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Üà�

1�K �4ABC �Ø��n�/, O,H ©O�Ù	%�R%, �� OH

� AC,AB ©O�u: E,F . - �O �4ABC �	��, §�4AEF �	�

� �S �uØ A 	�,�: J . 2� 4JSO �	��� �O �u J,K ü:,


��� OH �u O,D ü:. �� DK � �O �u G,K ü:, �� JK �

OH �uM . ¦y: L G,H,M ��� �O ��.

(=²�¥Æ) Ï¯ó øK)

y² (�âøKö�)��n):

Q

P

D

J
S

E

F

H
O

A

B C

ky² HJ⊥JD.

ò� OH!BC �u: P , K J ´��o>/ ABCFEP ���:, u´

J,E,C, P ��. ò� AH � �Ou: Q, K Q� H 'u BC é¡. Ï�

∠JPE = ∠JCE = ∠JQA,

¤± J, P,Q,H ��. ù�,

∠JHD = ∠JQP = ∠AQP − ∠JQA = ∠QHP − ∠JPH.
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q

∠JDH =180◦ − ∠OSJ = 90◦ − ∠AJS = ∠AEJ

=∠JCE + ∠EJC = ∠JPH + ∠EPC,

�

∠JHD + ∠JDH = ∠QHP + ∠EPC = 90◦,

= HJ⊥JD.

Y
X

M

G

D

K

J

H
O

A

B C

£��K. Ï�

∠JDG = 180◦ − ∠JOK = 180◦ − 2∠JGD,

¤± DJ = DG. q OJ = OG, ¤± J � G'u�� ODé¡.

ò� GM � �Ou: X, K X �K 'u�� ODé¡, ¤± XK⊥OD.

ò� GH � �Ou: Y , (Ü HJ⊥JD�,

∠Y XK = ∠Y GK = 180◦ − ∠HGD = 180◦ − ∠HJD = 90◦,

= XK⊥Y X.

u´ Y X �OD, = Y X �HM , �L G,H,M ��� �O��. �

µ5 (1). �®�Æ4�ÀÓÆ^�Eê{, ¦�g�Ñ

E =
A+ C

1 + AC
, F =

A+B

1 + AB
, S =

A(1 + AB +BC + CA)

(1 + AB)(1 + AC)
,

J =
1 + AB +BC + CA

A+B + C + ABC
, K = ABC, G =

A+B + C + ABC

1 + AB +BC + CA
.

(2). ¤Ñä�¥ÆÛ�Ê, �â½Hä¥Æ��", É²Æ�¥Æ�(!
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xg
, är¥Æ§W#, §²�=IS¢�Æ��º÷, §²¥Æ7v£, u

À���N¥��A�ÓÆ��Ñ
�K��()�.

1�K ò�� n× n �xÚ��L¥� n ��f/¤çÚ. y²: �3�

�
(
n
2

)
�x�, §�*d�mÏLú�>/¤ëÏ©|.

(­�Hm¥ÆÆ) Î�e øK)

y² (�âøKö�)��n):

©ü«�/?Ø.

�/ 1: k�1Ú�� (P� L) ¥vkç�.

� L¤3�ëÏ©|� T .

��LØ L 	�©�o�Ü© A1, A2, A3, A4 (�Uk�Ü©��). é

1 ≤ i ≤ 4, � Ai¥k ai�ç�. e¡y², Ai¥Øáu T �x��õk
(
ai
2

)
�.

¯¢þ, é Ai¥Øáu T ���x� B, � L¥� BÓ1ÚÓ���©O

� X, Y , K B,X �m��§�Ó1��¥7kç�, B, Y �m��§�Ó�

��¥�7kç�. l
 Ai¥Øáu T ���x�éA
 Ai¥�ü�ØÓ�

ç�. qØ¬kü�x�éA�Ó�éç� (ÄKùü�x�QÓ1�Ó�, Ï


´Ó��), � Ai¥Øáu T �x���êØõu Ai¥ç�é��ê
(
ai
2

)
.

l
 T ¥x�êØ�u

n2 − n−
4∑

i=1

(
ai
2

)
≥ n2 − n−

(
n

2

)
=

(
n

2

)
.

�/ 2: (Ø�) z�¥þkç�.

Ï�ç��k n�, ¤±z�¥Tk��ç�.

e�3��ü�, Ù¥�ç�vkú�:, Kùü�¥� 2(n− 1)�x�á

uÓ��ëÏ©| T . dz�¥Tk��ç�, ����¥k x�x�áu T

�, Ù����¥��k x− 1�x�áu T . l
 T ¥x�êØ�u

2(n− 1) + (n− 2) + (n− 3) + · · ·+ 1 >

(
n

2

)
.

e�?¿��ü��ç�Ñkú�:.

e1�1Ú���1¥vkç�, K�Üx��©�þeü�ëÏ©|, 7

k��¥�x�êØ�u
(
n
2

)
.

e (Ø�) 1�1¥kç�, KÙe�� n − 1�x�áuÓ��ëÏ©|

T . Óþ¡�Øy, T ¥x�êØ�u

(n− 1) + (n− 2) + · · ·+ 1 + 0 =

(
n

2

)
.
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nþ, ·K�y. �

µ5 É²Æ�¥Æ�1H, är¥Æ§W#, ±ìIS¢�Æ�Öh�,

§²¥Æ7v£, uÀ���N¥��A�ÓÆ��Ñ
�K��()�.

1nK � ai, bi (1 ≤ i ≤ n) �¢ê, ÷v ai ≥ 0 �
n∑

i=1

ai = 1. y²:

n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

|bi + bj + bk + bl| · aiajakal ≥
n∑

i=1

|bi| · ai.

(�®�ÆÆ) Üôh øK)

y² (�âøKö�)��n):

ky²���/
n∑

i=1

n∑
j=1

|bi + bj| · aiaj ≥
n∑

i=1

|bi| · ai.

� bi = cidi, Ù¥ di = |bi|, ci = ±1, K�Iy²
n∑

i=1

n∑
j=1

|cidi + cjdj| · aiaj ≥
n∑

i=1

diai.

ky²ÛÜØ�ª

|cidi + cjdj| ≥
1

2
(di + dj) + cicj

√
didj.

¯¢þ, � ci, cj ÓÒ�, =y 1
2
(di + dj) ≥

√
didj, w,¤á.

� ci, cj ÉÒ�, Ø�� di ≥ dj, K=y di − dj ≥ 1
2
(
√
di −

√
dj)

2, ù�du

2(
√
di +

√
dj) ≥

√
di −

√
dj, �¤á.

ù�,
n∑

i=1

n∑
j=1

|cidi + cjdj| · aiaj ≥
n∑

i=1

n∑
j=1

(
1

2
(di + dj) + cicj

√
didj

)
aiaj

=

(
n∑

i=1

diai

)(
n∑

j=1

aj

)
+

(
n∑

i=1

ci
√
diai

)2

≥
n∑

i=1

diai.

£��K. Ï�
n∑

i=1

n∑
j=1

aiaj =

(
n∑

i=1

ai

)2

= 1,

¤±ké n2�Cþ aiaj � bi + bj(1 ≤ i, j ≤ n)^���/, 2��^���/
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�,
n∑

i=1

n∑
j=1

n∑
k=1

n∑
l=1

|(bi + bj) + (bk + bl)| · (aiaj)(akal)

≥
n∑

i=1

n∑
j=1

|bi + bj| · aiaj ≥
n∑

i=1

|bi| · ai.

nþ, ·K�y. �

µ5 (1). 3���/¥� a1 = a2 = · · · = an = 1
n
, =�� 2006c�KI

[èÀo�Á1oK.

(2). ���/��±ÏLé b1, b2, · · · , bn�K©l5y².

(3). Hm�Æ/(³�Ç�Ñ, ���/éEê b1, b2, · · · , bn �¤á. y

²g�Ó�y²�C,¯¢þ, � bi = cidi, Ù¥ di = |bi|, |ci| = 1, '���Ú´

y²ÛÜØ�ª

|cidi + cjdj| ≥
1

2
(di + dj) +

1

2
(cicj + cicj)

√
didj, (∗)

��Ó�y².

(∗) ªy²Xe: � di ½ dj �u 0�w,¤á, eØ�� di ≥ dj > 0. P

d = di
dj
, λ = cicj, K d ≥ 1, |λ| = 1, �

|cidi + cjdj| = |di + cicjdj| = dj|d+ λ|,

u´�Iy²

|d+ λ| ≥ 1

2
(d+ 1) +

1

2
(λ+ λ)

√
d.

� λ = cos θ + i sin θ, K�Iy²

d+ cos θ ≥ 1

2
(d+ 1) + cos θ

√
d.

ù�du
√
d+ 1 ≥ 2 cos θ,

d
√
d+ 1 ≥ 2 ≥ 2 cos θ=y.

(4). nip���Æ�4�Æ¬�Ñ, ���/é b1, b2, · · · , bn ∈ Rd�¤

á, Ù¥ d´?¿��ê.

ky²��Ún.

ÚÚÚnnn � f : Rd → Rd, ÷v

f(x) =


0, x = 0

x√
|x|
, x 6= 0

,
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Ké?¿ a, b ∈ Rd,

2|a+ b| ≥ |f(a) + f(b)|2.

y² � f(a) = xu, f(b) = yv, Ù¥ x = |f(a)|, y = |f(b)|, u, v´ü �þ,

K a = x2u, b = y2v. P c = 〈u, v〉� u, v�SÈ, K

4|a+ b|2 − |f(a) + f(b)|4

=4(x4 + y4 + 2x2y2c)− (x2 + y2 + 2xyc)2

=3(x4 + y4)− 2x2y2 + (8x2y2 − 4xy(x2 + y2))c− 4x2y2c2.

þª´'u c��g¼ê, m��e, Ïd���3à: ±1?��.

� c = 1�,

4|a+ b|2 − |f(a) + f(b)|4 = 4(x2 + y2)2 − (x+ y)4 ≥ 0;

� c = −1�,

4|a+b|2−|f(a)+f(b)|4 = 4(x2−y2)2−(x−y)4 = (x−y)2(4(x+y)2−(x−y)2) ≥ 0.

Úny..

£��K. dÚn,
n∑

i=1

n∑
j=1

|bi + bj| · aiaj

≥1

2

n∑
i=1

n∑
j=1

|f(bi) + f(bj)|2 · aiaj

=
1

2

n∑
i=1

n∑
j=1

(
|f(bi)|2 + |f(bj)|2 + 2〈f(bi), f(bj)〉

)
· aiaj

=
1

2

n∑
i=1

n∑
j=1

(|bi|+ |bj|) · aiaj +
n∑

i=1

n∑
j=1

〈f(bi), f(bj)〉 · aiaj

=

(
n∑

i=1

|bi| · ai

)(
n∑

j=1

aj

)
+

∣∣∣∣∣
n∑

i=1

f(bi) · ai

∣∣∣∣∣
2

≥
n∑

i=1

|bi| · ai.

(5). É²Æ�¥Æ�(!xg
, är¥Æ§W#, §²¥Æ7v£, uÀ

���N¥��A�ÓÆ��Ñ
�K��()�.

1oK é{üã G(V,E) ±9?¿>f8 E1 ⊂ E, ¡º:f8 V1 ⊂ V C

X E1, e E1 ¥�z^>��k��à:3 V1 ¥. ¦�����ê N , ¦�é

www.nsmath.cn 6



?¿{üã G, �� G �?¿ N ^>�±�Ø�L 20 �º:CX, K G ��

Ü>�±�Ø�L 20 �º:CX.

(�®�ÆÆ) 4Ó� øK)

) (�âuÀ���N¥��AÓÆ�)��n):

N ����� 231.

��¡, � G� 22���ã, K G��Ü>ØU� 20�º:CX. 
�K

G¥?¿�^> v1v2�, {e�>�^ V \ {v1, v2}CX.�N ≤ C2
22− 1 = 230,

ØÎÜ�¦.

,��¡, ·�y² N = 231ÎÜ�¦.

�Iy²3{üã G(V,E)¥, e |E| ≥ 232, ��K G¥?¿�^>�{

e�>�^ 20�º:CX, K G�¤k>��^ 20�º:CX.

� G�>ê� r(r ≥ 232), G�>� e1, e2, · · · , er.

é 1 ≤ i ≤ r, � ei�üà:�¤��8 Ai, 20�8 Bi ⊆ V CXØ ei	�

¤k>.

b� G�¤k>ØU^ 20�º:CX, K B1, B2, · · · , Br üüØÓ, �é

1 ≤ i ≤ r, Ai ∩ Bi = ∅ (ÄK BiCX ei); é 1 ≤ i, j ≤ r, i 6= j, Ai ∩ Bj 6= ∅ (Ï

� Bj CX ei).

Ï� |Ai| = 2, |Bi| = 20, ¤±d Bollobás½n, r ≤ C2
2+20 = 231, gñ!

nþ, ¤¦���� 231. �

µ5 (1). Bollobás½nQã�:

� A1, A2, · · · , Ak, B1, B2, · · · , Bk ´8Ü {1, 2, · · · , n}�ØÓf8, ÷vé

1 ≤ i, j ≤ k, Ai ∩Bj = ∅��=� i = j, K

k∑
i=1

1

C
|Ai|
|Ai|+|Bi|

≤ 1.

AO� |A1| = · · · = |Ak| = a, |B1| = · · · = |Bk| = b�, k ≤ Ca
a+b.

(2). É²Æ�¥Æxg
ÓÆ��Ñ
�K��()�.
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