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I. ÁÁÁ KKK

1. ¡Ä�õ�ª p(x) ∈ Z[x] �“� n Ã²�Ïf�”, eØ�3õ�ª

Q(x), R(x) ∈ Z[x],� Q�~ê, ¦� P (x) = Q(x)2R(x) (mod n).�½�ê p

9�êm ≥ 2,¦� pÃ²�Ïf�mgÄ�õ�ª P (x)��ê, Ù¥ p�X

ê�g {0, 1, · · · , p− 1}.

2. `¯ü<Ó6é�� 2020 × 2020�Ú�þ���?1/Ú, `km©

zgö��±ÀJ����XÚ���, ò§/ç¿���Óud�§¤3�

1���¿¥ç�ê8�©ê. �¤k�þ/ç�iZ(å, �©p�<¼�.

¯: `¯Xk7�üÑ? ¦�õ��y',��õ�õ�©?

3. �½ 4ABC 9	�� Γ,: E,F ©O� ∠B,∠C ²©��é>��

:, I �S%, K � AI � EF ��:. � T � Γ¥l BAC þ�¥:. � Γ�

A−¥�Ú �(AEF )�,��:©O� X,S, S ′ � S 'u AI �é¡:. J �

�(AS ′K)� AX �,��:. y²: T, J, I,X o:��.

4. �� 4ABC (AB = AC) S%� I. � ω L C �� AI �u I, ω �

AC,�(ABC) �,��:©O� Q,D, M,N ©O� AB,CQ �¥:. y²:

AD,BC,MN n��:.

?¾FÏ: 2020-12-01.
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5. éz� k ∈ N+, k > 1,y²: �3 x ∈ R,¦�é?���ê n < 1398,

k

{xn} > {xn−1} ⇔ k|n.

6. p�Û�ê, ¦¤k p−1
2
�| (x1, · · · , x p−1

2
) ∈ Z

p−1
2

p ,¦

p−1
2∑
i=1

xi ≡

p−1
2∑
i=1

x2i ≡ · · · ≡

p−1
2∑
i=1

x
p−1
2

i (mod p).

///. )))������µµµ555

1. ¡Ä�õ�ª p(x) ∈ Z[x] �“� n Ã²�Ïf�”, eØ�3õ�ª

Q(x), R(x) ∈ Z[x],� Q�~ê, ¦� P (x) = Q(x)2R(x) (mod n).�½�ê p

9�êm ≥ 2,¦� pÃ²�Ïf�mgÄ�õ�ª P (x)��ê, Ù¥ p�X

ê�g {0, 1, · · · , p− 1}.

) ¤¦� pm − pm−1.

�½�ê p, ^ f(m) L«÷v^�� m gÄ-õ�ª��ê. Ö¿�½

f(0) = 1, f(1) = p,3� Zpþ�	õ�ª.

é m ≥ 2,z� mgÄ�õ�ª P (x)�±3 Zp ¥��©)� Zp[x]þ�

Ä�Ø��õ�ª�È:

P (x) = P1(x)α1P2(x)α2 · · ·Pk(x)αk (mod p),

α1, α2, · · · , αk ∈ N+, p1, p2, · · · , pk �pÉ�Ä�Ø��õ�ª.

-

Q(x) = p1(x)[
α1
2 ]p2(x)[

α2
2 ] · · · pk(x)[

αk
2 ],

R(x) = p1(x)α1−2[α12 ]p2(x)α2−2[α22 ] · · · pk(x)αk−2[
αk
2 ],

K

P (x) = Q(x)2R(x) (mod p).

·�¡3 Zpþ péAu (Q,R).

´� R�� pÃ²�Ïf�õ�ª, �é?�ù�� R9� pÄ�õ�ª

Q.e

degR + 2 degQ = m,
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K Zpþk��� péAu (Q,R). (Zp[x]���©)½nå
ã��^)

du P �k pm�, éz� 0 ≤ R ≤ m
2
,¦ degQ = R� (Q,R)k pRf(m−

2k)�. dþãV�, k

pm =

[m
2
]∑

k=0

pkf(m− 2k),∀m ≥ 2 (1)

e8By²: f(m) = pm − pm−1,m ≥ 2.

d p2 = f(2) + pf(0)� f(2) = p2 − p.b�·Ké�um���êþ¤á,

�um�d (1),

f(m) = pm −
[m2 ]∑
k=1

pkf(m− 2k)

= pm −
[m2 ]−1∑
k=1

pm−k−1(p− 1)− p[
m
2
]f
(
m− 2

[m
2

])
= pm − (p− 1)pm−[m2 ] 1− p[

m
2 ]−1

1− p
− pd

m
2 e

= pm + pd
m
2 e − pm−1 − pd

m
2 e = pm − pm−1.

d8B�n, (Ø¤á. �¤¦mgÄ�õ�ªk pm − pm−1�. �

µ5 Ï~�Äõ�ª�Ïª´�ÏLïÄ (f(x), f ′(x))5?n�. ��

K¥ (f ′(x), f(x)) = 1ù��x¦ f(x)'��áØ|uOê, Ïd�£�½Â

þ. �K�'�´ Zp[x]þ���©)½n. Ï� Zp[x]��, � Zp[x]�ïá�

{Ø{, lk� Q[x], R[x]aq���©)½n. �K��{ü.

2. `¯ü<Ó6é�� 2020 × 2020�Ú�þ���?1/Ú, `km©

zgö��±ÀJ����XÚ���, ò§/ç¿���Óud�§¤3�

1���¿¥ç�ê8�©ê. �¤k�þ/ç�iZ(å, �©p�<¼�.

¯: `¯Xk7�üÑ? ¦�õ��y',��õ�õ�©?

) ¯7�, ��õ��y'`õ 1
2
× 2020× 2020 = 2040200©.

��¡, ¯æ�XeüÑ��y'`õ 2040200©: ´�l��m1 1010

��m>. l�����L�é¡¶, z���3'u l�é¡ek����.

`zg/Ú�, ¯Ò/ç`/��3'u l�é¡e��, K:

•��`�/, K¯�ö�Ò´�?1�.

•¯zÓ�©T'`õ 1. ù´Ï�`TÓ/��O\¯��©.

du�?1 1
2
× 2020× 2020Ó, �¯���'`õ 2040200©.
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,��¡, `æ�XeüÑ�¦¯�õ'`õ 2040200©.

zgÓ�`/Ú�, `/ç� a,¦�3�e��/Ú��¥, /ç� a�

©�p. ù�,ÃØ¯XÛ/Ú, ÙØ� a�	��©Ø�L a,ëÓ� a�õ'

`õ�©. lzÓ¯�õ'`õ�©, �õ�õ 2040200©.

nþ, ¯�õ��y'`õ 2040200©. �

µ5 Ï~“¥%é¡”.�é�á�`²¯Ø}, l¯7,´7���.

duo�ö�gê�óê, l�w¤eZ�“`, ¯”�Ó. z�Ó¥`k¯�,

`kÃ�±sÓk| �, ¯�Ã�±/Ï`#/��, 3ù��©Ûe�±

éN´�Eüö�üÑ.

3. �½ 4ABC 9	�� Γ,: E,F ©O� ∠B,∠C ²©��é>��

:, I �S%, K � AI � EF ��:. � T � Γ¥l BAC þ�¥:. � Γ�

A−¥�Ú �(AEF )�,��:©O� X,S, S ′ � S 'u AI �é¡:. J �

�(AS ′K)� AX �,��:. y²: T, J, I,X o:��.

y² � BC ¥:�M,T 3 Γ¥é»:�N.� AT ∩BC = D,Kd�²

©�9	�²©�½n�

AF

FB
· BD
DC
· CE
EA

=
AC

CB

AB

AC
· BC
AB

= 1.

dr¼½n�_=k D,E, F ��.

� AX 'u ∠BAC ���� (�Ý¥�)� EF �u U,� Γ�u,�:

V.Ù�o>/ ABV C �NÚo>/.
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äääóóó 1 A, S, U,K ��.

y² � AI ∩BC = L,K

BL

LC
=
BA

AC
=
BD

DC
⇒ N(BC;LD) = −1 = N(BC;AV )

q N,L,A��, � N, V,D��. 

^(SF, FD) = ^(SA,AE) = ^(SB,BC)⇒ B,F, S,D��,

^(SV, V A) = ^(SV, V D) = ^(SA,AK)↔ S, U, V,D��,

l

^(SU,UD) = ^(SV, V D) = ^(SA,AK)⇒ S,A,K,U��.

däó 1, �(AKS)� �(AKS ′)'u AN é¡, AU � AX 'u AN é¡,

� J � U 'u AN é¡.

äääóóó 2 M, I, U ��.

y² � BI,CI � Γ,��:� P,Q.PQ�L A� Γ���u R.é�S

�8>/ AACQPB,^ Pascal½n:

AA ∩QP = R,AC ∩ PB = E,CQ ∩BA = F,

� F,E,R��.

qÙ� PA = PI,QA = QI,� PQ� AI ¥R�. � RA = RI.l

^(AI, IR) = ^(AR,AI) = ^(AR,AC) + ^(AC,AI)

= ^(AB,BC) + ^(AI,AB)

= ^(AI,BC).

� IR �BC.l

I(CB;MR) = −1 = A(BC;V A) = (FE;UR) = I(FE;UR).

q I, F, C ��; I, B,E ��; I, R,R��, � I,M,U ��. y3, d

NM ·NT = NB2 = NI2 ⇒4NIM ∼ 4NTI

⇒ ^(IN, IT ) = ^(IM,MN).

�

^(JI, IT ) = ^(JI, AI) + ^(AI, IT )

= ^(AI, UI) + ^(IM,MN)

= ^(AI,MN) = ^(AX,XT )
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⇒ J, I,X, T��.

��y! �

µ5 �K:�E,ÝÑ'�p, J ?nå5�~(J.: J ^ ∠AJK =

∠ASK 5½Âw,´ØÐ�, I��� J ½UE J �½Â. 3?1�X��}

Á5���, XJ�Ñ
�Ý¥�, KN´ß� A,K,U, S ��, ��K�(J

�?3u U,K 3ãþé�C, (�)�ã)éJlã/¥���
yâ5(@

A, S, U,K ��;ù�:qØN´y, U �½Â'�E,, ¦<éù�(Ø"

y&%, ��ùéN´k4. 3Ð U, J,M ��´Ðy� (���ÑyL�K:

QE,PF, IM �:�{���Ó), l�� U 3 �(ASK)þ, ù(&
ù�(

Ø.

o�5`, �K:�½Â�E,, U��ínØõ, �6ué(Ø�*	

(�<aú J 'u AI é¡:� U ù«�Ù�Ø{ü�:´éJ¯kýÿ�),

ÏdI��õ�m&¢. ,	, �K��^�ü{ (± A�¥%��ü��),(�

�þ«OØ�), ù¦ A, S, U,K ���éA(Ø��Ù�:.

4. �� 4ABC (AB = AC) S%� I. � ω L C �� AI �u I, ω �

AC,�(ABC) �,��:©O� Q,D, M,N ©O� AB,CQ �¥:. y²:

AD,BC,MN n��:.

y² � ω�%� N ′,Kd ω� AI ��� N ′I ⊥ AI,= N ′I �BC.�

^(N ′C,CI) = ^(CI, IN ′) = ^(CI,BC) = ^(AC,CI)

⇒ A,N ′, C ��.
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= CQL N ′,� N ≡ N ′.

� ω� BC,AD©O�u,�: U, V,Kd�» CQk QU ⊥ UC.l

^(N ′C,CI) = ^(DC,CU) = ^(DA,AB)⇒ AB � UV.

^(V D,DU) = ^(V D,DC) + ^(DC,DU)

= ^(AB,BC) + ^(QC,QU)

= ^(BC,AC) + ^(QC,QU)

= ^(BC,QU) =
π

2

= UV � ω�», � N � UV ¥:.

-AB�UV,M,N©O�AB,UV ¥:,�AV,MN,BU�:,=AD,MN ,

BC �:. ��y. �

µ5 �KvkAOE,�:, ���ã�uy N ��%, �:��'5�

ÒéN´£ãÑ5. �y²n��:´ÏL“�ã q”5y�, Ø�~5, I�

ééã/?1�
&¢. �K��{ü.

5. éz� k ∈ N+, k > 1,y²: �3 x ∈ R,¦�é?���ê n < 1398,

k

{xn} > {xn−1} ⇔ k | n.

y² 1 Pm = 1397.

ÚÚÚnnn ?� an, bn¦ 0 < an < bn < 1 (1 ≤ n ≤ m),�3M1,M2, · · · ,Mm ∈

N+,¦�(
(M1 + a1)

1
1 , (M1 + b1)

1
1

)
⊇
(

(M2 + a2)
1
2 , (M2 + b2)

1
2

)
⊇ · · ·

⊇
(

(Mm + am)
1
m , (Mm + bm)

1
m

)
(1)

y² �½ M1 (¿©�), 48/À� Mk : � M1, · · · ,Mk ®�Ð, ��

Mk+1¦(
(Mk + ak)

1
k , (Mk + bk)

1
k

)
⊇
(

(Mk+1 + ak+1)
1
k+1 , (Mk+1 + bk+1)

1
k+1

)
.

=

(Mk + ak)
k+1
k − bk+1 > Mk+1 > (Mk + ak)

k+1
k − ak+1

�÷v�Mk+1 ∈ N+�3, =I

(Mk + ak)
k+1
k − (Mk + ak)

k+1
k > 2 (2)
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d�{,

(Mk + ak)
1
k > M1 + a1 ⇒Mk > Mk

1 − 1 >
1

2
Mk

1 ,

l

(Mk + bk)
k+1
k − (Mk + ak)

k+1
k

=(Mk + ak)
k+1
k

(
1 +

bk − ak
Mk + ak

) k+1
k

≥M
k+1
k

k

(
1 +

k + 1

k

bk − ak
Mk + ak

)
(Ëã|Ø�ª)

≤k + 1

2k
(bk − ak)M

1
k
k >

k + 1

2k
(bk − ak)

1

2
M1.

=I

M1 > 8k
1

(k + 1)(bk − ak)
.

þªm>=� k, ak, bk k', 3M1¿©��, þª¤á, � (2)ÎÜ.

d8B�n, (Ø¤á.

·��±y²�r(Ø:

?� {1, 2, · · · ,m}�ü� σ, ∃ x ∈ R,¦

{xσ(1)} < {xσ(2)} < · · · < {xσ(m)}.

¯¢þ, P τ ◦ σ = id,K- {xi} ∈
(
τ(i)−1
m

, τ(i)
m

)
=�.

däó, �3M1, · · · ,Mm,¦�((
Mi +

τ(i)− 1

m

) 1
i

,

(
Mi +

τ(i)

m

) 1
i

)

⊇

((
Mi+1

τ(i+ 1)− 1

m

) 1
i+1

,

(
Mi+1

τ(i+ 1)

m

) 1
i+1

)
ùp 1 ≤ i ≤ m− 1.

� x ∈
((

Mm + τ(m)−1
m

) 1
m
,
(
Mm + τ(m)

m

) 1
m

)
,Kd�{(

Mn +
τ(n)− 1

m

) 1
n

< x <

(
Mn +

τ(n)

m

) 1
n

1 ≤ n ≤ m

⇒{x}
1
n ∈

(
τ(n)− 1

m
,
τ(n)

m
,

)
,

ÎÜ, ù� x=�¤¦. �

µ5 �K�Ì�J:3uCþ��, =k�� x.�, x ∈ R�ëYCz,

%¹Ã���U, �¢Sö�¥XJk�Ð x,KéJ�� {xn}.

�«~���{´^4íê��y xn + αn + βn ∈ Z,∀n ∈ N+, Ù¥
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{α}, {β} < 1.2^ {xn} = {−αn − βn}5�m�êÜ©, �ùéJ¢y�K¥

§QU4O�©Ù.

�K�?n�{´*¿ëê: ò {xn}���'X=z�äN�

Mk + aK < xk < Mk + bk.

Ú\�����ëêMk,ü$ügÀ��(J,l«m
(

(Mk + ak)
1
k , (Mk + bk)

1
k

)
�ÝØäCá¢y8�.

y²2 ·�y²�r�(Ø:éu 1, 2, · · · , n�?¿ü�σ(1), σ(2), · · · , σ(n),

·�ÑUé��� x¦� α1 ∼ αn, β1 ∼ βn.

(i). ���v
��M,-

α1 = M + (γ(1)− 1) · 1

n
, β1 = M + γ(1) · 1

n
(α1, β1 ∈ [m,m+ 1]),

Kk

β1 − α1 =
1

n
> 2

(√
m2 + 1− 1

)
.

(ii). � αk, βk ÷v:

βk − αk > 2
(

k+1
√
mk+1 − 1

)
, αk−1 ≤ αk < βk ≤ βk−1. (α0 = M,β0 = M + 1),

K7½�3�� mk,÷v k
√
mk,

k
√
mk + 1þ3«m (αk, βk)¥. (mk ∈ N+) (ù

´Ï��m > Mk �, k
√
mk + 1− k

√
mk <

k
√
Mk + 1−M < 1

2
(βk − αk),d«m

��Ý��, þ¡�(Ø¤á).

·�-

αk+1 =
k+1

√
mk + (γ(k + 1)− 1) · 1

n
, βk+1 =

k+1

√
Mk + γ(k + 1) · 1

n
,

K

βk+1 − αk+1 > (M + 1)− k+1

√
(M + 1)k+1 − 1

n

=
1

n

1

(M + 1)k · · ·
[
(M + 1)k+1 − 1

n

] k
k+1

.



2
(

k+2
√
Mk+2 + 1−M

)
= 2 · 1

Mk+1 · · · (Mk+2 + 1)
k+1
k+2

.

M ¿©��eª <þª, �

βk+1 − αk+1 > 2
(

k+2
√
Mk+2 + 1−M

)
, αk ≤ αk+1 < βk+1 ≤ βk

¤á.

�gaí��� α1 ∼ αn, β1 ∼ βn, K·��Ä3 (αt, βt) ¥���ê

9 êÆ#(�



x, {xt} ∈
(
(γ(t)− 1) · 1

n
, γ(t) · 1

n

)
.

�·�3 (αn, βn)¥� x0. (Ó�/, x0 ∈ (αi, βi), i = 1, 2, · · · , n− 1).

⇒ {xi0} ∈
(

(γ(t)− 1) · 1

n
, γ(t) · 1

n

)
¤á, ∀ ∈ [1, n].

¤± {xσ(1)} < {xσ(2)} < · · · < {xσ(n)}¤á.

��·K��¤á. �

6. p�Û�ê, ¦¤k p−1
2
�| (x1, · · · , x p−1

2
) ∈ Z

p−1
2

p ,¦

p−1
2∑
i=1

xi ≡

p−1
2∑
i=1

x2i ≡ · · · ≡

p−1
2∑
i=1

x
p−1
2

i (mod p).

){ 1 p > 3�, ¤¦��N (x1, · · · , x p−1
2

) ∈ {0, 1} p−1
2 (mod p); p = 3�

¤¦� 0,1½ 2.

��¡, w,¤�� x1, · · · , x p−1
2
ÎÜ.

,��¡, e� r = p−1
2

;x1, · · · , xn÷v:

x1 + x2 + · · ·+ xr ≡ a (mod p)

x21 + x22 + · · ·+ x2r ≡ a (mod p)
...

xr1 + xr2 + · · ·+ xrr ≡ a (mod p),

(1)

ey (x1, · · · , xr)�½äkþã/ª. ·�=I�Ä p > 3��¹. ¯¢þ, ?

� t ∈ {2, 3, · · · , p− 1},- λ ∈ {1, · · · , p− 1},¦� 1 + λ ≡ t2 (mod p),K
r∑
i=1

(λxi + 1)r =
r∑
i=1

r∑
k=0

(
r

k

)
xki λ

k

=r +
r∑

k=1

r∑
i=1

(
r

k

)
xki λ

k

=r +
r∑

k=1

a

(
r

k

)
λk

=r + a ((λ+ 1)r − 1) (mod p) (2)



1 =

(
1 + λ

p

)
≡ (1 + λ)r (mod p)⇒ p|(λ+ 1)r − 1

ùp
(
a
p

)
�V4�ÎÒ. �

r∑
i=1

(λxi + 1)r ≡ r (mod p).
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=
r∑
i=1

(
λxi + 1

p

)r
≡ r (mod p).

=
r∑
i=1

(
xi · λ+ 1

p

)
≡ r (mod p).

q

−p+ r < −r ≤
r∑
i=1

(
xiλ+ 1

p

)
≤ r,

�7L (
xiλ+ 1

p

)
= 1 (1 ≤ i ≤ r)

= (
xi(t

2 − 1) + 1

p

)
= 1, ∀t ∈ {2, 3, · · · , p− 1} (1 ≤ i ≤ r)

qdu
p−1∑
t=1

tk ≡

 0, p− 1 - k

−1, p− 1|k
(mod p)

�

p− 1 +

(
1− xi
p

)
=

p−1∑
t=0

(
xi(t

2 − 1) + 1

p

)

≡
p∑
t=1

(xit
2 + (1− xi))r

≡
p∑
t=1

r∑
l=0

(
r

l

)
(xit

2)l(1− xi)r−l

=

p∑
t=1

(1− xi)r +
r−1∑
l=1

(
r

l

)
(1− xi)r−lxli

p∑
t=1

t2l +

p∑
t=1

xri t
p−1

≡− xri ≡ −
(
xi
p

)
(mod p).

=

−1 +

(
1− xi
p

)
+

(
xi
p

)
≡ 0 (mod p), (1 ≤ i ≤ r)

q p > 3,�7L

−1 +

(
1− xi
p

)
+

(
xi
p

)
= 0, (1 ≤ i ≤ r)

ùL²
(

1−xi
p

)
= 0�

(
xi
p

)
= 0��k��¤á, ÄKþª�>�Ûê, gñ!
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l

xi ≡ 0½ 1 (mod p), (1 ≤ i ≤ r)

��y! l¤¦ê|=�mÞ¤��. �

µ5 �KéN´��O� σk,dd�Ñ x1, · · · , x p−1
2
�

r∑
k=0

(
a
k

)
xr−k(−1)k

� r��, `²z� a3Ó�¿Âe=�| (x1, · · · , xr).�^ù«�{é“k r

��”Ny�f, ØN´é r < a < p��¹?1üØ.

,��Ý´Ø�ª: xr ≡ 0,±1 (mod p),Ùé���êNyér. ��J

(1)¥
r∑
i=1

xri ≡ a (mod p)YØÑ�Ò, ¿����¹Ù�Ñ{ ±n�VÇé$,

�K¥ (2)�ÑyØ�Ø`´��Û,. uy (2)Äu�	²£C� yi = xi + λ

e�§ (1)�Cz, �Ì�´|Ü5Øõ, �K�I�2��}Á.

){ 2 p = 3Ó){�.e¡=�Ä p > 3��/.

d�, (x1, x2, · · · , x p−1
2

) ∈ {0, 1} p−1
2 .=z�� 0= 1.

��¡, þã� 2
p−1
2 �ê|w,ÎÜ^�.

,��¡, ey=kù
ê|ÎÜ^�.

�M ∈ {0, 1, · · · , p− 1}�

M ≡

p−1
2∑
i=1

xti (mod p), t = 1, 2, · · · , p− 1

2
.

Kéu modp���#{a a,
p−1
2∑
i=1

(1− axi)
p−1
2 ≡ p− 1

2
+M ·

[
(1− a)

p−1
2 − 1

]
(mod p).

e
(

1−a
p

)
= 1,K

p−1
2∑
i=1

(1− axi)
p−1
2 ≡ p− 1

2
(mod p)⇒

(
1− axi

p

)
= 1 (i = 1, 2, · · · , p− 1

2
).

�Ò´`, XJ 1− a´ modp�²��{, 1− axi�´. (i = 1, 2, · · · , p−1
2

).

¤±P 1− a = a′,K 1− axi = 1− (1− a′)xi = 1− xi + xia
′.¤±∑

(a′p )=1

a′ =
∑

(a′p )=1

1− xi + xia
′.

P�> = A,K

A =
p− 1

2
· (1− xi) + xi · A⇒

(
p− 1

2
− A

)
· (1− xi) = 0 (modp¿Â).

qÏ� A ≡ 0 (mod p),�7k xi = 1.

¤±z� xi� 0= 1, K�5�äó¤á. �
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