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I. ÁÁÁ KKK

1. � ω ´ n g��ü �. Eê a1, a2, · · · , an ¥k p ��". P

bk =
nX

i=1

aiω
ki, k = 1, 2, · · · , n.

y²: e p > 0, @oEê b1, b2, · · · , bn ¥�"���êØ�u n
p
.

2. 3 4ABC ¥, AB = AC. L BC �¥: M ����, ©O��ã

AB Ú CA�ò���u: DÚ E. : F 3�ãME þ, ÷v EF = DM , :

K 3�ãMD þ. L: B,D,K �� Γ1, L: C,E,K �� Γ2. �� Γ1 ��

Γ2��u: K 9,�: L. P ω1, ω2©O�4LDE, 4LKM �	��. y²:

e ω1, ω2'u: Lé¡, K BF ⊥ BC.

3. ék���ê8 A, ½Â lcm(A)´ A¥�����ú�ê, d(A)´

lcm(A)��Ïf�ê(P­ê). �½k���ê8 S, ±9

fS(x) =
X

∅6=A⊆S

(−1)|A|xd(A)

lcm(A)
.

?¾FÏ: 2021-01-30.
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y²: e 0 ≤ x ≤ 2, K −1 ≤ fS(x) ≤ 0.

4. y²Xe�§�kk�|��ê) (t, A, x, y, z):
È
t(1− A−2)(1− x−2)(1− y−2)(1− z−2) = (1 + x−1)(1 + y−1)(1 + z−1).

5. � a1, a2, · · · , an´ 1, 2, · · · , n�ü�, ¦eª����:
nX

i=1

min{ai, 2i− 1}.

6. �� n�º:�{üëÏãk m^>. y²: �±é� m«�{r§

�º:8©¤üÜ©, ¦�zÜ©éA�p�fã´ëÏ�.

///. )))������µµµ555

1. � ω ´ n g��ü �. Eê a1, a2, · · · , an ¥k p ��". P

bk =
nX

i=1

aiω
ki, k = 1, 2, · · · , n.

y²: e p > 0, @oEê b1, b2, · · · , bn ¥�"���êØ�u n
p
.

y² ·��Iy²: éu?¿eIëY� p�ê bt+1, bt+1, · · · , bt+p, Ù¥

7k�"ê. (eImod nn))

b��3 t, ¦� bt+1 = bt+2 = · · · = bt+p = 0. � aj1 , aj2 , · · · , ajp �

a1, a2, · · · , an¥� p��"ê. �½�|Xê λ1, λ2, · · · , λp, k

0 =
pX

k=1

λkbt+k =
pX

k=1

λk · (
pX

i=1

ajiω
(t+k)ji) =

pX

i=1

aji · (
pX

k=1

λk · (ωji)t+k).
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-

f(x) =
pX

k=1

λkx
k−1 = (x− ωj1)(x− ωj2) · · · (x− ωjp−1),

=� λ1, λ2, · · · , λp�þã f(x)Ðmª¥éA��Xê, K

f(ωji) = 0, 1 ≤ i ≤ p− 1, f(ωjp) 6= 0.

�

0 =
pX

i=1

aji(w
ji)t+1 · f(ωji) = ajp(ωjp)t+1 · f(ωjp) 6= 0.

gñ. �

µ5 �K�{'�{ü, �y²�u"�êØU�õ, gñ�U�gêk

', �ÄeIëY� p�Ò�U¬���gêk'���. ùp·�ò�y{�

��^�?1�N�?n, Úª­#�n�=�uyõ�ª�(�, N´��

gñ.

2. 3 4ABC ¥, AB = AC. L BC �¥: M ����, ©O��ã

AB Ú CA�ò���u: DÚ E. : F 3�ãME þ, ÷v EF = DM , :

K 3�ãMD þ. L: B,D,K �� Γ1, L: C,E,K �� Γ2. �� Γ1 ��

Γ2��u: K 9,�: L. P ω1, ω2©O�4LDE, 4LKM �	��. y²:

e ω1, ω2'u: Lé¡, K BF ⊥ BC.

Γ2

Γ1

P

Q

T

S

F

L
D

MB C

A

E

K

y² �BM �� Γ1u,�:Q, LM �� Γ1u,�: P , CK�AM u

S, CK �� Γ1u T .

·��gy²Xe(Ø:

1◦ B,P, S��; 2◦ T, L,A��; 3◦ E,L,Q��; 4◦ TQ�AC, TD �BQ.
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1 ◦ dω1, ω2'uLé¡9L�ü��:,�ω1, ω2��u:L⇒ ∠DLK =

∠LED+∠LMK = π−∠ELM ⇒ ∠DLK+∠ELM = π ⇒ ∠ELK+∠DLM =

π ⇒ ∠DBP = ∠DLM = π − ∠ELK = ∠ACK = ∠ACS = ∠ABS, =

∠ABP = ∠ABS, � B,P, S ��.

2 ◦ é�S�8>/ TLPBDK, d Pascal½n, � TL� BD ��:�

M,S ��, = T, L,A ��.

3 ◦ é�S�8>/ QLTKDB, d Pascal½n, � QL� DK ��:�

A,C ��, = E,L,Q ��.

4 ◦ ∠QTC = ∠QLK = ∠ECT ⇒ TQ � AC ⇒ ∠TQB = ∠ACB =

∠DBQ⇒ TD �BQ.

��y²: BF ⊥ BC. ù�du:

MF =
BM

cos∠BMD
⇔ DE =

BM

sin∠AME
.

d ω1, ω2�»��9�u½n, �

DE

sin∠DLE
=

LM

sin∠LBD
.

��Iy:

BM

sin∠AME
=
LM · sin∠DLE

sin∠LBD
⇔ BM

sin∠AMD
=
LM · sin∠ABC

sin∠ATD
.

(Ü

sin∠AMD

sin∠ATD
=

sin∠BAM
DM

· AT

sin∠ABC
, BM = AB · sin∠BAM,

��Iy:

AB

LM
=

AT

DM
.


5¿�

AT

AB
=
AT

AC
=

sin∠ABS
sin∠ATK

=
DP

LK
,

DM

LM
=

sin∠DLM
sin∠LDM

=
DP

LK
⇒ AT

AB
=
DM

LM
,

�¤y(Ø¤á. �

µ5 �Kk����JÝ. ü�'u,��ú�:é¡�^��±�d�


©�����»��ü�^�. �y²�(Ø^MF = BM
cos∠BMD

5�x, u

´���^{ü�n�O�5)û, �»���^�TÐ�±ÏL�u½n3

n�O�¥��$^. 
���^�K^�Ý5�x, J:3uã/E,, �Ý

^�éJ��Cz. T){�'�3ul�Ý'XÑu, uy1�|���, ±
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ù|���ÄÅ, Øä� Pascal ½n�8�:, zgò#�������^�

UY�E��. A�5¿�´, Pascal ½n´��ér�(J, 3��v
õ�

��^��, ·��±�&�Ý�^�AT®²����¿©��x, v±¦

���n�O��¤.

3. ék���ê8 A, ½Â lcm(A)´ A¥�����ú�ê, d(A)´

lcm(A)��Ïf�ê(P­ê). �½k���ê8 S, ±9

fS(x) =
X

∅6=A⊆S

(−1)|A|xd(A)

lcm(A)
.

y²: e 0 ≤ x ≤ 2, K −1 ≤ fS(x) ≤ 0.

y² 1 � lcm(S) ¤k�Ïf� p1, p2, · · · , pt, S = {a1, a2, · · · , am}, ak =
tQ
i=1

p
αi(k)
i . � x

pi
= yi ∈ [0, 1] (x ∈ [0, 2]), zi(k) = y

αi(k)
i ∈ [0, 1], 1 ≤ i ≤ t, 1 ≤ k ≤

m,^ [n]L«8Ü {1, 2, · · · , n}, K

fS(x) =
X

∅6=I⊆[m]

(−1)|I| ·
tY

i=1

y
max{αi(k)|k∈I}
i

=
X

∅6=I⊆[m]

(−1)|I| ·
tY

i=1

min{zi(k)|k ∈ I}.

e¡ém+ t8By²: ∀zi(k) ∈ [0, 1], 1 ≤ i ≤ t, 1 ≤ k ≤ m,k

X =
X

∅6=I⊆[m]

(−1)|I| ·
tY

i=1

min{zi(k)|k ∈ I} ∈ [−1, 0].

t = 1½m = 1�·Kw,.

e�Äm, t ≥ 2,b�·Ké < m+ t�¤á.

�Ä1 t� zt(1), zt(2), · · · , zt(m),©OP� z1, z2, · · · , zm.Ø�� 1 ≥ z1 ≥

z2 ≥ · · · ≥ zm ≥ 0. 3 X �¦Úª¥, é I ¥���� l©a, k

X =
mX

l=1

zl · (−
X

∅⊆I⊆[l−1]
(−1)|I| ·

t−1Y

i=1

min{zi(k)|k ∈ I ∪ {l}}).

Pþª¥ zl�Xê� −Cl,P

µl =
t−1Y

i=1

zi(l) ∈ [0, 1],

K

C1 = µ1.

é l ≥ 2,P

z′i(k) = min{zi(k), zi(l)} ∈ [0, zi(l)] (1 ≤ k ≤ l − 1),
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K

Cl =
X

∅⊆I⊆[l−1]
(−1)|I| ·

t−1Y

i=1

min{z′i(k)|k ∈ I}

= µl · (
X

∅⊆I⊆[l−1]
(−1)|I| ·

t−1Y

i=1

min{z
′
i(k)

zi(l)
|k ∈ I}).

Ù¥, I = ∅�, ½Â min{z′i(k)|k ∈ I} = zi(l),min{ z
′
i(k)

zi(l)
|k ∈ I} = 1.

é l− 1(≤ m), t− 19
z′i(k)

zi(l)
∈ [0, 1] (1 ≤ i ≤ t− 1, 1 ≤ k ≤ l− 1)^8Bb�, �

X

∅6=I⊆[l−1]
(−1)|I| ·

t−1Y

i=1

min{z
′
i(k)

zi(l)
|k ∈ I} ∈ [−1, 0].

�

Cl ∈ [0, µl].

�

X = −
mX

l=1

Cl · zl ≤ 0,

X = −
mX

l=1

Cl · zl ≥ −
mX

l=1

Cl

=
mX

l=1

(−
X

∅⊆I⊆[l−1]
(−1)|I| ·

t−1Y

i=1

min{zi(k)|k ∈ I ∪ {l}})

=
X

∅6=I⊆[m]

(−1)|I| ·
t−1Y

i=1

min{zi(k)|k ∈ I} ≥ −1.

����Ø�Ò^�
8Bb�. � X ∈ [−1, 0],�¤8BLÞ. �

y² 2 � lcm(S) ¤k�Ïf� p1, p2, · · · , pm, S = {a1, a2, · · · , an}, K
x
pi
∈ [0, 1]. ½Â¯� Bi,1, Bi,2, · · ·Bi,Ni

,Ù¥ Ni = vpi(lcm(S)), 1 ≤ i ≤ m.�¦

ù
¯�üüÕá, � Bi,j u)�VÇ�
x
pi
, 1 ≤ i ≤ m, 1 ≤ j ≤ Ni.

é A ⊆ S,� lcm(A) = pα1
1 p

α2
2 · · · pαm

m , αi ∈ Z>0. ½Â¯� XA �¤k¯�

Bi,j(1 ≤ i ≤ m, 1 ≤ j ≤ αi)Ó�u) (Ù{¯��¿, e αi = 0,��ué

Bi,j Ã�¦ ). K

P (XA) =
xd(A)

lcm(A)
.

é 1 ≤ i ≤ n,PXi = Xai ,K�A = {ai1 , ai2 , · · · , ais}�, XA = Xi1 ∩Xi2 ∩

· · · ∩Xis . dN½�n,

P (X1∪X2∪· · ·∪Xn) =
X

∅6=A⊆S
(−1)|A|−1·P (XA) =

X

∅6=A⊆S

(−1)|A|−1 · xd(A)

lcm(A)
= −fS(x).
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=k

fS(x) = −P (X1 ∪X2 ∪ · · · ∪Xn) ∈ [−1, 0]. �

µ5 �K¥, �ê�^��Jø
 p ≥ 2 ≥ x, N´wÑÙ��´���ê

¯K. y² 1 ��{'�È�, �Ä��8B. 3�Ñ X =
mP
l=1

zl · (−Cl)�, N

´wÑ� zlÑ�u 1�Ò´ t− 1��8Bb�, 5¿�X ´'u zl��5ª,

�e5�8IÒg,=z�©Û zl �Xê Cl ��K5. ���ö�Ò´ÏL

����ª�EÑ8Bb��(��^�, $^8Bb�=�. y² 2 E|5

ér, I�éN½�n�¤éf8¦Ú�/ª9Ù\�/ª�VÇ/ªké�

��n). l fS L�ª¥�¦ÚeI A ⊆ S 9 (−1)|A|¥�±wÑN½�n�

A�, ¯� Bi,j 9ÙéAVÇ��E´l fS �äNL�ªÑu, éAN½�

n�/ª�í���.

a,��Öö��±}Á^N½�n)û 2020 c��7¢E1 7 K, )ö

@�3n)
N½�n�Ä:þ, ÏLL�ª�/ª(ÜN½�n�ªf, �

í�EÑÙéA�|Ü¿Â, �±�\g,���){¥�1¼ê.

4. y²Xe�§�kk�|��ê) (t, A, x, y, z):
È
t(1− A−2)(1− x−2)(1− y−2)(1− z−2) = (1 + x−1)(1 + y−1)(1 + z−1).

y² Ø�� x ≤ y ≤ z. ��§=

t(1− 1

A2
) =

(x+ 1)2(y + 1)2(z + 1)2

(x2 − 1)(y2 − 1)(z2 − 1)
. (∗)

w, t, A, x, y, z ≥ 2. �d (∗)��
3

4
t ≤ t(1− 1

A2
) =

(x+ 1)2(y + 1)2(z + 1)2

(x2 − 1)(y2 − 1)(z2 − 1)
≤ 33 = 27,

= t ≤ 36, � t�kk����.

qd (∗)��
(x+ 1)2(y + 1)2(z + 1)2

(x2 − 1)(y2 − 1)(z2 − 1)
= t(1− 1

A2
) ≥ 3

2
.

� x → +∞�, (x+1)2

x2−1 → 1. ��3 N > 0, � x > N �, (x+1)2

x2−1 < 3
È

3
2
. �

x ≤ N , = x�kk����.

e¡y²: é�½� x, t ≥ 2, �§ (∗)'u A, y, z�kk�|��ê), =

é�½���ê p, q, �§

p

q
=

A2

A2 − 1
· (y + 1)2

y2 − 1
· (z + 1)2

z2 − 1
(∗∗)
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�kk�|��ê) A, y, z.

w, p > q��§âk). � x→ +∞�, x2

x2−1 → 1� (x+1)2

x2−1 → 1. ��3

M > 0, � x > M �, x2

x2−1 <
3
Èp

q
� (x+1)2

x2−1 < 3
Èp

q
. � min{A, y, z} ≤M .

(i)e A ≤M , K A���k�. é�½� A, �Ä

s

t
=

(y + 1)2

y2 − 1
· (z + 1)2

z2 − 1

Ù¥ s, t��½��ê, �Ak s
t
> 1, aq©Û�� y��k� (y ≤ z), z �

y(½, �T�/e)êk�.

(ii)e y ≤ M , K y ���k�. aq��T�/e)êk�. nþ, �§

(∗∗))êk�, =é�½� x, t, ��§ (∗))êk�. (Ü x, t��k�, =�

(∗))êk�. �

µ5 �K´��~5�êØ¯K, �y²)êk�, Ä���{Ò´y²

Cþk.. Ã{��y²¤kCþÑk.�, �±Å�)û, �,��Cþ�½

3,���S�Ò�±òÙÀ�~ê.

5. � a1, a2, · · · , an´ 1, 2, · · · , n�ü�, ¦eª����:
nX

i=1

min{ai, 2i− 1}.

) ���� bn2+n+1
3
c, 3 ai = n+ 1− i���.

� bn
3
c = k, KdK�, éu?¿ 1 ≤ j ≤ k, 2j − 1� 2j þ3 ai¥TÑy

�g, �3¦Úª
nP
i=1

min{ai, 2i − 1} � n ��¥, z� 2j − 1�õÑyüg,

z� 2j �õÑy�g.

(i) n = 3k�,

nX

i=1

min{ai, 2i− 1} ≥
kX

i=1

(2 · (2i− 1) + 2i) =
n(n+ 1)

3
.

(ii) n = 3k + 1�,

nX

i=1

min{ai, 2i− 1} ≥
kX

i=1

(2 · (2i− 1) + 2i) + (2k + 1) =
n(n+ 1) + 1

3
.

(iii) n = 3k + 2�,

nX

i=1

min{ai, 2i− 1} ≥
kX

i=1

(2 · (2i− 1) + 2i) + 2 · (2k + 1) =
n(n+ 1)

3
.

(Ün«�/, =�
nX

i=1

min{ai, 2i− 1} ≥ bn
2 + n+ 1

3
c.

�
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µ5 �K����{Ò´4¦Úª¥��Ñ¦þ�, K8¤��ü��^

�p�·��}ÁÏé�N�5�, ����{ü��N�O, {ü}Á�=

�uy�(U
��T���.

6. �� n�º:�{üëÏãk m^>. y²: �±é� m«�{r§

�º:8©¤üÜ©, ¦�zÜ©éA�p�fã´ëÏ�.

y² 1 é n8B. �ã� G.

n = 1, 2, 3�´²��, e� n ≥ 4, b�·Ké < n�¤á. ¡÷vK¿

�y©�Ðy©.

�Ä G�?�)¤ä¥�?��!: v, Kã G′ = G − v�ëÏã. w,

{v} ∪ V (G′)´��Ðy©.

� G¥ v��:k d�, d ≥ 1, �� u0, u1, · · ·ud−1.

�Ä G′�?�Ðy© U1 ∪ U2. e v� d��:þ3Ó�Ü©¥, Ø��þ

3 U1¥, K (U1 ∪ {v}) ∪ U2´ G���Ðy©;e v 3 U1 � U2 ¥þk�:,

K (U1 ∪ {v}) ∪ U2� U1 ∪ (U2 ∪ {v})þ´ G�Ðy©. � G′�Ðy©¥, cö

k a�, �ök b�, Kd8Bb��

a+ b ≥ |E(G′)| = m− d.

w,, ù�d G′�Ðy©)¤� G�Ðy©9 {v} ∪ V (G′)pØ�Ó, � G�

Ðy©ê ≥ a+ 2b+ 1 ≥ b+m− d+ 1.

��Iy: b ≥ d− 1, = G′��k d− 1�Ðy©, ¦� u0, u1, · · ·ud−1Ø�

3Ó�Ü©¥.

?� G′ ���± u0 ��!:�k�)¤ä T . éu?¿ 1 ≤ i ≤ d − 1,

T ¥ ui �fä��e�Ü©�¤ G′ ���Ðy©, � ui ��!: u0 Ø3Ó

�Ü©¥. w,, ù���� d− 1� G′�Ðy©pØ�Ó, ÷v�¦. �

y² 2 �ã� G, ¡÷vK¿�y©�Ðy©.

UXe�ª�Ñã G�2Ý`k)¤ä.

?��: A��!:, P S0 = {A}.

b� S0, S1, · · · , Sk ®�, � Sk = {v1, v2, · · · , vt}. � v1 �¤k����

L��:9éA�>\\)¤ä¥, ¿òù
:�\ Sk+1 ¥. 2�gé

v2, · · · , vt?1�Ó�ö�, �� Sk+1.

�¤k:Ñ����ö�ª�. ù���
��± A���2Ý`k)¤
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ä, ¡ Sk ¥�:�Ý� k.

e¡é G�z�^>�E�«Ðy©, ¦ùm�Ðy©pØ�Ó.

é)¤ä¥�?�> uv, � u� v�I!:, K�Ä v�fä��e��

¹ A�Ü©�y©, w,�Ðy©.

é�)¤ä¥�?�> uv, Kd)¤ä��{�, u, vü:Ø�yk'X,

�ü:éA�fäØ�. �Ä (u�fä ∪v�fä )9�e��¹ A �Ü©�

y©, ��Ðy©.

ù�éz�^>, Ñ��
��Ðy©. �Ä A¤3�Ü©, �ù m�Ð

y©pØ�Ó, ÷v�¦. �

µ5 y² 1 �8B{´ãØ¯K¥�©~��Ã{, ���åí:�U¬

��ëÏ5Ã{�y, Ã{|^8Bb�, ÏdI�í���AÏ�:?18

B. 3�xã�ëÏ5�, )¤ä~k©^, Ï���Ä)¤ä  k'�5E

,�ã�\�ß�(�. ,	, y²��Ü©¥�k�)¤ä3,
�¹eU


�\�ß, �*��NÑã�5�. y² 2 Ó�|^k�)¤ä5�EÐy

©, �´��^>éA�ü:3)¤ä¥Ø����yk'X�, �U¬��

­E�Ðy©, 2Ý`k)¤äTÐU;�ù«>�Ñy.
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