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1){{{III���¬¬¬éééêêêÆÆÆ¿¿¿mmm���ÌÌÌ666www{{{

ÀoêÆ=â (��Ï�);

Ê9Ú\DêÆ;

êÆ©zï���Ü©;

2){{{IIIêêêÆÆÆ¿¿¿mmm¹¹¹ÄÄÄ���AAA

�I5�'m (MAAÌ�): AMC, AIME, USAMO, USAJMO,
Putnam Competition, Mathcounts (�IÐ¥êÆ¿m).

�ÆÞ��¿m: HMMT (MÃ–æ�êÆ¿m), PUMaC (Ê
�dî�ÆêÆ¿m), BMT (Ë�|êÆ¿m)�.

/«êÆ¿m:Ý�êÆ¿m,�«êÆ¿m�.

ÆâìNÞ��Ì��¿m: BLMO, USAEMO.

ekt ú1�ºÝ



{IkK��êÆ¿mATØ�u 50�,Ù¥ AoPSþ�Ñ

n�õ�.

{Izc� 20�<ë\ AMC;¥Izc� 5�<ë\�I
ém.

3)¥¥¥{{{zzzcccÐÐÐ���êêêÆÆÆ###KKK���êêêþþþ'''���

êÆ¿m¹Ä�)�#K,¥{êþ�'�� 1 : 5.

êÆÏr�)�#K:
Amer. Math. Monthly ({IêÆ�r)
Math. Mag. (êÆ,�)
College Math. J. (�ÆêÆ,�)
Math Horizons (êÆÀ�)
Math Relf. (êÆN�)

¥{zcÏr�)�#Kêþ�'� 1 : 20.

nÜ,¥{zc�)�#Kêþ'�� 1 : 10 (W*�O).
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4){{{III���êêêÆÆÆ������øøø

{IêÆ¬ (MAA)zcøy�ã5!Ê95�êÆ��:

Chauvenetø,øy��#Ñ�©Ù.

Halmos-Fordø,{IêÆ�r½êÆ,�.

Carl B. Allendoerferø,êÆ,�.

George Pólyaø,�ÆêÆ,�.

Trevor Evansø,êÆÀ�.

Merten M. Hesse�c�öø,?� MAAÏr.

î.ãÖø,�UJpú¯À��êÆÖ7.
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5)üüü���{{{IIIêêêÆÆÆ¿¿¿mmm¯̄̄KKK!!!üüü

K 1 ( 2020 USAMO )

� n ≥ 2, x1 ≥ x2 ≥ · · · ≥ xn, y1 ≥ y2 ≥ · · · ≥ yn,¦�

0 = x1 + x2 + · · ·+ xn = y1 + y2 + · · ·+ yn

�
1 = x2

1 + x2
2 + · · ·+ x2

n = y2
1 + y2

2 + · · ·+ y2
n .

y²:
n∑

i=1

(xiyi − xiyn+1−i) ≥
2

√
n − 1

.

David SpeyerÚ KedlayaøK,�ö´·�Ù��Í¶êÆ
[.

ù´üSØ�ª�\r��.
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K 2 ( 2020{I�«êÆ¿m )

� a, b ��K�ê, S �¥¡ Ωþ a + b + 3�:�8Ü,Ù¥?
¿o:Ø�¡.¦kõ��²¡²L S ¥n:,¦�Ùò S ¥�
{�:©��ý a�:,�ý b �:?

ù´��`{�|ÜAÛ¯K.

Ù^,�öy²
§�duXe�²¡¯K:

� T �²¡þ a + b + 3�:�8Ü,Ù¥?¿o:Ø
�¡,?¿o:Ø��.¡ T ���n�f8´Ð�,X
J²Lùn:���SÜTk T ¥ a�:½ b �:.¦
Ð�n�f8ê8.

�KJÝé�,�O�|þvk<U�Ñ5,½N^þã²¡
�����ÁÁK�Ü·.
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�. êÆ¿m·Ka×

1)êêêÆÆÆ[[[���úúú111,������[[[���ºººÝÝÝ

ùQ´µdIO,�´·�·KL§¥A��Ì��K.

êêêÆÆÆ[[[���úúú111���))):

(1)´Ä´g,�êÆ¯K;

(2)´Ä´#L�êÆ¯K;

(3)´Ä´{'�êÆ¯K;

(4)´Ä´k�µ�êÆ¯K;

(5)´Ä´kÕAÀ��êÆ¯K.
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������[[[���ºººÝÝÝ���:

(1)´Ä´·Ü¥Æ)�êÆ¯K;

(2)´Ä´JÝÜ·�êÆ¯K.

������555¿¿¿���kkk:

(1)
)¥Æ)��£(�ÚUå;

(2)·KL§¥I�~�� g�;

(3)ºÝ¢Sþ´êÆÚ���(Ü�nÜµd.
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K 3 ( 2016±Ú� TST )

� 4 ABC �b�n�/, P ´½ÂÊ:��Ê�:�à�,¦

F =
SP

S4ABC

��`þe..

^|Ü�*:5*	Ê:�,À�ÕA,-<¯ý�

��¯KAÛ´SØ,Ó��¹|ÜÚ©Û��{.

JÝ��u�Iém�Á¥�J�²¡AÛK.

Jø
�«|ÜÚAÛ�(Ü�J¯�ª.
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2)���KKK���OOO���KKK

êÆ¿mÁK¿Ø�¦Ñ´·Kö�M�,��ãå;��KÚ
O�K.

�K´�IS	êÆ¿m½¿m~^]�¥ÑyL�¯K.

O�K´�/ªþ�kUC,���þ�´�K.

�K�O�Käk��õU:

(1)�K  ´ÐK (��EÀ^);

(2)?�O�K�±�zé¯K�@£.
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K 4 ( 2014 USAMO )

y²:�3Ã¡:8 · · · , P−3, P−2, P−1, P0, P1, P2, P3, · · · ¦�
äke¡5�:é?¿n�ØÓ��ê a, b , c, Pa , Pb , Pc ��
��=� a + b + c = 2014.

T¯K��þÚ 2008c MMO (/¥°êÆc���)¥�e¡Á
K�Ó,´��O�K.

K 5 ( 2008 MMO )

´Ä�3²¡þü�Ã¡:� A1, A2, · · · Ú B1, B2, · · · ¦�é
?¿ i, j, k , 1 ≤ i < j < k ,÷v
(1) Bk 3�� AiAj þ��=� k = i + j.
(2) Ak 3�� BiBj þ��=� k = i + j.
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ù�¯K��±^,	�����/ª�Ñ,§�´��O�K:

K 6 ( 2012�� TST )

¦¤k�¢Xêõ�ª P,¦�é?¿÷vÚ� 0�¢ê x, y, z,
k (x,P(x)), (y,P(y))Ú (z,P(z))n:��.

3ÔöÆ)�,  rþãn�¯K(K 4, 5, 6)�3�å,4Æ)
JõÑ(Ø:

3gê�u 1�õ�ª¥=kngõ�ªkn:��(�.

?�Ú�±JÑXeng�þ���/¯K (c�émK)�
Æ)?Ø:

� a, b , c �¢ê,®�Tk����/�¤kº:Ñ3n
g� y = x3 + ax2 + bx + c �þ.¦T��/�>�.
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3)���'''������111���KKK

Ümqk)` :/3�@Áò¥,1�K´�'��0.

������ooo111���KKKùùùooo���ººº

(1)´�õêÆ)U��,´Ü©Æ)=U��;

(2)�K��Á%n;

(3)¤��1�K~~´�Æ¥�9:,é�¿m�Æ)�k
éu5.

���ooo´́́ÐÐÐ���111���KKKººº

(1)N´Ø� (#L�k�);

(2)�©Çp�Øx©;

(3)\��°.
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¤¤¤������111���KKKÞÞÞ~~~ (=�u#(ÿÁK):

K 7

� z1, z2, z3, z4´ 4��� 1�Eê,�÷v z1 + z2 + z3 + z4 = 0.
y²: z1, z2, z3, z4¥7kü��Ú�".

{ùWøK

80%�ÓÆ�édK.

T¯Kko«ØÓy{.

(Ø�±í2�¥%é¡�î�à�²¡µ4�þ.

ekt ú1�ºÝ



K 8

��ê n ≥ 2.¦���¢ê λ = λ(n)¦�

∑
1≤i<j≤n

(ai + aj)

(
1
i

+
1
j

)
≥ λ

n∑
i=1

ai

i

é?¿÷v a1 ≤ a2 ≤ · · · ≤ an ��¢ê a1, a2, · · · , an ¤á.

�2ÉøK

85%�ÓÆ�édK.

T¯K±Í¶È©Ø�ª���µ.

�{õ��Ñ´Æ)7LÝº��êE|.
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K 9

�½��ê n ≥ 2.é 1, 2, · · · , n���ü� a1, a2, · · · , an 9
1 ≤ i ≤ n,^ xi L«± ai �Ä��4Of���Ý����,^ yi

L«± ai �Ä��4~f���Ý����.¦
∑n

i=1 |xi − yi |�
���U�.

Üà�øK

45%�ÓÆ�édK.

T¯Kué Erdös-Szekeres½n�g�.

ù´��|Ü.�ê¯K,�{õ�.
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K 10

� x, y, z´�"Eê,¦

F = min
{
|x − y |
|z|

,
|y − z|
|x |

,
|z − x |
|y |

}
����.

43%�ÓÆ�édK.

T¯KkÔn�µ.

�±^AÛ½Eê�{¦).

ekt ú1�ºÝ



XXXÛÛÛÀÀÀJJJ111���KKKººº

e¡± 2021Ê� NSMO1�K�)�L§Þ~`².Äk,kX
eo�ýÀ¯K:

(1)
→
v1,

→
v2,´²¡þ?¿ü�ü �þ,¦

sup
|
→
v |=1

{∣∣∣∣→v · →v1

∣∣∣∣ · ∣∣∣∣→v · →v2

∣∣∣∣} .
(2)� a1, a2, · · · , an, b1, b2, · · · , bn �¢ê÷v

n∑
i=1

a2
i = 1,

n∑
i=1

b2
i = 1.

y²: ∑
1≤i<j≤n

cicj ≥
1
4
,

Ù¥, ci = aibi , i = 1, 2, · · · , n.
ekt ú1�ºÝ



(3)3k�8�8x F ¥,½Â

d(A , B) = |A∆B |, A , B ∈ F .

y²:
d(A , B) ≤ d(A , C) + d(C , B),

Ù¥A , B , C ∈ F .

(4)�

f(n) =
1

n + 1
(n!)

1
n , n ∈ N∗.

y²: f(n)´��~¼ê.
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???ØØØ¢¢¢¹¹¹:

i)ÄÄÄkkk���KKK111nnnKKK.

1nK`²
é¡�´��Ýþ,´²;�k¿Â�(Ø.�k<
�Ñ,3CÏ�ÁK¥k��'ué¡��¯K^�Lù�(Ø,
�TK´��O�K,Äk�=�.

ii)ÙÙÙggg���KKK111oooKKK.

kw1oK�y².

yyy²²². P an = n(log(n + 1) − log(n)),K

an = log
((

1 +
1
n

)n)
4O,�

An =
a1 + a2 + · · ·+ an

n

�4O.

ekt ú1�ºÝ



�

An =
1
n

n∑
r=1

r(log(r + 1) − log r)

= log(n + 1) −
1
n

n∑
r=1

log r

= log
n + 1

(n!)
1
n

.

� f(n)´��~¼ê. �

µµµÛÛÛ. T¯K´#L��Qã{ü.

(n!)
1
n �üN5´��Í¶�¯K,�T¯KkéÐ��µ.

k<�¦´Ä���'� f(n + 1)Ú f(n)���,²}Á�uy
éJ�¤.
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?�Ú,·�µ�þ¡y{�JÝ.T¯K^�ü�~^(Ø:

(1)
(
1 +

1
n

)n

´üN4O�.

(2)e���êS� {an}4O,K An 4O.

ùü�(Øé�õê¥Æ)5`´kJÝ�, an ��E´��
�J:,�õê¥Æ)�UJ±�¤ (¦+�EkÜn5).

nþ,T¯K�JÝ���L1�K�JÝ,Ïd=�TK.

iii)222ggg���KKK111���KKK.

1�K´dPKüCÑ�#¡�,¢�þ�#¿Ø
.

XJvk�Ð�ÀJ´�±��1�K�,�ùp�=�.
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iv)������ÀÀÀ^̂̂111���KKK.

¯K#L!{'!`ä.

(Øé?¿���ESÈ�mÑ¤á,�x
��{u�4�5
�,kéÐ�ïÄ�µ.

�{õ�,JÝØ�.�õêÆ)U
�¤,�´Æ)@£��f
û½
)K�Ñ� (�ªk 86%�ÓÆ�édK,�3����
S=k�� 20%�ÓÆ�¤TK).

nþ,�[��@�1�K�±À^.2?UK¡,�ª�):

K 11

¦���¢ê c,¦�é²¡þ?¿ü�ü �þ
→
v1,

→
v2,þ�3

ü �þ
→
v ,÷v ∣∣∣∣→v · →v1

∣∣∣∣ · ∣∣∣∣→v · →v2

∣∣∣∣ ≥ c.

�X�øK
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n. l#y²�#uy

Ð�#�){~~Up�#uy!#(J.

2015cC��ø�ÌZÔË� (Nirenberg)Q`L:

XXXJJJùùù���¯̄̄KKK---···<<<���������,···ÒÒÒ¬¬¬mmm©©©ggg���´́́ÄÄÄ
UUUééé������ÐÐÐ���yyy²²².···������{{{½½½NNNUUUééé������ÐÐÐ���yyy
²²²,$$$������ÑÑÑÏÏÏ###���ÀÀÀÜÜÜ.

e¡SN�áuekt,=R,Ç£´©Ù�ý<�:

lll###yyy²²²���###uuuyyy
—���êØ�ª�ï?¢¹
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�©¯K ( Mathematical Reflections, 2019.6 )

��ê n ≥ 2,¢ê a1, a2, · · · , an ≥ 1´�¢ê�÷v a1a2 · · · an

= 2n.K

a1 + · · ·+ an −
2
a1
− · · · −

2
an
≥ n.

Marin ChirciuøK

T�)K��k�n ÖöJ�
)�.?6Àu�)�´
d Danied LasaosaJø�,|^ Lagrange¦f{¦),E|
5�r.
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ü�#y²

(1)������AAA���yyy{{{Xe(V�):

Äk|^/��{0y²Ún:

é¢ê x ∈
[

1
2 ,∞

)
,k

2x −
1
x
− 1 ≥ 3 ln x.

l
n∑

i=1

(
ai −

2
ai

)
≥

n∑
i=1

(
3 · ln

ai

2
+ 1

)
= n.

�
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(2) ¸̧̧###������yyy{{{Xe(V�):

Äk|^�êC/y²Ún:

� 1 ≤ a < 2 < b ,K

a + b −
2
a
−

2
b
≥ 1 +

ab
2
−

4
ab

.

^8B{y²�K.

Ø�� 1 ≤ an−1 < 2 < an.- t = 1
2an−1an,K t ∈ [1,∞].

d8Bb��,

a1 + · · ·+ an−2 + t −
2
a1
− · · · −

2
an−2

−
2
t
≥ n − 1.

qdÚn�,

an−1 + an −
2

an−1
−

2
an
≥ 1 + t −

2
t
.

òþüª�\B�(J. �
ekt ú1�ºÝ



üüü������ddd///ªªª

111������ddd///ªªª:

��ê a1, a2, · · · , an ∈
[

1
2 ,∞

)
÷v a1a2 · · · an = 1,K

a1 + · · ·+ an − n ≥
1
2

(
1
a1

+ · · ·+
1
an
− n

)
.

111������ddd///ªªª:

��ê a1, a2, · · · , an ∈
[

1
2 ,∞

)
÷v a1a2 · · · an = 1,K

a1 + · · ·+ an −
1
2

(
1
a1

+ · · ·+
1
an

)
≥

1
2

n.
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üüü���###(((JJJ

½n 1 ()�²)

n ≥ 2.e a1, a2, · · · , an ��¢ê¦� a1a2 · · · an = 1,K

a1 + a2 + · · ·+ an − n ≥ min{a1, a2, · · · , an}

(
1
a1

+ · · ·+
1
an
− n

)
.

ù´1��d/ª�\r��.

y²¦^�äE|�Ek.48,2^N�{.
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½n 2 (�Wd)

� n ≥ 2��ê�¢ê a1, a2, · · · , an ÷v
∏n

i=1 ai = 1� ai ≥ c,
Ù¥ c ��u 1��~ê.eØ�ª

n∑
i=1

ai ≥ λ

n∑
i=1

1
ai

+ (1 − λ)n

é?¿��ê nÚ÷v^�� a1, a2, · · · , an þ¤á,K λ���
�� c−ln c−1

c−1+ln c−1 .

ù´1��d/ª�\r��.

y²�Ì��,ùp=0�Xe'��Ún.
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ÚÚÚnnn (d�Wdßÿ,é_'y²)

� c ∈ (0, 1)´~ëê,-

f(y) =
cy + c−y − y − 1
c−1y + cy − y − 1

,

K f 3 (0,∞)þüN4O.

ííí222ïïïÄÄÄ������

d½n 1�/ª,é��Í¶� Gabriel-CalinØØØ���ªªª.

ekt ú1�ºÝ



½n 3 ( Gabriel-CalinØ�ª )

� n ≥ 2��ê�¢ê a1, a2, · · · , an ÷v a1 · · · an = 1.K:

a2
1 + a2

2 + · · ·+ a2
n − n ≥

2n
n − 1

n√
n − 1(a1 + a2 + · · ·+ an − n).

�y²�g´�8B{\N�.E|5r,�Ì��.

yyy²²²VVV���:

Ø�� an = min{a1, a2, · · · , an}.P�mü>���

f(a1, a2, · · · , an).- Gn−1 = n−1√a1a2 · · · an−1.e¡y²:

(1) f(a1, a2, · · · , an) ≥ f(Gn−1, · · · , Gn−1, an).

(2) f(Gn−1, · · · , Gn−1, an) ≥ 0.
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üüü���###yyy²²²

(1)ôôôAAAÊÊÊ�y²g´:

ÏL�ä�{üØ²���/,2|^^�ò½Â
���3k.48þ,�y f �34��.ù�|^
Lagrange¦ê{B�±��4�:�(�,ly
²(Ø.

(2)���WWW�y²g´:

ÏL�äò ai �½Â���3k.48þ,�y�
3���.2�½ aiaj ,d��yØ�ª�à�mà
��´ ai + aj �g¼ê,|^Ù5��±����
�:�A�.
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XXXêêê������`̀̀555???ØØØ

*	: Gabriel-CalinØ�ªm>�Xê 2n
n−1

n√n − 1Ø´�`�.

g,�¯K:¯Ø�ªm>�`�Xê´�o?

ùÒ�)
Xeü�½n:

½n 4 ()�²)

e�ê n ≥ 2.�ê a1, a2, · · · , an ÷v a1a2 · · · an = 1,K

a2
1 + a2

2 + · · ·+ a2
n − n ≥ 2

1 +
(n − 1)

1
n

√
n − 1

 (a1 + a2 + · · ·+ an − n).

½n 4´�¯K�\r,�XêEØ´�`�.
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e¡´ Gabriel-CalinØ�ª��`Xê���.

½n 5 ()�²)

���ê n ≥ 2, fn(x) = x2n − 2nxn+1 + 2nxn + nx2 − 2nx + n − 1,
K

(1)� n ≥ 3.�§ fn(x) = 03 (0, 1)S�3��) tn.P

λn =
t2
n+1
tn
.AO/,�½ λ2 = 1,K λn ≤ λn+1.

(2)e�ê a1, a2, · · · , an �È� 1.K

a2
1 + a2

2 + · · ·+ a2
n − n ≥ 2λn(a1 + a2 + · · ·+ an − n),

�~ê 2λn ´�`�.��^�� (a1, a2, · · · , an) = (1, 1, · · · , 1)
½ (t−1

n , · · · , t−1
n , tn−1

n )9ÙÓ�.
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