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1�K 3b�n�/ ABC ¥, BC > AB > AC. � I �S%, D,E, F

©O�S��3 BC,AC,AB þ��:. G �n�/���f:, J ´ I 'u

4GBC ����Ý:, �� IJ � AD �u: X. y²: AX = 2XD.

(���¥Æ) �¡n øK)

) (�âøKö�)��n):

ky²��Ún.

ÚÚÚnnn 3���b�4ABC ¥, O,H ©O´	%ÚR%, X ´ BC �¥:,

E´ B3 AC þ�ÝK, F ´ C 3 ABþ�ÝK. � EX � AB�u: P , FX

� AC �u: Q. L P,Q©O� AB,AC �R��u: K, K O,H,K n:�

�.
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y² � Y, Z ©O´ AC,AB�¥:, K�Iy² QE
EY

= PF
FZ

.

�4ABC �n>©O� a, b, c, Ø�� b > c > a.
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drrNd½n�,

CQ =
b(a2 − b2 + c2)

2(b2 − a2)
.

q CE = a2+b2−c2
2b

, CY = b
2
, ¤±

QE

EY
=

b(a2−b2+c2)
2(b2−a2) + a2+b2−c2

2b

b
2
− a2+b2−c2

2b

=
a2(b2 + c2 − a2)
(b2 − a2)(c2 − a2)

.

ù'u b, cé¡, � QE
EY

= PF
FZ

.

Úny..

 BAC = 86.75°
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£££������KKK. � AI �¥:� N , drrNd½n, �Iy² IJ ²©�ã

ND.

� P,Q©O� I 3 BG,CGþ�ÝK, Ï� D� I 3 BC þ�ÝK, ¤±

d���Ý:�5�, 4DPQ�	%� IJ �¥:. u´�Iy²4DPQ�	

%!I!ND�¥:n:��.

�M,D��I �é»:, L�4DPQ�	����I �,���:. Ï�

ML²L D34DPQ	���é»:, u´�Iy²M,N,Ln:��.

�DF �AC�u: U , DE�AB�u: V . Ï�DF,AC©O�:B,E

'u �I �4�, ¤± U, P 'u �I p��ü:. Ón, V,Q'u �I p��ü

:. Ï� D,L3�üeØÄ, ¤±d D,L,Q, P ��� D,L, V, U ��.

L U, V ©O� UD, V D �R��u: K, K D,L, V, U,K Ñ3± DK �

�»��þ, ¤± DL⊥LK. Ï� DL⊥LM , ¤±K,M,L��.

� EM �DF �u: S, FM �DE�u: T , KM �4DST �R%, u

´ ST � BC. Ï� A� EF 'u �I �4:, ¤± S,A, T ��, ? A� ST

�¥:. Ï� N � 4AEF �	%, ¤± N � 4DST Ê:���%. lé

4DST ^Ún�, K,M,N ��.

�M,N,L��, ·K�y. �
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 BAC = 86.75°
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µ5 H�½1�¥Æ��ÊÓÆ��Ñ
�K��()�, ¦ÏLn�

O�y²
 IJ ²L A'uM �é¡:. ìÀ�¢�¥Æ�[)ÓÆ��Ñ


�K��()�, ¦ÏLEêO�y²
 IJ �MN .

1�K �½��ê n ≥ 2. ²¡þk n ��, �%©O� O1, . . . , On. é²

¡þ?¿�: P , - ρi(P ) �: P �� Oi ��. ¡�� 1 � n �ü� τ1, . . . , τn

�Ü{ü�, e�3: P ¦�

ρτ1(P ) > · · · > ρτn(P ).

e n ���±?¿À�, ¦Ü{ü��ê����.

(<�N¥Æ) ©� øK)

) (�âøKö�)��n):

ù n��üü��¶ò²¡©¤
eZ�«�. éz¬«�¥�?¿�:

P , é?¿ 1 ≤ i < j ≤ n, ρi(P )Ú ρj(P )k²(���'X. qw,z�Ø3?

¿�^�¶þ�:ÑéA��Ü{ü�, �Ü{ü���ê�u�¶©²¡/

¤�«�ê.

�©¤�«�ê�õ�, w,ù C2
n ^�¶üüØ²1. d�d�F½n,

ézn��, §���¶�u�:, Ïd���3 C3
n|�¶n��:.

�kn^���u�:�, «�oê¬~� 1. Ù� C2
n^���õò²¡
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©� (C2
n)

2+C2
n+2

2
�«�, 2~����3� C3

n |n��:, �ù C2
n ^�¶�

õò²¡©�

(C2
n)

2 + C2
n + 2

2
− C3

n =
3n4 − 10n3 + 21n2 − 14n+ 24

24

�«�.

�ù n����¶üü��, �Ão^�u�:��±�����.

nþ, Ü{ü��ê����� 3n4−10n3+21n2−14n+24
24

. �

µ5 (1). �K� 2002cåfêÆc���1lKaq:

� A1, A2, · · · , A8 ´²¡þ?¿�½� 8�:, é²¡þ?¿�½��^

k��� l, � A1, A2, · · · , A8 3T��þ��K©O´ P1, P2, · · · , P8. XJù

8��KüüØÜ, ��� l����gü�� Pi1 , Pi2 , · · · , Pi8 , ù�Ò��


 1, 2, · · · , 8���ü� i1, i2, · · · , i8. �ù 8�:é²¡þ¤kk�����

K�, ���ØÓü���ê� N8 = N(A1, A2, · · · , A8), ¦ N8����.

(2). ¤ÑÔ¥/ãp, S��N¥���, ÉÇ½#³«1�¥ÆÛ�#,

ÉÇ½Éf´¢�Ð?¥Æ�d©�ÓÆ��Ñ
�K��()�.

1nK é��ê n, ½Â f(n) = 2n + 1,  f (k)(n) � f(n) � k gS�.

´Ä�3Ã¡õ���ê n, ¦� n �Ø f (2020)(n), �é?¿ 1 ≤ k < 2020, n

Ø�Ø f (k)(n)?

(�H��N¥Æ) 4�À øK)

) (�â¤ÑÔ¥/ãpÓÆ�)��n):

�3.

d Zsigmondy½n, é?¿��ê t, �3�u 3��ê pt, ¦� 2'u�

pt���� 3t+2019, = pt | 23
t+2019

+ 1, �é?¿ 0 < x < 3t+2019, pt - 2x + 1.

e¡y², n = 3tpt÷v�¦.

ky²é 0 ≤ k ≤ 2020, ν3
(
f (k)(3tpt)

)
= k + t. (∗)

é k8B.

� k = 0�, ν3(3
tpt) = t, (Ø¤á.

b� k − 1�¤á, 5w k���/.

Ï� f (k−1)(3tpt)´Ûê, ¤±d�êJ,ÚnÚ8Bb�,

ν3
(
f (k)(3tpt)

)
= ν3

(
2f

(k−1)(3tpt) + 1
)
= ν3(2 + 1) + ν3

(
f (k−1)(3tpt)

)
= k + t.

8By..
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d 2'u� pt���� 3t+2019, �

pt | f (k)(3tpt)⇐⇒ 3t+2019 | f (k−1)(3tpt).

d (∗), ùé k = 2020¤á, é 1 ≤ k < 2020Ø¤á.

qd (∗), 3t | f (2020)(3tpt), ¤± 3tpt | f (2020)(3tpt). dþ¡�y², é

1 ≤ k < 2020, 3tpt - f (k)(3tpt), � 3tpt÷v�¦.

nþ, �3Ã¡õ�÷v�¦���ê n. �

µ5 (1). �K´é 2012cÛêZæ���1oK�í2:

y²: �3Ã¡õ���ê n, ¦� n | 22n+1 + 1, � n - 2n + 1.

(2). �K��±ÏL8B�Ey²µe n÷v�¦, K 2n + 1�÷v�¦.

(3). S��N¥���, ÉÇ½Éf´¢�Ð?¥Æ�d©, �½nÞ

¥ÆHw��ÓÆ��Ñ
�K��()�.

1oK � a, b, c, d ���Ø�L 1 �Eê, �÷v a + b + c + d = 0. ¦

|a3 + b3 + c3 + d3| ����.

(�H��N¥Æ) �UR øK)

) 1 (�â<�N¥�W�)��n):

� a = 0, b = 1, c = ω, d = ω2,Ù¥ ω = e
2πi
3 ´ngü ��, a+b+c+d =

0, � |a3 + b3 + c3 + d3| = 3.

e¡y², ok |a3 + b3 + c3 + d3| ≤ 3.

5¿�

|a3 + b3 + c3 + d3|

= |(a+ b)(a2 − ab+ b2) + (c+ d)(c2 − cd+ d2)|

= |(a+ b)(a2 − ab+ b2 − c2 + cd− d2)|

= |a+ b| · |(a+ b)2 − (c+ d)2 − 3ab+ 3cd|

= 3|a+ b| · |ab− cd|,

u´�Iy² |a+ b| · |ab− cd| ≤ 1.

P a + b = r, ÏLò a, b, c, dÓ�^=�Ø�� r ≥ 0. � r = 0�(Øw

,¤á, � r > 0�, �Iy² |ab− cd| ≤ 1
r
.

ky²��Ún.

ÚÚÚnnn
∣∣ab− 1 + 1

2r

∣∣ ≤ 1
2r
.
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y² � 0 < r < 1
2
�, dn�Ø�ª,∣∣∣∣ab− 1 +

1

2r

∣∣∣∣ ≤ |ab|+ (
1

2r
− 1

)
≤ 1 +

(
1

2r
− 1

)
=

1

2r
.

� r ≥ 1
2
�, � a = x1 + yi, b = x2 − yi, Ù¥ x1, x2, y ∈ R. K x1 + x2 =

r, x21 + y2 ≤ 1, x22 + y2 ≤ 1. d�

ab− 1 +
1

2r
=

(
x1x2 + y2 − 1 +

1

2r

)
+ y(x2 − x1)i,

¤±�Iy² (
x1x2 + y2 − 1 +

1

2r

)2

+ y2(x2 − x1)2 ≤
1

4r2
,

=

y4 +

(
−2 + 1

r
+ x21 + x22

)
y2 + (x1x2 − 1)

(
x1x2 − 1 +

1

r

)
≤ 0.

Ø�� x1 ≥ x2, K y2 ∈ [0, 1− x21], d�g¼ê�à5, �Iy²� y2 = 0

Ú y2 = 1− x21��/.

� y2 = 0�, Ï� x1 ≤ |a| ≤ 1, x1 + x2 = r, ¤±

x1x2 − 1 +
1

r
≥ 1 · (r − 1)− 1 +

1

r
= r +

1

r
− 2 ≥ 0.

q x1x2 ≤ |x1x2| ≤ |ab| ≤ 1, ¤±

(x1x2 − 1)

(
x1x2 − 1 +

1

r

)
≤ 0.

� y2 = 1− x21�,

y4 +

(
−2 + 1

r
+ x21 + x22

)
y2 + (x1x2 − 1)

(
x1x2 − 1 +

1

r

)
= (1− x21)

(
−1 + 1

r
+ x22

)
+ (x1x2 − 1)

(
x1x2 − 1 +

1

r

)
= −1 + x21 +

1

r
− x21

r
+ x22 − x21x22 + x21x

2
2 − 2x1x2 + 1 +

1

r
x1x2 −

1

r

= (x1 − x2)2 −
1

r
x1(x1 − x2)

= (x1 − x2)
(
(1− 1

r
)x1 − x2

)
.

Ï� r ≥ 1
2
, ¤±(

1− 1

r

)
x1 − x2 =

(
2− 1

r

)
x1 − r ≤ 2− 1

r
− r ≤ 0.

Úny..

£££������KKK. Ï� (−c) + (−d) = a+ b = r, ¤±dÚn,∣∣∣∣cd− 1 +
1

2r

∣∣∣∣ = ∣∣∣∣(−c)(−d)− 1 +
1

2r

∣∣∣∣ ≤ 1

2r
.
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�dn�Ø�ª,

|ab− cd| ≤
∣∣∣∣ab− 1 +

1

2r

∣∣∣∣+ ∣∣∣∣cd− 1 +
1

2r

∣∣∣∣ ≤ 1

2r
+

1

2r
=

1

r
.

nþ, ¤¦���� 3. �

) 2 (�â¤ÑÔ¥/ãpÓÆ�)��n):

�y |a3 + b3 + c3 + d3| ≤ 3.

�½ c, d, ò a3 + b3 + c3 + d3 = a3 − (a + c + d)3 + c3 + d3 À�'u a

�¼ê, Ù¥ |a| ≤ 1, |a + c + d| ≤ 1. w,ùØ´~�¼ê, ¤±d��

��n, |a3 + b3 + c3 + d3| ����73>.?��, =�o |a| = 1, �o

|b| = |a+ c+ d| = 1.

u´� |a3 + b3 + c3 + d3|������, a, b, c, d?ü�¥��k����

� 1, � a, b, c, d¥��k 3���� 1.

Ø�� |a| = |b| = |c| = 1, � a, b, c3E²¡SéA�:©O� A,B,C, K

A,B,C 3ü �þ. d |a+ b+ c| = |d| ≤ 1, �4ABC �R%3ü �S½ü

 �þ, l4ABC ´b�½��n�/.

� AB,BC,CA�¥:©O� C1, A1, B1, K∣∣∣∣a+ b

2

∣∣∣∣ = OC1 = cosC,∣∣∣∣b+ c

2

∣∣∣∣ = OA1 = cosA,∣∣∣∣c+ a

2

∣∣∣∣ = OB1 = cosB.

5¿�

|a3 + b3 + c3 + d3|

= |a3 + b3 + c3 − (a+ b+ c)3| = 3|(a+ b)(b+ c)(c+ a)|

= 24

∣∣∣∣a+ b

2

∣∣∣∣ ∣∣∣∣b+ c

2

∣∣∣∣ ∣∣∣∣c+ a

2

∣∣∣∣ = 24 cosA cosB cosC,

¤±�Iy² cosA cosB cosC ≤ 1
8
, ù´Ù��. �

µ5 ÉÇ½Éf´¢�Ð?¥Æ�d©, Æ�¥Æ�^!±Kó, <�N

¥Û�°, �u�Æ±°f�ÓÆ��Ñ
�K��()�.
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