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K 1 ¦���¢ê λ,¦�é?¿÷v
20∑
i=1

ixi = 0�¢ê x1, x2, · · · , x20,

Ñk ∣∣∣∣∣
20∑
i=1

i2xi

∣∣∣∣∣ ≤ λ max
1≤i≤20

|xi|.

(¥I<¬�ÆNá¥ÆÜà�øK)

) ��¡,� x1 = x2 = · · · = x14 = 1, x15 = x16 = · · · = x20 = −1�,
20∑
i=1

ixi =
14∑
i=1

i−
20∑
i=15

i = 105− 105 = 0,

÷v^�.¤±

λ ≥

∣∣∣∣∣
14∑
i=1

i2 −
20∑
i=15

i2

∣∣∣∣∣ = |1015− 1855| = 840.

,��¡,dK�^�9n�Ø�ª,k∣∣∣∣∣
20∑
i=1

i2xi

∣∣∣∣∣ =

∣∣∣∣∣
20∑
i=1

(i2 − 14i)xi

∣∣∣∣∣ ≤
20∑
i=1

|i2 − 14i| · |xi| ≤

(
20∑
i=1

|i2 − 14i|

)
max
1≤i≤20

|xi|.

5¿�,
20∑
i=1

|i2 − 14i| = 840,= λ = 840�Ø�ª¤á.

nþ��¤¦���� 840. �
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ê n,I��3��ê k < n,¦�

1 + 2 + · · ·+ k = (k + 1) + (k + 2) + · · ·+ n,

?¾FÏ: 2020-12-23.
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C/� Pell �§

(2n+ 1)2 − 2(2k + 1)2 = −1.

À� n = 20��¡O�þ·¥,,��¡�c°�Ü.

K 2 ¡>Ø��� n>/�{ü n>/.¦{ü n>/	é��(��é

��þ�S:þ3/	)ê8����.

(�u�Æ�öøK)

) kyXeÚn.

ÚÚÚnnn {ü n>/k�� n− 3^Sé��.

y² é n¦^êÆ8B{.� n = 3�,w,¤á.

b�� n ≤ k�¤á,� n = k + 1�,ïá���IX,¦�?ü:p�I

Ø��.�p�I���º: A,�����:� B, C.

e BC 3/S,K�Ä BC ��e k − 2�:�¤� k>/¥��k k − 3

^Sé��.ù k − 3^Sé��þ� k + 1>/�Sé��,Ó� BC ��

k + 1>/�Sé��,�d�Sé��ê8��� k − 3 + 1 = k − 2^,(Ø

¤á.

e BC Ü©3/S,K 4ABC SÜ7k k + 1>/�º:.�ù
º:¥

D� BC �ål��,@o AD�½�Ü3/S,ÄK�½¬kº:34ABC

Sål BC ��.d� ADòõ>/©� k + 1− t+ 1>/� t+ 1(t ≥ 2)>/,

§��gkØ�u k + 1− t− 2� t− 2^Sé��,�´T k + 1>/�Sé

��.q AD�´�^Sé��,�d�Sé���ê8���

1 + (k + 1− t− 2) + (t− 2) = k + 1− 3

^.(Ø¤á.

nþ��,� n = k + 1�(Ø¤á.Ún�y!

£££������KKK.�Ä�{ü n>/�k C2
n − n^é��,�

	é��ê ≤ C2
n − n− (n− 3) =

1

2
(n− 2)(n− 3).

�EXeã: � A2, A3, · · · , An ���àõ>/þëY�º:, ¿�

: A1 ¦� A3 � A1 3 A2An Óý, � A1, A2, · · · , An ^g�¤ n >/, K

AiAj(2 ≤ i < j ≤ n, j − i 6= 1)� 1
2
(n− 2)(n− 3)^	é��. �
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���“�¡”Sé��?1Oê,dn�¿©��{ü n>/��k n − 3^

Sé��,(Ü{ü nõ>/�é��^ê� C2
n − n,=�{ü nõ>/	é

��^ê����.

K 3 3b� 4ABC ¥, O ´	%, MA, MB, MC ©O´	���l

B̂C, ĈA, ÂB�¥:.LO�AMA, BMB, CMC�²1�,©O�BC, CA, AB

�u: D, E, F.y²: ��MAD, MBE, MCF �u�:.

(¥I<¬�ÆNá¥ÆÜà�øK)

y² �4ABC �R%´ H, BC �¥:´M, �O��»´ R.·�y²

4DOMA ∼ 4HAMA.¯¢þ,��¡d OD � AMA, OMA � AH,�

∠DOMA = ∠MAAH. ¬

,��¡,d OD � AMA�

∠DOM = 90◦ − ∠ODM = 90◦ −
(

180◦ − A

2
− C

)
=
C −B

2
.

�

OD =
OM

cos∠DOM
=

1

2
· AH

cos C−B
2

,
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AMA = 2R sin∠ABMA = 2R sin

(
A

2
+B

)
= 2R cos

C −B
2

,

Ïd

OD

AH
=

1

2 cos C−B
2

=
R

2R cos C−B
2

=
OMA

AMA

. 

d¬, �4DOMA ∼ 4HAMA,u´ ∠OMAD = ∠AMAH.q

∠OMAMC = 90◦ − ∠MCMBMA = ∠AMAMB,

¤± ∠DMAMC = ∠HMAMB,=MAD, MAH ´ ∠MCMAMB ����.

Ón, MBE, MBH ´ ∠MAMBMC ����, MCF, MCH ´ ∠MBMCMA

����.�MAD, MBE, MCF �u H 'u4MAMBMC ����Ý:. �

µ5 �K´�J�AÛK, �Á¥� 5% �édK. l(ØÑu�K�

¦y² MAD, MBE, MCF �u�:,�J^�²1�^�,�Ä�T:'u

4MAMBMC ����Ý: H,¯¢þ: H =�4ABC �R%.d�Bò�K

¤¦y²=z�`²MAD, MAH ´ ∠MCMAMB ����.

K 4 � a1, · · · , an ´�K¢ê, λ ∈ [0, 1], A = 1
n

n∑
i=1

ai,� a1, · · · , an¥T

km�êØ�u λA.y²:

m
n∑
i=1

a2i ≥ (1− λ)2

(
n∑
i=1

ai

)2

.

(uÀ���ÆÛ�uøK)

y² 1 P S = {i | ai ≥ λA, 1 ≤ i ≤ n},K |S| = m.

� i 6∈ S, 1 ≤ i ≤ n�, ai < λA.
n∑
i=1

ai =
∑
i∈S

ai +
∑
i 6∈S

ai ≤
∑
i∈S

ai +
∑
i 6∈S

λA =
∑
i∈S

ai + (n−m)λA

≤
∑
i∈S

ai + nλA =
∑
i∈S

ai + λ

n∑
i=1

ai.

=

(1− λ)
n∑
i=1

ai ≤
∑
i∈S

ai.

K

(1− λ)2

(
n∑
i=1

ai

)2

≤

(∑
i∈S

ai

)2

.
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�d�ÜØ�ª,k

m
n∑
i=1

a2i ≥ m
∑
i∈S

a2i ≥

(∑
i∈S

ai

)2

≥ (1− λ)2

(
n∑
i=1

ai

)2

.

·K�y! �

y² 2 dàg5Ø�b� A = 1,�Ø�ª�du

m
n∑
i=1

a2i ≥ (1− λ)2n2.

dé¡5,Ø�� a1 ≥ a2 ≥ · · · ≥ an,�Ä

(a′1, a
′
2, · · · , a′n) =

(
n− (n−m)λ

m
, · · · , n− (n−m)λ

m
, λ, · · · , λ

)
Ù¥cm�� n−(n−m)λ

m
,� n−m�� λ.w,

n∑
i=1

ai =
n∑
i=1

a′i = n,

5¿�� 0 ≤ λ ≤ 1�,
n− (n−m)λ

m
≥ λ.

� 1 ≤ j ≤ m�,

j∑
i=1

ai ≥ i ·

j∑
i=1

ai + (m− j)aj

m
≥ i · n− (n−m)λ

m
=

j∑
i=1

a′i.

�m < j ≤ n�,

j∑
i=1

a=

n∑
i=1

ai −
n∑

i=j+1

ai ≥
n∑
i=1

ai −
n∑

i=j+1

λ =

j∑
i=1

a′i.

�

(a1, a2, · · · , an)`�u (a′1, a
′
2, · · · , a′n).

Ï� f(x) = x2�à¼ê,¤±d Karamata Ø�ªk

m

n∑
i=1

f(ai) ≥ m

n∑
i=1

f(a′i).

�

m
n∑
i=1

a2i ≥ m

(
m

(
n− (n−m)λ

m

)2

+ (n−m)λ2

)

≥ m2

(
n(1− λ)

m
+ λ

)2

≥ n2(1− λ)2.

5 êÆ#(�



·K�y! �

µ5 �K´¥�JÝ��êK,�Á¥� 35%�édK.y² 1 ��{´

�O
n∑
i=1

ai�
∑
i∈S

ai�'X,2|^�ÜØ�ª��(Ø.y² 2 ò�u λA� ai

þC� λA,,	 m�êþC��{Ü©��â²þ,ù�B�|^ Karamata

Ø�ª��(Ø.

K 5 � p´�ê, a, b´��ê,� p� abp�.� (x0, y0)´Ó{�§

ax+ by ≡ 0 (mod p)

¦� x+ y�����ê).y²: �3� pp���êm¦�

x0|ma|p + y0|mb|p = p,

Ù¥ |x|pL«�ê x� p�����{.

(àH�x²�¥Ü`øK)

y² 1 (777vvv£££) d (p, ab) = 19 ax0 + by0 ≡ 0 (mod p)(Ü x0 + y0��

5,� 1 ≤ x0, y0 ≤ p− 1.eØ,,Ø�b� p | x0,d ax0 + by0 ≡ 0 (mod p)�

p | y0,� x0 + y0 ≥ 2p.d�� x1 = |b|p ∈ [1, p− 1], y1 = p− |a|p ∈ [1, p− 1]�

´�|)� x1 + y1 < x0 + y0,���5gñ!

�Ä'u u, v��§ x0u + y0v = p.d (x0, y0)´��),¤± x0� y0p

�,�d�Þ½n�T�§k).� (u, v)�T�§¦ u��� u ≥ 1��ê

),K u ≤ y0 (ÄKe u ≥ y0 + 1K u− y0, v + x0´�| u���),gñ!).d

1 ≤ u ≤ y0 ≤ p− 1k (u, p) = 1� (v, p) = 1.

�ÄXeü�Ó{�§x0u+ y0v ≡ 0 (mod p),

ax0 + by0 ≡ 0 (mod p).

k

x0y0ub ≡ x0y0va,

(Ü (p, x0y0) = 1�

ub ≡ va (mod p).

�Ä� p - abuv,=��3m ∈ Z, (m, p) = 1¦ u ≡ ma, v ≡ mb (mod p).

e¡`² u, v�����{=�.
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¬ e v ≥ 0,Kd p - v k v ≥ 1. p = x0u + y0v,� u, v < p,= u, v ∈

[1, p− 1].Ïd u = |ma|p, v = |mb|p.ù��m=÷v^�.

 e v < 0,� w = −v > 0k x0u = p + y0w.�\ ax0 + by0 ≡ 0 (mod p)

�
ay0w + ap

u
+ by0 ≡ 0 (mod p).

�

y0(aw + bu) ≡ 0 (mod p),

=

aw + bu ≡ 0 (mod p).

 1 ≤ u ≤ y0�

x0u = p+ y0w ≤ x0y0.

Ïd w < x0,= 1 ≤ w ≤ x0 − 1.� (w, u)´�§ ax + by ≡ 0 (mod p)�|¦

w + u < x0 + y0���ê),gñ! ��/  Ø�Uu).

nþ=y! �

y² 2 (444������) du (p, ab) = 1,� (p, a) = (p, b) = 1.P

b

a
≡ r (mod p), r ∈ Z+, 1 ≤ r ≤ p− 1.

� (x0, y0)�� p | x + ry�¦ x0 + y0�����ê).P x0 + ry0 = kp,w,

k 1 ≤ x0, y0 ≤ p− 1 (Ï��±� x0, y0 mod p�����{).du

x0 + ry0 = kp > 0,

� k ∈ Z+� k ≥ 1.

e¡`² (k, y0) = 1,eØ,,� d = (k, y0) > 1,Kd d | k, d | y0� d | x0.

2�Ä
x0
d

+ r
y0
d

=
k

d
p

¤á,�
(x0
d
,
y0
d

)
��÷v^����ê).

x0
d

+
y0
d
< x0 + y0,

� x0 + y0���5gñ!

�Äm ∈ Z+÷v

m ≡ 1

k
(mod y0), 1 ≤ m < y0 ≤ p− 1.
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d y0 | mk − 1� y0 | mkp− p,�

y0 | mx0 +mry0 − p.

Ïd y0 | p −mx0.¯¢þ p −mx0 ≤ 0´Ø�U�.ù´due p −mx0 ≤ 0

¤á,KP mx0 − p = y0u.Ï� 1 ≤ m ≤ p − 1, 1 ≤ x0 ≤ p − 1,� u 6= 0,=

u ∈ Z+.d

mx0 = p+ y0u > y0u > mu

� u < x0.�\ p | x0 + ry0,k

p | p+ y0u

m
+ ry0,

�

p | uy0 + r(my0).

qd 1 ≤ y0 ≤ p−1,k (y0, p) = 1,� p | u+rm. u < x0, m < y0,d� (u, m)

�¦ p | u + rm¤á� u + m < x0 + y0��|��ê),gñ!� p−mx0 ≤ 0

Ø¤á,= p−mx0 > 0.

P p−mx0 = y0u, u ∈ Z+,k

p = mx0 + uy0 > uy0 ≥ u,

� 1 ≤ u ≤ p− 1.Ïd

−mx0 ≡ uy0 ≡ mry0 (mod p).

qd (y0, p) = 1,k u ≡ mr (mod p). 1 ≤ u ≤ p− 1,Ïd u = |mr|p.P

m′a ≡ m (mod p), mr ≡ m
b

a
≡ m′b (mod p)

�

u = |mr|p = |m′b|p,

K

p = mx0 + uy0 = |m′a|px0 + |m′b|py0

�d (m, p) = 1� (m′, p) = 1.·K�y! �

µ5 �K´�J�êØK, �Á¥� 5% �ÓÆ�é. �Ky² 1 ��

{“�K”���{,�Ä'u u, v ��§ x0u + y0v = p,|^K�^�Ú�Þ

½n`²T�§k).2�Ä¦�ê u ≥ 1����ê),��(ÜK�^�y

²d�� u, vB´�é�����{.y² 2ÏL� b
a

(mod p)�����{
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r,òÓ{�§ ax+ by ≡ 0 (mod p)=z� x0 + ry0 = kp�/ª?1?Ø,��

`²� m ≡ 1
k

(mod y0), u = p−mx0
y0
=��é�����{Ò��
K8¤¦

�(Ø.

K 5 ®� 4ABC ¥, AB 6= AC, E, F ©O´> AC, AB þ�:, �

∠AEF = ∠ABC, P ´ BE, CF ��:, Q´�� AP þ�Ä:(Ø� AÜ).

P �(ABC)� �(AEQ), �(AFQ)©O2g�uM, N.y²: ��MN L½

:.

(�H���ÆNá¥Æ��øK)

T

L

N

M

P

F

B C

A

E

Q

y² 1 � AP 2g� �(ABC)u L, �(ABC)3 L?���� BC �ò

��u T.e¡y²Ä��MN L T :.��� TN 2g� �(ABC)uM ′,�

IyM ′�M Ü.

Ï�M, M ′, L, C þ3 �(ABC)þ,��Iy ML
MC

= M ′L
M ′C

.

Ï� ∠MQL = 180◦ − ∠MQA = 180◦ − ∠MEA = ∠MEC, ∠MLQ =

∠MCE, ¤±4MLQ ∼ 4MCE,u´

ML

MC
=
QL

CE
.

Ón�y4NLQ ∼ 4NBF.l
BF

NB
=
LQ

NL
. ¬

dK�� B, C, E, F o:��,l4BPF ∼ 4CPE,u´
BF

CE
=
PB

PC
=
PA · sin∠BAP

sin∠PBA
· sin∠PCA
PA · sin∠CAP

=
sin∠BAL
sin∠CAL

=
BL

CL
. 
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d¬, �
QL

CE
=
BL

CL
· NL
NB

.

Ï� LT ´��,¤±4TBL ∼ 4TLC.¤± BL
CL

= TL
TC
,u´

QL

CE
=
TL

TC
· NL
NB

.

d LT ´��,Ù�

4TNL ∼ 4TLM ′, ∆TCM ′ ∼ ∆TNB,

u´
M ′L

NL
=
TL

TN
,
TN

TC
=

NB

M ′C
,

l
M ′L

M ′C
=
TL

TC
· NL
NB

,

¤±��MN L½: T ( T ´ �(ABC)3 L?���� BC ��:). �

X

W

K

V

U

N'

M'

Q'

P

F(B')

B(F') C(E')

A

E(C')

y² 2 d ∠AEF = ∠ABC,� AF · AB = AE · AC = r2.± A��ü¥

%, r��ü�»éã/?1�ü.��

E ′ = C, F ′ = B, B′ = F, C ′ = E, M ′ = B′C ′ ∩ E ′Q′, N ′ = B′C ′ ∩ F ′Q′.

� EF ∩ AP = U, EF ∩BC = V, K � UV ¥:, AQ ∩BC = W.d

(C ′B′, UV ) = (E ′F ′, WV ) = (M ′N ′, UV ) = −1,
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k

KV 2 = KB′ ·KC ′ = KM ′ ·KN ′.

��º: X 3�ã KA þ¦� KA · KX = KV 2, k X ∈ �(AB′C ′), X ∈

�(AM ′N ′),���MN, BC �u�½:. �

µ5 �K´�J�AÛK,�Á¥� 5%�édK.y² 1Äk�Ñ½:

T,��|^�q'Xy² TN � �(ABC)��:M ′=�M.y² 2J:3u

|^�üC�é��ã:éAC���:,��|^W, V NÚ©� B, C =�

��� �(AB′C ′)� �(AM ′N ′)�u�½:.
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