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I. ¯̄̄ KKK

K 1. � n´��ê, x1, x2, · · · , xn´�¢ê.- S = xn1+x
n
2+· · ·+xnn, P =

x1x2 · · · xn,y²:
n∑

k=1

1

S − xnk + P
≤ 1

P
.

K 2. � nÚ bÑ´��ê.·�¡ n´ b −�£O�,XJ�3d n�Ñ

�u b�ØÓ��ê|¤�8Ü,Ùvkü�ØÓ�f8 U Ú V,¦� U ¥¤

k��Ú�u V ¥¤k��Ú.

(i)y²: 8´ 100−�£O�;

(ii)y²: 9Ø´ 100−�£O�.

K 3. � n���ê.Á¦

|p(1)|2 + |p(2)|2 + · · ·+ |p(n+ 3)|2

����,Ù¥ p�Ä�Xê� 1� ngõ�ª.

?¾FÏ: 2020-09-28.
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K 4. Á¦¤k���ê n ≥ 2,¦��3�ê x1, x2, · · · , xn−1 ÷v: X

J 0 < i, j < n, i 6= j,� n | (2i+ j),@o xi < xj.

K 5. � D = {0, 1, 2, · · · , 9}��?�êi8Ü, R ⊂ D × D �kSêé

�8Ü.¡Ã�êiS� (a1, a2, a3, · · · )� R´���,eéz���ê j k

(aj, aj+1) ∈ R.Á¦�����ê k÷v: XJ?¿� R ⊂ D ×D��� k�

ØÓ�êiS�´���,@o R�Ã�õ�êiS�´���.

K 6. � n���ê.·�k n��f,¿�z��fk�K�ê��Î�.

½Â�gö��: l���f¥�ü��Î�,,�¿KÙ¥���Î�,¿r

,���Î���Ù¦�?¿���fp.·�¡�Î��Ð©G�´�)�,

XJ�±²Lk�g(�±� 0g)ö�,¦�¤k��f��.Á¦�Î��¤

kØ�)Ð©G�,�´XJ�Ù¥?¿���f�	V\���Î��±C

¤�)�Ð©G�.

///. )))������µµµ555

K 1. � n´��ê, x1, x2, · · · , xn´�¢ê.- S = xn1+x
n
2+· · ·+xnn, P =

x1x2 · · ·xn,y²:
n∑

k=1

1

S − xnk + P
≤ 1

P
.

y² (ÇÇÇÀÀÀ¡¡¡) kyÛÜØ�ª

P

S − xnk + P
≤ xk
x1 + x2 + · · ·+ xn

. (k = 1, 2, · · · , n) (1)

�Ä�

(1)⇔
( n∑

i=1

xi

) n∏
i=1

xi ≤ xk

( n∑
i=1
i 6=k

xni +
n∏

i=1

xi

)

⇔
( n∑

i=1
i 6=k

xi

) n∏
i=1

xi ≤ xk

( n∑
i=1
i 6=k

xni

)

⇔
( n∑

i=1
i 6=k

xi

) n∏
i=1
i 6=k

xi ≤
n∑

i=1
i 6=k

xni .

d�²þØ�ªÚþ�Ø�ª��
n∑

i=1
i 6=k

xni ≥ (n− 1)
( 1

n− 1
·

n∑
i=1
i 6=k

xi

)n
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=
( n∑

i=1
i 6=k

xi

)( 1

n− 1
·

n∑
i=1
i 6=k

xi

)n−1

≥
( n∑

i=1
i 6=k

xi

) n∏
i=1
i 6=k

xi.

= (1)ª�y.

�
n∑

k=1

1

S − xnk + P
=

1

P

n∑
k=1

P

S − xnk + P
≤ 1

P

n∑
k=1

xk
x1 + x2 + · · ·+ xn

=
1

P
.

d�²þØ�ªÚþ�Ø�ª��Ò¤á^��,� x1 = x2 = · · · = xn��Ò

¤á. �

µ5 �K�'�3uòy²K8¤�Ø�ª=z�y²ÛÜØ�ª (1),

ò (1)=z�vk xk �/ª�,|^�²þØ�ª?1ü�=���y².

K 2. � nÚ bÑ´��ê.·�¡ n´ b −�£O�,XJ�3d n�Ñ

�u b�ØÓ��ê|¤�8Ü,Ùvkü�ØÓ�f8 U Ú V,¦� U ¥¤

k��Ú�u V ¥¤k��Ú.

(i)y²: 8´ 100−�£O�;

(ii)y²: 9Ø´ 100−�£O�.

y² 1 (pppUUU���)

(i)�Ä8Ü {99, 98, 97, 95, 92, 87, 79, 66}(98 = 99 − 1, 97 = 99 − 1 −

1, 95 = 99− 1− 1− 2, · · · , 66 = 99− 1− 1− 2− 3− 5− 8− 13),���y�

?ü�f8��ØÚ��,� 8´ 100−�£O�.

(ii)e 9´ 100−�£O�.� A = {x1, x2, · · · , x9}, 0 < x1 < x2 < · · · <

x9 ≤ 100.�Ä A� 29�f8��Úl���ü�

0 = s1 < s2 < · · · < s29 .

k ∑
1≤i<j≤29

(si − sj)2 ≥
∑

1≤i<j≤29
(i− j)2 = 29 ·

29∑
i=1

i2 −

(
29∑
i=1

i

)2

= 5726601216.


 ∑
1≤i<j≤29

(si − sj)2 =
1

2

∑
U1,U2⊂A

(∑
x∈U1

x−
∑
x∈U2

x

)2
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=
1

2
· 28 · 28 · 2

9∑
i=1

x2i

= 216
9∑

i=1

x2i ,

�
9∑

i=1

x2i ≥ 87381.



9∑

i=1

x2i ≤ 1002 + 992 + · · ·+ 922 = 83004,

gñ�Ïd 9Ø´ 100−�£O�. �

y² 2

e 9´ 100−�£O�.�A = {x1, x2, · · · , x9}, 0 < x1 < x2 < · · · < x9 ≤

100.- X ´¤k A¥���ê� 3, 4, 5, 6�f8�8Ü,- Y ´¤k A¥T

Ðk 2½ 3½ 4����u x3�f8�8Ü. X ¥¹k� Af8��ê�(
9

3

)
+

(
9

4

)
+

(
9

5

)
+

(
9

6

)
= 84 + 126 + 126 + 84 = 420

�.Ù¥ X ¥8Ü��Ú���A�f8� {x4, x5, · · · , x9},8Ü��Ú��

�f8� {x1, x2, x3}.=¤kX¥ 420�A�f8���Ú��� x1+x2+x3,

�õ� x4 + x5 + · · ·+ x9.�Ä�z�f8���ÚþØ�Ó,k

(x4 + x5 + · · ·+ x9)− (x1 + x2 + x3) + 1 ≥ 420. (1)

e¡O� Y ¥����ê.�Ä�8Ü {x4, x5, · · · , x9}¥ü�f8��ê�(
6
2

)
,n�f8��ê�

(
6
3

)
,o�f8��ê�

(
6
4

)
,� {x1, x2, x3}�ØÓf8

�ê� 8�.Ïd Y ¥ A�f8��ê�

8

((
6

2

)
+

(
6

3

)
+

(
6

4

))
= 8(15 + 20 + 15) = 400

�.Ón�Ä Y ¥f8��Ú��ê���êk

(x1 + x2 + x3 + x6 + x7 + x8 + x9)− (x4 + x5) + 1 ≥ 400. (2)

(Üª (1), (2)k 2(x6 + x7 + x8 + x9) ≥ 818,


x9 + 98 + 97 + 96 ≥ x9 + x8 + x7 + x6 ≥ 409,

= x9 ≥ 118,� x9 < 100gñ.Ïd 9Ø´ 100−�£O�. �
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µ5 y²Ø´ 100 −�£O�'�3u^�y{íÑgñ.�K�){

1ÏLéf8��Ú���üg�Ñgñ,){ 2´(��Ñ�)�,�Äü

�A¥ØÓ5��f8�ê(Üf8���ÚØ�Ó�Ñgñ.

K 3. � n���ê.Á¦

|p(1)|2 + |p(2)|2 + · · ·+ |p(n+ 3)|2

����,Ù¥ p�Ä�Xê� 1� ngõ�ª.

) 1 (ôôôAAAÊÊÊ)

� P (x) = (x− z1) · · · (x− zn)(z1, · · · , zn ∈ Z),K

S =
n+3∑
i=1

|P (i)|2 =
n+3∑
i=1

n∏
j=1

|i− zj|2 ≥
n+3∑
i=1

n∏
j=1

|i−Re zj|2.

�Ø�� P �¢Xêõ�ª,= z1, · · · , zn ∈ R.

- xi = P (i)(1 ≤ i ≤ n+ 3),K xi ∈ R,d�©úªk

xn+1 − C1
nxn + · · ·+ (−1)nCn

nx1 = n!, ¬

xn+2 − C1
nxn+1 + · · ·+ (−1)nCn

nx2 = n!, ­

xn+3 − C1
nxn+2 + · · ·+ (−1)nCn

nx3 = n!. ®

é S − λ ·¬− µ ·­− ϕ ·®^ Lagrange ¦ê{,�

2xj = λ(−1)n+1−jCn+1−j
n + µ(−1)n+2−jCn+2−j

n + ϕ(−1)n+3−jCn+3−j
n ,

Ù¥, j = 1, 2, · · · , n+ 3.2��£ ¬, ­, ® k
Cn

2nλ− Cn−1
2n µ+ Cn−2

2n ϕ = 2n!,

−Cn−1
2n λ+ Cn

2nµ− Cn−1
2n ϕ = 2n!,

Cn−2
2n λ− Cn−1

2n µ+ Cn
2nϕ = 2n!.

¦)��

λ = ϕ, µ = ϕ · 2n+ 2

n+ 2
,

Ù¥

λ =
2n!C2

n+2

Cn
2n

=
(n+ 2)!

Cn
2n

.
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4S = Cn
2n(λ

2 + µ2 + ϕ2)− 2Cn−1
2n (λµ+ µϕ) + 2Cn−2

2n λϕ

= λ2
{

(2n)!

n! · n!

[(
2n+ 2

n+ 2

2
)
+ 2

]}
− 4Cn−1

2n

2n+ 2

n+ 2
λ2 + 2Cn−2

2n λ2

= λ2
[

(2n)!

n!(n+ 2)!(n+ 2)
· (8n+ 12)

]
,

�

Smin =
[(n+ 2)!]2

4(Cn
2n)

2
· (2n)!(n+ 1)(8n+ 12)

[(n+ 2)!]2
=

(2n)!(n+ 1)(2n+ 3)

(Cn
2n)

2
. �

) 2 (pppUUU���)

d ngõ�ª� n��©��pg�Xê×n! (�^8B{y²),k

C0
np(1)− C1

np(2) + C2
np(3)− · · ·+ (−1)nCn

np(n+ 1) = n!, (1)

C0
np(2)− C1

np(3) + C2
np(4)− · · ·+ (−1)nCn

np(n+ 2) = n!, (2)

C0
np(3)− C1

np(4) + C2
np(5)− · · ·+ (−1)nCn

np(n+ 3) = n!, (3)

K (1) · (n+ 2) + (2) · (2n+ 2) + (3) · (n+ 2)B�

n+2∑
i=0

(
(n+ 2)Ci−2

n − (2n+ 2)Ci−1
n + (n+ 2)Ci

n

)
p(i+ 1)(−1)i = (4n+ 6) · (n!).

P

A =
n+2∑
i=0

(
(n+ 2)Ci−2

n − (2n+ 2)Ci−1
n + (n+ 2)Ci

n

)2
,

B =
n+2∑
i=0

(
(n+ 2)Ci−2

n − (2n+ 2)Ci−1
n + (n+ 2)Ci

n

)
p(i+ 1)(−1)i.

d Cauchy Ø�ª��

A ·

(
n+2∑
i=0

|p(i+ 1)|2
)
≥ B2 = (4n+ 6)2 · (n!)2. (4)




A =
n+2∑
i=0

(
(n+ 2)Ci−2

n − (2n+ 2)Ci−1
n + (n+ 2)Ci

n

)2
=
(
2(n+ 2)2 + (2n+ 2)2

) n∑
i=0

(
Ci

n

)2
+ 2(n+ 2)2

n∑
i=0

Ci
nC

i+2
n

− 4(n+ 2)(2n+ 2)
n∑

i=0

Ci
nC

i+1
n
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=
(
2(n+ 2)2 + (2n+ 2)2

)
Cn

2n + 2(n+ 2)2Cn−2
2n − 4(n+ 2)(2n+ 2)Cn−1

2n

=2Cn
2n ·

4n+ 6

n+ 1
.

�
n+2∑
i=0

|p(i+ 1)|2 ≥ (4n+ 6)2 · (n!)2

A
=

(2n+ 3)(n+ 1)(n!)2

Cn
2n

.

� i = 1, 2, · · · , n+ 3,�,�

p(i) =(−1)i+1 n!

(n+ 2)Cn
2n − (2n+ 2)Cn−1

2n + (n+ 2)Cn−2
2n

·
(
(n+ 2)Ci−3

n − (2n+ 2)Ci−2
n + (n+ 2)Ci−1

n

)
=(−1)i+1 n!

2Cn
2n

(
(n+ 2)Ci−3

n − (2n+ 2)Ci−2
n + (n+ 2)Ci−1

n

)
.

d�� p(i)÷v (1)(2)(3),�÷v (4)���^�.Ù¥

Ïd,¤¦���� (2n+3)(n+1)(n!)2

Cn
2n

. �

µ5 �Kkü�\Ã:.1��´lõ�ª��\Ã,ò�¦ªn)�

1, 2, · · · , n + 3 ���ål�È�²�Ú, ù�±�Ñ P (x) �z��þ�¢

ê;1��´|^õ�ª��©��n��åª,3ùn�^�e,¦��ªf

���.(Ü±þü:,Ò�±ø�õ�ª�	�,ò�Kz�·�¤ÙG��

^��¢ê�ÆS�Ø�ª,
�´�g..�X,ÃØ´|^ Lagrange ¦ê

{,�´�½Xê�ÜÑ�±)û�K.�,,�K¥O�L§�E,,�9�é

õ|Üê�m�$�,�~����Æ)��êÄ�õ,´�� J�ÐK.

K 4. Á¦¤k���ê n ≥ 2,¦��3�ê x1, x2, · · · , xn−1 ÷v: X

J 0 < i, j < n, i 6= j,� n | (2i+ j),@o xi < xj.

) (������ììì)

(1)Äky²���ê n� 2k(k ≥ 1)½ 3 · 2k(k ≥ 1)�÷vK¿.

- xi = ν2(i), Ù¥ ν2(i) L«��ê i ¤¹k� 2 ��g. Ï�é?¿

� 0 < i 6= j < n, ÷v n | (2i + j), K ν2(2i + j) ≥ ν2(n) = k, 
dKk

ν2(2i) ≤ ν2(2n) = k + 1, ν2(j) ≤ ν2(n) = k.�ÄXeü«�/:

i)e ν2(2i) ≤ ν2(j),k

xj = ν2(j) > ν2(i) = xi,

ÎÜK¿.

ii)e ν2(2i) > ν2(j),P i = 2k1l1, j = 2k2l2,Ù¥ l1, l2, k1, k2 þ���ê,

7 êÆ#(�



2 - l1, l2� k1 ≥ k2.k

n | 2i+ j ⇔ ν2(n) ≤ ν2(2
k1+1l1 + 2k2l2)

⇔ k − k2 ≤ ν2(2
k1+1−k2l1 + l2)

d� k1+1−k2 ≥ 1,� 2k1+1−k2l1�óê.
 l2�Ûê,� ν2(2
k1+1−k2l1+ l2) = 0.

Ïd k = k2.qk ν2(j) < ν2(2i) ≤ k + 1,� k1 = k.
dKk i 6= j,Ïd�k

i = j = 2k.�Ø�3 ν2(2i) > ν2(j)��/.

nþ,���ê n� 2k(k ≥ 1)½ 3 · 2k(k ≥ 1)�,- xi = ν2(i)=÷vK¿.

(2)e¡^�y{y² n�Ù¦��ê�þØ÷vK¿.

b� n = 2kl ÷vK¿, Ù¥��ê l ≥ 5, � 2 - l. - i0 = 1, i1 =

(−2), · · · , il = (−2)l,K il−1 ≡ i0 (mod l).

� jm(0 ≤ m ≤ l − 1)� im� l�����{,K

jm+1 ≡ (−2)jm (mod l),

= l | jm+1 + 2jm.dK¿k

x2kj0 < x2kj1 < · · · < x2kjl−1
= x2kj0 ,

gñ! �Ø�3÷v^����ê x1, x2, · · · , xn−1. �

µ5 �Ä�î.½nk� 2 - l�, (−2)l−1 = 2l−1 ≡ 1 (mod l).Ó��E

{jn}(n = 0, 1, · · · , n)� {in}(n = 0, 1, · · · , n)� l�����{TÐ�±��

aqK8^��(�,?
�±��gñy² 2k · l�/ªé 2 - l, l ≥ 5�þØ

�3ÎÜK¿�).

K 5. � D = {0, 1, 2, · · · , 9}��?�êi8Ü, R ⊂ D × D �kSêé

�8Ü.¡Ã�êiS� (a1, a2, a3, · · · )� R´���,eéz���ê j k

(aj, aj+1) ∈ R.Á¦�����ê k÷v: XJ?¿� R ⊂ D ×D��� k�

ØÓ�êiS�´���,@o R�Ã�õ�êiS�´���.

) (���LLL%%%)

� Dn = {1, 2, · · · , n}, n ∈ N+. ·�^8B{y²:� R ⊂ Dn × Dn �

kSêé�8Ü.¡Ã�ê� (a1, a2, a3, · · · )� R��,eéz���ê j k

(aj, aj+1) ∈ R.XJ R�k��Ã�ê���,K R�õ� 2n−1�Ã�ê�´

���.

n = 1�w,¤á.
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b� n = k �(Ø¤á. � n = k + 1 �·�^�����k�ã

G = (V, E)5L« R,=e (i, j) ∈ R,K3 G¥l i� jë�^k�>.·�¡

��Ã�ê�� G��,e§� R��.

(1)e G¥Ã�,K GØ�U�?Û��Ã�ê���.

(2)e G¥k�,K©Xeü«�¹?1?Ø.

i)e�3 v0 ∈ V,Ù\Ý�".

�Ä�K v09���ë�>,����ã� G′.é?¿��� G���S

� π.e v0 ∈ π,K v0�½=31� Ñy�g.� π�K v0�� π′,K π′� G′

��.Ï�G′��� k�ã,Kd8Bb��,�G′���S��õ 2k−1�.�

� G���S��õk 2k �.

ii)eé?¿� v0 ∈ V,Ù\ÝþØ�".

XJ G¥kü�����,K G�Ã¡õ�Ã¡ê���,gñ�e G¥

�3�^l����,����´,K G��Ã¡õ�Ã¡ê���,gñ!�

Gd�
üüØ����½����¤.d�,� G���Ã¡ê�d§�1

����(½,�� G���Ã¡ê��õk k + 1�.
 k + 1 ≤ 2k.

�d (1)Ú (2)B�, n = k + 1�(Ø�¤á.

e¡`²�Ò�±��.- E = {
−→
ij | 1 ≤ i < j ≤ n}∪{−→nn},KéDn−{n}

�?��f8 {a1, a2, · · · , at}, 1 ≤ a1 < a2 < · · · < at ≤ n− 1,�3���Ã

¡ê� (a1, a2, · · · , at, n, n, · · · )��éA.�d�Tk 2n−1�Ã¡ê���

��,Ïd�Ò�±��.

� n = 10,B� k����� 29 + 1 = 513. �

µ5 �K|©�ò�¯K=z���ãØ¯K,òÃ¡ê���éX3�

å,¦�¯KC��*.Äk,ò¯K=z�: e G�k��Ã¡ê���,K G

�õ�õ��Ã�ê���.Ùg,�Ä�Ã¡ê���3�±íÑ G¥7½

�3�,
��3ü�½�õ��,Ø�?¿ü��Ø���Ø�ë,ÄKÑk

G�Ã¡õ�Ã�ê����(Ø.T�/e� G���Ã¡ê�dÙ1��

��(½.
�=�3����,¤kÃ¡ê��k���Ñ´�S�:.d�,

�²L�:��3�	�:|ÜÒ�õ,� G���Ã¡ê���õ,ddØ

J��(Ø.

K 6. � n���ê.·�k n��f,¿�z��fk�K�ê��Î�.

½Â�gö��: l���f¥�ü��Î�,,�¿KÙ¥���Î�,¿r
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,���Î���Ù¦�?¿���fp.·�¡�Î��Ð©G�´�)�,

XJ�±²Lk�g(�±� 0g)ö�,¦�¤k��f��.Á¦�Î��¤

kØ�)Ð©G�,�´XJ�Ù¥?¿���f�	V\���Î��±C

¤�)�Ð©G�.

) (pppUUU���) �Ð©G��, n��f��Î�ê©O� x1, x2, · · · , xn.ò

1 i(1 ≤ i ≤ n)��fD�
[
xi−1
2

]
.-

N =
n∑

i=1

[
xi − 1

2

]
, S =

n∑
i=1

xi,

¿� x1, x2, · · · , xn¥k J �Ûê,K

N =
S − n
2
− n− J

2
=
S

2
+
J

2
− n. (1)

dK¿�²L�gö��, S C� S − 1, J C� J + 1½ J − 1,� N ØC½C

� N − 1.b�Ð©G���)�,K�ªz��fD��u½�u 0,�d�

N ≥ 0,=�)�Ð©G�÷v N ≥ 0.

e¡y²: e N ≥ 0,KÐ©G���)�.

eØ,,b���f�êþ��,�k��f,ÙD�� −1.Ï�d�k

N ≥ 0,K7k���f�D� ≥ 1,�Ù��k 3��Î�,òÙ¥ü��Ñ,

����fâ���f¥,,��¿K,K S C� S − 1, J C� J + 1.� N Ø

C,Ek N ≥ 0,���fêþ~�
.gñ!

nþ,��Ð©G�´�)���=� N ≥ 0.

dþã��,¤�¦�Ø�)Ð©G��÷v: N < 0,�?V\���Î

�, N �C� N + 1 ≥ 0,�d� N = −1.�ò N C� N + 1,d (1)�, S C�

S + 1,Ó� J �C� J + 1.�Ä�K8�¦´é¤¦�Ø�)Ð©G��?¿

���fV\�Î�ÑC��)�,Ïd J = 0,� S
2
− n = −1.= S = 2n− 2.

nþ,¤�¦�Ø�)Ð©G�� n��f��Î�oê� 2n− 2,�z�

�f¥��Î��êþ�óê. �

µ5 �Ä��¦����f���I�3,���Î�ê8 ≥ 3��f,

?1�gö��ü��fþ���.¯¢þé�����fD� k,L«T�f

�±�õ�Ñ 2k��Î�E�±��,=�õ?1 kg�Ñö�.Ó�é��

fD� −1L«I�?1�gö�¦�Ù��.üö(Ü=��Ð©G�´�

)���=� N ≥ 0.
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