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I. ÁÁÁ KKK

1. Á¦¤k�¼ê f : N+ → N+÷v:

f f
f(x)(y)(z) = x+ y + z + 1, é¤k��ê x, y, z¤á.

ùp f 1(b) = f(b), fa+1(b) = f (fa(b)) ,Ù¥ a, b ∈ N+.

2. ½ÂÜÅ@êê� F1 = F2 = 1, Fn = Fn−1 + Fn−2, n ≥ 3.� k���

ê,b�é?¿���êm,Ñ�3����ê n,¦�m | Fn − k,¯: k´Ä�

½�ÜÅ@êê?

3. Janabel k���ãóä: �²¡þü�ØÓ�: u, v,¦�±�Ñ uv

�¥R�.y�½��dn^���¤�n�/.y²: ¦�±=^ù�óäÚ

�|Y)�ÑTn�/�R%.

4. Xã,� H �����b�n�/ ABC �R%, AD� BC >þ�p,

M � BC �¥:, D′ � D 'u M �é¡:.L: A� BC �²1����

D′H u: P.� 4AHP �	��� 4BHC �	���u H, Gü:.y²:

∠MHG = 90◦.

5. �½��ê m, n,¦�����ê s,¦��3�� m × n�d��ê

?¾FÏ: 2020-09-04.
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�¤�Ý
,÷v

(1)z1� n�ê´±,«^Sü��ëY��ê.

(2)z��m�ê´±,«^Sü��ëY��ê.

(3)Ý
¥�z�êÑØ�L s.

6. é?¿��ê n,½Â: τ(n)L« n��Ïf�ê; σ(n)L« n�¤k

�Ïf�Ú; ϕ(n)L«�u n�� np����ê��ê.

Brandon k��O�ì,þ¡kn�UÜ,©O�±^ τ(n), σ(n), ϕ(n)O

��cw«� n.�½�u 1��ê a, b.y²: XJO�ì�cw«�ê� a,

@o Brandon�±ÏLk�g (�±�"g)¹UÜ,¦�O�ìw«�ê� b.

///. )))������µµµ555

K 1 Á¦¤k�¼ê f : N+ → N+÷v:

f f
f(x)(y)(z) = x+ y + z + 1, é¤k��ê x, y, z¤á.

ùp f 1(b) = f(b), fa+1(b) = f (fa(b)) ,Ù¥ a, b ∈ N+.

) 1 Pm = x+ y+ 1, m��H¤kØ�u 3���ê,2P t = f f(x)(y).

K f t(z) = z +m,é ∀z ∈ N+¤á.l


f(z +m) = f
(
f t(z)

)
= f t (f(z)) = f(z) +m. ¬

� z = 1, K f(n) = n − 1 + f(1) é n ≥ 4 ¤á. u´, é ∀n ∈ N+(n ≥ 4)

k f(n) = n − 1 + f(1),l
 f(6) = 5 + f(1).qd¬� f(6) = f(3) + 3,u´

f(3) = 2 + f(1).Ón: f(5) = 4 + f(1)� f(5) = 3 + f(2),¤± f(2) = f(1) + 1.
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nþ,�é ∀n ∈ N+k f(n) = n− 1 + f(1).

P c = f(1)− 1,K

x+ y + z + 1 = f f
f(x)(y)(z) = f f

x+c(y)(z)

= z + c(y + (x+ c) · c)

= c2x+ cy + z + c3

é ∀x, y, z ∈ N+¤á,'�ü> x, yXê� c = 1,= f(n) = n+1,é ∀n ∈ N+.

N´�yT¼êÎÜ^�.

nþ=�¤¦ f(x) = x+ 1. �

) 2 (DDDááá[[[) �K�

f f
f(x)(y)(z) = x+ y + z + 1. (∗)

·�3 (∗)¥� x = y = 1,�� f f
f(1)(1)(z) = z + 3.

¬ e f(1) = 1,K f(z) = z + 3.� z = 1=�gñ.

­ e f(1) ≥ 2,·�3 (∗)¥� x = f f(1)−1(1).@o

f f
f(x)(y)(z) = y + z + f f(1)−1(1) + 1, f f

f(x)(y)(z) = f f
ff(1)(1)(y)(z) = f y+3(z),

l


f y+3(z) = y + z + f f(1)−1(1) + 1.

23þª¥©O� y = 1, 2,��:

f 4(z) = z + f f(1)−1(1) + 2, f 5(z) = z + f f(1)−1(1) + 3,

=

f
(
z + f f(1)−1(1) + 2

)
= z + f f(1)−1(1) + 3.

ù`²: é ∀z ≥ f f(1)−1(1) + 3, z ∈ N+ k f(z) = z + 1. u´, 3 (∗) ¥�

y, z ≥ f f(1)−1(1) + 3,k

z + y + f(x) = x+ y + z + 1.

¤± f(x) = x+ 1é x ∈ N¤á.N´�y÷v^�.

nþ¤ã,¤¦¼ê� f(x) = x+ 1. �

µ5 �K´��;.�¼êS�K,�kßÿ�Y,,�ÏLS�$�Ø

ä�8I%C.ä½S�´\\$��,=�¦ f(1)��=�.
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K 2 ½ÂÜÅ@êê� F1 = F2 = 1, Fn = Fn−1 + Fn−2, n ≥ 3.� k��

�ê,b�é?¿���êm,Ñ�3����ê n,¦�m | Fn − k,¯: k´Ä

�½�ÜÅ@êê?

) 1 (©©©§§§���) �Y´�½�.ndXe:

b� kØ´ÜÅ@êê.éu�½� t ∈ N+,·�é s(s ∈ N)8By²:

Ft−s ≡ (−1)s−1Ft+s (mod Ft). (*)

Ù¥,d Fn−2 = Fn − Fn−1,�ò {Fn}�eI�"9K�êòÿ.

(1)� s = 0�,(Ø¤á.� s = 1�, Ft−1 = Ft+1 − Ft,(Ø¤á.

(2)b�(Øé s = n− 1, s = n¤á (n ∈ N+).� s = n+ 1�,

Ft−(n+1) = Ft−(n−1) − Ft−n

≡ (−1)n−2Ft+n−1 − (−1)n−1Ft+n

≡ (−1)n(Ft+n + Ft+n−1)

≡ (−1)nFt+n+1 (mod Ft),

�(Øé s = n+ 1¤á.

(3)nþ,d8B�n� (∗)¤á.

5¿� F0 = 0,d (∗)�

F2t ≡ F0 = 0 (mod Ft).




F2t+s ≡ (−1)s−1F2t−s (mod F2t),

l


F2t+s ≡ (−1)s−1F2t−s ≡ (−1)s−1Ft+(t−s)

≡ (−1)s−1(−1)t−s−1Fs

≡ (−1)tFs (mod Ft).

�� 2 | t �, Fn 3 mod Ft ¿Âe± 2t �±Ï. �é ∀n ∈ N+, t �óê,

∃u ∈ {0, 1, · · · , t− 1}¦�

Fn ≡ Fu½ − Fu (mod Ft).

� t¿©�¦ k < Ft−2,dK�, ∃n ∈ N+,¦�

Ft | Fn − k,
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�

k ≡ Fu½ − Fu (mod Ft).

�e k ≡ Fu (mod Ft),d k < Ft−2, u ≤ t − 1,k |Fu − k| < Ft,� Fu = k,g

ñ�Ón� k ≡ −Fu (mod Ft)�,d k < Ft−2, u ≤ t − 1k |Fu + k| < Ft,�

−Fu = k,gñ�

nþ,� k7�ÜÅ@êê. �

) 2 �Y´�½�.ndXe:

b� kØ´ÜÅ@êê.·��gy²Xen�(Ø:

¬�3 n ∈ N+,¦� k | Fn.

­é?¿� n, q ∈ N+, n, q ≥ 1,k

Fn = Fq · Fn+1−q + Fq−1Fn−q(�½ F0 = 0).

®b� d������ê,¦� k | Fd,K Fd | k.

éu¬,� Fn ≡ xn (mod k),Ù¥, 0 ≤ xn ≤ k − 1.�	ê| (xn, xn+1),d

xn =k k«�{� (xn, xn+1)�õk k2 «�{,u´dÄT�n,��3�|

i, j ∈ N+(i < j),¦� xi = xj, xi+1 = xj+1,=Fi ≡ Fj (mod k),

Fi+1 ≡ Fj+1 (mod k).

��|ù�� i, j,¦� j ����,Kk i = 1.ÄK,e i ≥ 2,k

Fi−1 ≡ Fi+1 − Fi ≡ Fj+1 − Fj ≡ Fj−1 (mod k),

gñ.¤± Fj ≡ F1 ≡ 1 (mod k),

Fj+1 ≡ F2 ≡ 1 (mod k).

l
 k | Fj+1 − Fj,= k | Fj−1,l
¬¤á.

éu­,

Fn = F1 · Fn + F0 · Fn−1

= F1 · (Fn−1 + Fn−2) + F0 · Fn−1

= F2 · Fn−1 + F1 · Fn−2

= · · ·
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= Ft · Fn+1−t + Ft−1 · Fn−t

= Ft · (Fn−t + Fn−t−1) + Ft−1 · Fn−t

= Ft+1 · Fn−t + Ft · Fn−t−1

= · · ·

= Fq · Fn+1−q + Fq−1 · Fn−q.

l
­¤á.

éu®,�m = Fd,dK�,�3 n ∈ N+,¦�

Fd | Fn − k. (*)

� n = pd+ r, 1 ≤ r ≤ d, p ∈ N,3­¥� q = d,K

Fn = Fd · Fn+1−d + Fd−1 · Fn−d,

�

Fn ≡ Fpd+r

≡ Fd · F(p−1)d+r+1 + Fd−1 · F(p−1)d+r

≡ Fd−1 · F(p−1)d+r

≡ · · ·

≡ F p
d−1 · Fr (mod Fd).

du k | Fd,K

Fn ≡ F p
d−1 · Fr (mod k),


d k | Fd9 (∗)� k | Fn,u´ k | F p
d−1 · Fr.qÏ�

gcd(Fd, Fd−1) = gcd(Fd−1, Fd−2) = · · · = gcd(F2, F1) = 1.

(Ü k | Fd,k gcd(k, Fd−1) = 1.l
 k | Fr,2(Ü d���5k, r = d,2d

Fn ≡ F p
d−1 · Fr (mod Fd)� Fd | Fn.d (∗)=k Fd | k,l
®¤á.

d�,d k | Fd, Fd | k,� k = Fd,gñ.

nþ¤ã, k�½�ÜÅ@êê. �

µ5 ü«){©Ol�ê*:�êØ*:Ñu,Ï¦ÜÅ@êê�5�.

){�,É	�
�¿Âe�4í5,òê�¥��äN�xÑ5;){�,�^

�
�Ø5,'�´é�)�¥� Fd,l
ÏLm�Ó{")û¯K.
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K 3 Janabel k���ãóä: �²¡þü�ØÓ�: u, v,¦�±�Ñ

uv�¥R�.y�½��dn^���¤�n�/.y²: ¦�±=^ù�óä

Ú�|Y)�ÑTn�/�R%.

y² 1 (���(((ÊÊÊ) ·�ky²XeÚn.

ÚÚÚnnn Xã¤«.®��� l1 Ú l2 ÷v l1//l2. A3 l1 þ, B 3 l2 þ,� AB

Ø� l1R�,K�� AB���Ñ.

Ún�y² �Ñ AB�¥R�©O� l1, l2u:M, N.d l1//l2,��MN

�¥R�=��� AB,l
l
Ún¼y.

e£��K.

Xã¤«,:Ñn�/�n�º: A, B, C,·�y²Xe(Ø:

(1)��Ñ4ABC �	% O,

(2)��Ñ O'u4ABC n>�é¡: OA, OB, OC ,

(3)��Ñ4ABC �n^p�.

é (1),©O�Ñ> BC, CA, AB�¥R� la, lb, lc,§���:=� O.

é (2),P BC � la��:�MA,�ÑMAC �¥R� l3� BC �u D,�

ÑMAD�¥R� l4�BC��: E.d�k: la//l3//l4.��|^Ún,�ÑOE

� l3u F,�ÑMAF � l4u G,�Ñ GD� lau OA.d�k

OMA = DF =MAOA,
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= OA� O'u BC �é¡:.Ón��Ñ OB � OC .

é (3),du OB � O'u AC é¡, OC � O'u ABé¡,�k

AOC = AO = AOB, MBMC
//
=

1

2
OBOC .

ùpMB, MC ©O� AC � lb, AB� lc��:.qMBMC
//
=

1
2
BC,� OBOC //

BC.(Ü AOC = AOB,� OBOC �¥R�=�4ABC L: A�p�.Ónk

,ü^p�,�:=�R%,�y. �

y² 2 (������ÊÊÊ) :Ñn�/�n�º: A, B, C,�Äy²Xe¯¢:

(1)�:Ñ�ã AB�¥:.

(2)��Ñ4ABC �¥ �.

(3)��ÑL4ABC �?�º:��é>²1��� lA, lB, lC .

(4)� lA, lB, lC �¤n�/ VAVBVC ,��Ñ4VAVBVC �	% U.

é (1),�Ñ AB�¥R�,Ù� AB�:=�¥:.

é (2),:Ñ AB ¥:MC , AC ¥:MB,©O� AMC , AMB �¥R��

u O1.:Ñ BC ¥:MA,©O�MAMB, MBMC , MCMA ¥R��u: V,K

O1, V ©O�4AMBMC , 4MAMBMC �	%.5¿�MCMA
//
= AMB,�

4AMBMC
∼= 4MAMCMB.

l
MBMC R�²© O1V,�MBMC ���Ñ.

é (3),:Ñ BMC ¥:D, BMA¥: E,�Ñ4BMAMC �¥ �DE.:

ÑMBC ¥: F, MAC ¥: G,�Ñ4CMAMB ¥ � FG.�DE � FG�u

: T,:Ñ ET, GT �¥: Q, P.�Ñ4ETG�¥ � PQ� AB u R.5¿

�o>/ ADTF �²1o>/,K

DT = AF = 3FC = 3DE

(
DE //

=
1

4
AC

)
.

�

EQ =
1

2
ET =

1

2
(DT −DE) = DE.
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q BE//RQ,K BR = BD.l
4RDQº: R¤é¥ �=� lB.

é (4),�Ñ4VAVBVC n>¥R�,���:=� U.

5¿� lA//BC, lB //CA, lC //AB,� 4ABC � 4VAVBVC �¥:n�/,

l
 BU ⊥ VAVC .q AC//VAVC ,� BU ⊥ AC.Ónk

AU ⊥ BC, CU ⊥ AB,

� U �4ABC R%,�y. �

y² 3 (���µµµèèè) :Ñn�/�n�º: A, B, C.�Ñ AC�¥R�,©O

� AC, AB�uMB, P.�Ñ AB�¥R�,©O� AB, AC �uMC , Q.�Ñ

AQ�¥R�,©O�AC, AB�uNB, R.�ÑAP �¥R�,©O�AB, AC

�u NC , S.

©O�Ñ RK, AK(K � RNB � SNC ��: )�¥R�,�:P� O1.©

O�Ñ SK, AK �¥R�,�:P� O2.·�y²Xe¯¢:

(1) B, P, C, Qo:��.
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(2) BC ⊥ AK.

(3) AK � O1O2�¥R�.

é (1),d

∠APC = 180◦ − 2∠PAC

= 180◦ − 2∠BAQ

= ∠BQA = ∠BQC,

�y.

é (2),� (1)Ón,¬k R, Q, S, P o:��.l


∠ABS = ∠PRS = ∠PQS = ∠PQC

= ∠PBC = ∠ABC,

� RS//BC.5¿�K �4ARS �R%,� AK ⊥ RS,Ïd AK ⊥ BC.

é (3), �ÄR%| AKRS, � �AKR � �AKS ���. l
 AK R

�²© O1O2. � AK ���Ñ, (Ü (2) � 4ABC �º: A ¤é�p�

hA(hA=� AK)���Ñ.Ón��Ñ hB, hC ,@o hA, hB, hC ��:=�

4ABC �R%,·K¼y. �

µ5 �K/ª#L,I�éã/k�Ð�@�.3�{þ,�{���{n

dR%é�R%|,ÏL�����
¥R�,¼�Ð�5�,ØÓ�´�{�

Äu�R%|,
�{nK´�E#�R%|.�{�´F"���R%´,�

n�/�|Ü:,ÀJ
l¥:n�/\Ã,=z·K.3�xþ,�{���{

�øm¥R�,MF"ué��«�N´�|^�ë��ª,�{n��l¥R

�\Ã,ù��{¹�Ø´.

K 4 Xã,� H �����b�n�/ ABC �R%, AD� BC >þ�

p,M � BC �¥:, D′ � D'uM �é¡:.L: A� BC �²1���

� D′H u: P.�4AHP �	���4BHC �	���u H, Gü:.y²:

∠MHG = 90◦.

y² 1 (ÜÜÜ���ÆÆÆ) ��AM�:A′,��HM�:N.é(BA′, D′A′, CA′,

PG, GA′.dA, H, Dn:��,∠ADM = 90◦,9M �DD′¥:,�A′, N, D′

n:��, ∠A′D′M = 90◦, D′N = DH, A′N = AH,dM ©O� BC, AA′ �

¥:,�o>/ ABA′C �²1o>/,� ∠BA′C = ∠BAC.dR%�5��
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∠BAC + ∠BHC = 180◦,� ∠BA′C + ∠BHC = 180◦.l
 B, H, C, A′ o:

��.q

∠A′GH = 180◦ − ∠HBA′ = 180◦ − (∠HBC + ∠A′BC)

= 180◦ − (∠HBC + ∠ACB) = 90◦,

�

∠PGH = 180◦ − ∠PAH = 90◦.

� P, G, A′ n:��� GH ⊥ PA′.d AP //BC, ∠D′DH = ∠PAH = 90◦ �

4AHP ∼ 4DHD′.l

D′H

PH
=
DH

AH
,

�
D′H

PH
=
D′N

A′N
,

= NH//PA′.u´ NH ⊥ GH,=MH ⊥ GH,¤± ∠MHG = 90◦. �

y² 2 (ÜÜÜöööµµµ) P �BHC ��%� O2, �AHP ��%� O1, �ABC �

�%� O.é( OO2, O1O2.dHG� �O1� �O2�ú�u� O1O2 ⊥ HG.u

´·��Iy²:MH//O1O2.

� OO2� D′H u: N,dR%�5�� OO2L:M � O2� O'u BC

é¡, AH = 2OM.�

O2M = OM =
1

2
AH. ¬

d AP //BC 9 AD ⊥ BC � ∠HAP = 90◦,� O1��ã HP ¥:.

11 êÆ#(�



(Ü

NM ⊥ BC, AD ⊥ BC,

��MN//HD.qM � DD′�¥:,� N � D′H �¥:.u´

NH

O1H
=

1
2
D′H
1
2
HP

=
D′H

HP

=
DH

AH
(AP //DD′)

=
2MN

2O2M
(d¬)

=
MN

O2M
.

=kMH//O1O2.l
d O1O2 ⊥ HG,kMH ⊥ HG, ∠HMG = 90◦.y.. �

µ5 |^ÐR%�Ä�5�Ú²1��m�'~'XÒU�t)û�K,

�¥:Ñy�,��¥���²1o>/,�´²¡AÛ¥�Ä�üÑ.

K 5. �½��êm, n,¦�����ê s,¦��3��m× n�d��

ê�¤�Ý
,÷v

(1)z1� n�ê´±,«^Sü��ëY��ê.

(2)z��m�ê´±,«^Sü��ëY��ê.

(3)Ý
¥�z�êÑØ�L s.

) (


���hhh) ¤¦�����m+ n− d,Ù¥ dL«mÚ n���ú�ê.

P (x, y)L«��ê x� y���ú�ê,1 i1¥����� ai,1 j �

¥����� bj,Ù¥ i = 1, 2, · · · , m, j = 1, 2, · · · , n.

��¡,·�y² S ≥ m+ n− d.
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¯¢þ,Ø�� a1 = b1 = 1.�Äm× nÝ
¥�¤k���¤��­8Ü

�)¤¼ê� f(x).�K�,k

f(x) = (1 + x+ · · ·+ xn−1)
m∑
i=1

xai (é1¦Ú )

= (1 + x+ · · ·+ xm−1)
n∑
j=1

xbj (é�¦Ú )

5¿�

(1 + x+ · · ·+ xn−1, 1 + x+ · · ·+ xm−1)

=

(
1− xn

1− x
,
1− xm

1− x

)
=
1− xd

1− x
=1 + x+ · · ·+ xd−1.

(Ü (
x, 1 + x+ · · ·+ xm−1

)
= (x, 1) = 1

�

1 + x+ · · ·+ xm−1

1 + x+ · · ·+ xd−1
|

m∑
i=1

xai−1. (*)

(∗)ª��>� 1 + xd + · · ·+ xd(
m
d
−1),gê�m− d.dõ�ª�Ø�5��

max
1≤i≤m

{ai} − 1 ≥ m− d.

�

at = max
1≤i≤m

{ai},

�K�,1 t1���ê c ≤ s.d c = n− 1 + at�

s ≥ n− 1 + at ≥ n+m− d.

,��¡,·��EÝ
¦� s = m+ n− dÎÜK¿.

P

An =


1 2 · · · n

2 3 · · · 1

· · · · · · . . .
...

n 1 · · · n− 1

 , An + w =


1 + w 2 + w · · · n+ w

2 + w 3 + w · · · 1 + w

· · · · · · . . .
...

n+ w 1 + w · · · n− 1 + w


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X =


Ad Ad + d · · · Ad +

(
n
d
− 1
)
d

Ad + d Ad + 2d · · · Ad +
(
n
d

)
d

...
...

. . .
...

Ad +
(
m
d
− 1
)
d Ad +

(
m
d

)
d · · · Ad +

(
m+n
d
− 2
)
d


ù��m× nÝ
 X ÷vK¿,�Ù¥�êÑØ�Lm+ n− d.

nþ¤ã, s�����m+ n− d. �

µ5 �üg´?nÝ
¯K�~��{,��kü«/ª: (1)ééA'X

?1Oê; (2)ÏL)¤¼ê'�gê.�)�¥,)¤¼êéÐ/Ny
=z�

g�,ÏL�«A½�L«5;�äN���?Ø,?
�xÑ�N�(J.d

	�K��EäkÊH¿Â,òÝ
y©�eZ�
,Ny
z��{�g�.

K 6. é?¿��ê n,½Â: τ(n)L« n��Ïf�ê; σ(n)L« n�¤

k�Ïf�Ú; ϕ(n)L«�u n�� np����ê��ê.

Brandon k��O�ì,þ¡kn�UÜ,©O�±^ τ(n), σ(n), ϕ(n)O

��cw«� n.�½�u 1��ê a, b.y²: XJO�ì�cw«�ê� a,

@o Brandon�±ÏLk�g (�±�"g)¹UÜ,¦�O�ìw«�ê� b.

y² (¸̧̧###���) 5¿�±eA�¯¢:

(1) a�±�) 2.

(2) 2b−1��) b.

(3) 2k+1��) 2k,Ù¥ k ∈ N.

(4) 2k ·m��) 2k,Ù¥m, k ∈ N+, (m, 2) = 1�m > 1.

éu (1),5¿� 2 ≤ τ(a) < a3 a ≥ 3�ð¤á,�Ié a�E?1 τ(n)

ö�.

éu (2),5¿� τ
(
2b−1

)
= b=�.

éu (3),5¿� ϕ
(
2k+1

)
= 2k.

éu (4),Pm�IO©)
s∏
i=1

pαi
i ,k:

ϕ(2k ·m) = ϕ(2k) · ϕ(m) = 2k−1
s∏
i=1

pαi−1
i (pi − 1).

q 2 | pi − 1(i = 1, 2, · · · , s),�

V2
(
ϕ
(
2k ·m

))
≥ k,
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(Ü ϕ(2k ·m) < 2k ·m,é 2k ·m²k�g ϕ(n)ö��¬�) 2l(l ≥ k),d (3)

���) 2k.

£��K,d (1)�Ø�� a = 2.b� 2ØU�) b,d (2)(3)(4)� 2ØU

�) 2b−1 ��ê.�Äz���)�ê n,P n�IO©)
s∏
i=1

pαi
i ,Kk s ≤ b.

ÄK

V2(ϕ(n)) = V2

(
s∏
i=1

pαi−1
i (pi − 1)

)
≥ V2

(
s∏
i=1

(pi − 1)

)
≥ s− 1 ≥ b,

gñ�l

ϕ(n)

n
=

s∏
i=1

pi − 1

pi
≥ 1

2s
≥ 1

2b
,

=

ϕ(n)

n
≥ 1

2b
. (∗)

kyé 2�E?1 σ(n)ö�.�½M1, M2,¿¦�)�ê A÷v

A > 2M1·b ·M2.

é A?1M1g ϕ(n)ö�,d (∗)��)�êþ�uM2.-M2 > 2b,=��)

�M1 �êþØ� 2��.Ó (4)�ùM1 gö�þ�±¤�ê� 2��Ø~.

qù
ê¥Ã 2b−1��ê,�¦ 2��gO\�ö��u bg.

�½M3 (¿©�),�M1 > bM3,=�ùM1Ú¥�3ëYM3Úö�¤�

�ê� 2��g�±ØC,�Ø� 0 (Ï�Ø�u 3�Ûê?1 ϕ(n)ö�¬C

�óê,¹ 2��gUC).5¿� ∀k ≥ 1, m > 1, 2 - m,e V2
(
ϕ
(
2k ·m

))
= k,

Ó (4)�m�¹�«�Ïf p,� p ≡ 3 (mod 4).

�M4 > 2b, M2 > 2b ·3M4 .eþãM3Ú¥�) 2k ·3l.ê,Ï� 2k ·3l > M2

� k < b− 1,K l > M4.(Ü k ≥ 1, ϕ (2u · 3v) = 2u · 3v−1 (Ù¥ u, v ∈ N+)�é

?¿��ê l0 < M4,�é 2k · 3l�E?1 ϕ(n)ö��) 2k · 3l0 .

� l0 = 2b − 1 < M4,d� τ(2k · 3l0) = 2b · (k + 1),�b�gñ�u´ùM3

Ú¥þØ�) 2k · 3l.ê.

éùM3�ê¥cM3 − 2�ê¥?��,�� 2k · pl(k, l ∈ N+),K

ϕ
(
2k · pl

)
= 2k · p− 1

2
· pl−1.


 ϕ(2k ·pl)¹ 2��g� k� 2k · p−1
2
·pl−1¥�k��Û�Ïf.q 1 < p−1

2
< p,

� l=U� 1� p−1
2
�Û�ê.u´�Ø��cM3−2Ú¥1 iÚ� 2k ·pi,Kk

pi+1 =
pi − 1

2
(1 ≤ i ≤M3 − 3).
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=

pi + 1 = 2(pi+1 + 1).

éþª i = 1, 2, 3, · · · , M3 − 3?1\¦,�

p1 + 1 = 2M3−3(p
M3−2

+ 1),

= p1 + 1� 2M3−3��ê.-M3 > b+ 3,k 2b | p1 + 1,d�

σ
(
2k · p1

)
= (p1 + 1)

(
2k+1 − 1

)
´ 2b��ê,ù�b�gñ�

�b�Ø¤á,?
(Ø¼y� �

µ5 �KIén�êØ¼ê�$�k�½§Ý�n),ÙÄ�g´ÚüÑ

´:

(1) σ(n)Ú ϕ(n)J±��äN��,5¿� τ
(
2b−1

)
= b,Ò�±�� b.

(2)��) 2��g,^ ϕ(n).d ϕ
(
2k
)
= 2k−1 ��, 2��g�¢ypg

�$g=z.� nØ´ 2��g�,�4 2��g3ö��Ø~.

(3)Øä/^ σ(n)ö�,����¿©��ê,2^ ϕ(n)5����2�p

g��ê.

(4)é ϕ(n))ûØ
��¹2��Ä|^ σ(n)Ú τ(n)5?n.
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