E4, � g �":kþ.¤, P� t0, @o� t > t0 �Bk

g(t) < 0.

� Q(x) = P (x)− x, du n > 1� n´Ûê, Q3 (−∞,−nt)þTk��

¢�, P� x0 = x0(t). � h(t) = M(t)− x0(t), K hëY, �

h(t0) = M(t0)− x0(t0) = −nt0 − P (t0) > 0.

��3 t1 > t0¦� h(t1) > 0, ·�y²� t = t1=÷v�¦.

d¼ê�üN59M(t1) < −nt1, ��y²Ü©�©Û� P (x) = −kt1k

n�ØÓ���¢� (k = 1, 2, · · · , n), � P (2)�(k n2�ØÓ���¢�.

,��¡, ·�8B½Âê� {am}Xeµa1 = −nt1, ém > 1, am½Â�

P (x) = am−1���¢�£AO/, am� P (m)�¢�¤. d n´Ûê�½Âû

Ð.

ÏL8B{ØJy² am−1 > am > x0(t1), Ïd {am} �üN4~�

k.ê�, �Ù4��3, �� L. 3 P (am) = am−1 ü>Ó��4��

P (L) = L, (Ü L < a1 = −nt1 9 x0 ��{�� L = x0(t1). d t1 ��{�

x0(t1) < M(t1) < −nt1, ��3��ê N , ¦� aN < M(t1). 2g��y²Ü©

�©Û� P (x) = aN vk n�ØÓ�¢�, Ïd P �(´·�I���~. �

µ5 (1). �K�L§é�, �Ø%g�´{ü�: ^�û½
 P �":©

ÙÚüN5, ÏS�¥��´Äà�����©Ù���', ddØJß�

�Y¿�Ñy². ,��¡, �EÜ©k�½JÝ, Ø�E�aú	, ��¦�
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p�½5©Ûõ..

(2). <�N¥x�ñÓÆ�Ñ, � n´Ûê�, �±À�T��¢ê s, t,

¦�éu

P (x) = (x+ s+ t)(x+ s+ 2t) · · · (x+ s+ nt),

P (2)k n2�ØÓ���¢�,  P (3)�ØÓ¢��u n3�.

1�K �4ABC �	��� Ω, S��� ω, ω� BC,CA,AB ©O�u

: D,E, F . ò� EF � Ωu: P , �� PD©O� ω,Ω�u: G,Q. � Ω3

B,C ?����u: T . y²: (1) TG´ ω���; (2) PQ
DG

= R+r
r

, Ù¥ R, r©

O´ Ω, ω��».

({I2�xúi�®©úi �_ uÀ���Æ Û�u øK)

y² (�âH�½1�¥ÆoWH!u^�ÓÆ�)��n):

J K

H

G

P

E
F

D

T

A

B C

(1) � ω3 G?������ AB,AC ©O�u: J,H.

� K ´ DF � EG��:, K H,P,B Ñ3 K 'u ω�4�þ, Ïd§�

��.

Ón, J, P, C ��.

é�S�8>/ BBPCCA^ødk½n�, H, J, T ��, l TG´ ω

���.
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(2) P ∠PDB = θ, K

∠DPE = ∠PDB + ∠FBD − ∠BFP = θ +B − (90◦ − A

2
) = θ +

B − C
2

.

34PDE ¥,

PD = DE · sin∠PED
sin∠DPE

= 2r cos
C

2
·

sin(90◦ − B
2

)

sin(θ + B−C
2

)
=

2r cos B
2

cos C
2

sin(θ + B−C
2

)
.

u´

DQ =
BD ·DC
PD

=
r cot B

2
· r cot C

2

2r cos B
2

cos C
2

sin(θ + B−C
2

)

=
r sin(θ + B−C

2
)

2 sin B
2

sin C
2

=2R sin
A

2
sin

(
θ +

B − C
2

)
.

Y

X

Q
M

G

P

E

F

D

I

A

B C

� I ´4ABC �S%, ò� AI � Ωu:M , LM � PQ�²1�� Ω

u: X, � IY⊥XM u Y .

Ï�

YM = IM cos∠AMX = 2R sin
A

2
cos

(
C +

A

2
− θ
)

= 2R sin
A

2
sin

(
θ +

B − C
2

)
= DQ,

¤±o>/ DYMQ´²1o>/, u´ DY = QM . q PX = QM , �d IY

R�²©�ã GD, � GY = DY , ¤± PX = GY . u´o>/ PXY G´²1

o>/, l PG = XY .

ù�,

PG+DQ = XY + YM = XM = 2R sin θ.

q DG = 2r sin θ, ¤±

PQ

DG
=
PG+DG+DQ

DG
=

2R sin θ + 2r sin θ

2r sin θ
=
R + r

r
. �
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µ5 (1). �®���ÆNá¢�¥ÆÜvw�ÓÆ��Ñ
�K��(

)�.

(2). : P �Ù¦5�31lÏ�)1nKÚ1 603 IMOýÀK G6¥k

¤�9.

1nK ¦���¢ê λ, ¦�é?¿��ê nÚ�¢ê x1, x2, · · · , xn, Ñ

k (
n∑
i=1

x2i

)(
n∑
i=1

n∑
j=1

max{i, j}xixj

)
≥ λ

(
n∑
i=1

xi

)4

.

(<�N¥Æ) q²Z øK)

y² (�âøKö�)��n):

dàg5, Ø��
n∑
i=1

xi = 1. 5¿�

n∑
i=1

n∑
j=1

max{i, j}xixj =
n∑
i=1

ix2i + 2
∑

1≤j<i≤n

ixixj

= n

(
n∑
i=1

xi

)2

−
n∑
i=1

(
i−1∑
j=1

xj

)2

=
n∑
i=1

(
1− (x1 + x2 + · · ·+ xi−1)

2
)
.

u´d�ÜØ�ª,(
n∑
i=1

x2i

)(
n∑
i=1

n∑
j=1

max{i, j}xixj

)

=

(
n∑
i=1

x2i

)(
n∑
i=1

(
1− (x1 + x2 + · · ·+ xi−1)

2
))

≥

(
n∑
i=1

xi
√

1− (x1 + x2 + · · ·+ xi−1)2

)2

.

xnx3x2x1
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Xã, �E�»� 1�o©���±9 n�Ý/. Ù¥é 1 ≤ i ≤ n, 1 i�

Ý/�°� xi, p�
√

1− (x1 + x2 + · · ·+ xi−1)2, K

n∑
i=1

xi
√

1− (x1 + x2 + · · ·+ xi−1)2

=� n�Ý/�¡È�Ú. dã�, n�Ý/�¡È�ÚØ�uo©����¡

È π
4
, � (

n∑
i=1

x2i

)(
n∑
i=1

n∑
j=1

max{i, j}xixj

)
≥
(π

4

)2
=
π2

16
,

=� λ = π2

16
�Ø�ª¤á.

,��¡, é 1 ≤ i ≤ n, � xi = cos iπ
2n

.£�ò xn\þ��¿©���¢ê

±¦���¢ê, �
Qã�B, Ú��¤{u�/ª, ØK�(J¤

� n→∞�,

1

n

n∑
i=1

xi =
1

n

n∑
i=1

cos
iπ

2n
→ 2

π

∫ π
2

0

cosx dx =
2

π
,

1

n

n∑
i=1

x2i =
1

n

n∑
i=1

cos2
iπ

2n
=

1

2n

(
n+

n∑
i=1

cos
iπ

n

)

→1

2
+

1

2π

∫ π

0

cosx dx =
1

2
.

q
i−1∑
j=1

xj =
i−1∑
j=1

cos
jπ

2n
=

1

2

(
sin (2i−1)π

4n

sin π
4n

− 1

)
,

¤±

n∑
i=1

(
i−1∑
j=1

xj

)2

=
1

4

(
1

sin2 π
4n

n∑
i=1

sin2 (2i− 1)π

4n
− 2

sin π
4n

n∑
i=1

sin
(2i− 1)π

4n
+ n

)

=
1

4

(
n

2 sin2 π
4n

− 1

sin2 π
4n

+ n

)
.

u´� n→∞�,

1

n3

n∑
i=1

n∑
j=1

max{i, j}xixj

=

(
1

n

n∑
i=1

xi

)2

− 1

n3

n∑
i=1

(
i−1∑
j=1

xj

)2

→
(

2

π

)2

− 1

4
· 1

2(π
4
)2

=
2

π2
.
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�3 (
1

n

n∑
i=1

x2i

)(
1

n3

n∑
i=1

n∑
j=1

max{i, j}xixj

)
≥ λ

(
1

n

n∑
i=1

xi

)4

ü>Ó�- n→∞�,
1

2
· 2

π2
≥ λ

(
2

π

)4

,

)� λ ≤ π2

16
.

nþ, ¤¦���� π2

16
. �

µ5 É²Æ�¥Æ±Kó!�®���ÆNá¢�¥ÆÜvw�ÓÆ�

Ñ
�K�(�y², ��EØ�(.

1oK é��ê8���k�f8 I, ^ l(I)L« I ¥¤k�����ú

�ê. � n´�u 1��ê, k´Ø�L n��ê��ê. � A´ {2, 3, · · · , n}

���f8, P B = {l(I) | I ⊆ A, I 6= ∅, l(I) ≤ n2}. ¦y: �3 C ⊆ B, ¦�

|C| ≥ 2
k+1
|B|, � C ¥��üüØp�.

(uÀ���Æ1�Ná¥ÆÆ) ��A øK)

y² (�â<�N¥�bëÓÆ�)��n):

�Ø�L n� k��ê� p1, p2, · · · , pk.

é 1 ≤ i ≤ k, ½Â8Ü

Ci = {b ∈ B | pi | b}, Di = {b ∈ B | b´ pi��}.

w, Ci¥��üüØp�, P |Di| = di.

��¡, y² max
1≤i≤k

|Ci| ≥ d1 + d2 + · · ·+ dk.

e d1 = d2 = · · · = dk = 0, (Øw,¤á.

e�3 i¦ di 6= 0, Ø� d1 6= 0, ·�y² |C1| ≥ d1 + d2 + · · ·+ dk.

¯¢þ, d� A¥�3 p1��, �� pα1 .

é?¿ d ∈ Di, i > 1, � l(I) = d, K d ∈ I, ? d ∈ A, AO/ d ≤ n. Ï�

l({d, pα1}) = pα1d ≤ n2,

¤± pα1d ∈ C1, �

{pα1d | d ∈ Di, i > 1} ⊆ C1.

qw, D1 ⊆ C1, ¤± |C1| ≥ d1 + d2 + · · ·+ dk.
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,��¡, �Ä |C1|+ |C2|+ · · ·+ |Ck|.

O�z� b ∈ B ��z, = báuõ�� Ci, ùT� b��Ïf�ê. Ïd

� b ∈ D1 ∪D2 ∪ · · · ∪Dk ��z� 1, ÄK�z��� 2. �

k max
1≤i≤k

|Ci| ≥ |C1|+ |C2|+ · · ·+ |Ck| ≥ 2|B| − (d1 + d2 + · · ·+ dk).

nÜü�¡, max
1≤i≤k

|Ci| ≥
2

k + 1
|B|, ·K�y. �
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