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2020c¥IåfêÆc��� (CGMO)u 8�þÍ3ôÜ�@�½1�

¥Æ¤õÞ�. ÁK¥1�U1oKd·Jø:

¯K 1 � p, q´ü�ØÓ��ê, p > q. y²: p!− 1� q!− 1���ú�

êØ�L p
p
3 .

¯K 1�)��ë�© [1], ùpØ2­E. �©�8�kü­, �´�Ñ¯

K 1�\r���y²; �´0�¯K 1�·K5
.

1. ¯̄̄KKK���\\\rrr

�©¥·�¦^PÒ gcd(x, y)� LCM[x, y]©OL«ü��ê x, y ��

�ú�ê���ú�ê. ·�^ exp(x)L«�ê¼ê ex. é���ê p, PÒ

vp(m)L«��êm¹ p��g, =÷v pk | m�����K�ê k.

XJ¦^�
'u�ê©Ù�(Ø, K¯K 1¥éu p, q ´�ê�ù�

�¦�±�K. ¯¢þ, e¡·�Äkò|^ Bertrandb½ (éu?Û��ê

m > 2, «m
(
m
2
,m
]
¥þ�3�ê) Úv
{ü�óä5y²Xe·K:

·K 1 é?¿� ε > 0, �3=�6u ε�~ê Cε, ¦�éu?Ûü�ØÓ

���ê a, b, Ù¥ a > b > 1, XJ a > Cε, K gcd(a!− 1, b!− 1) 6 aεa.

Ùg, ·�ò¦^E,�
��{5y²���r�·K:

·K 2 �3��ýé~ê C > 0, ¦�éu?Ûü�ØÓ���ê a, b, Ù

¥ a > b > 1, ·�k gcd(a!− 1, b!− 1) 6 exp(Ca
√
ln a).

Ø
I�Ú^ Bertrandb½Ú�ê½n, ·�y²·K 1Ú·K 2¦^�

?¾FÏ: 2020-09-16.
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��£þØ�Ñp¥êÆ¿m���.

±þü�·K (±9¯K 1)�y²�'�:´Xe�*	: éu?¿ü�

��ê u, v, ·�k

gcd(a!− 1, b!− 1) | a!u − b!v

gcd(a!u, b!v)
.

ù´Ï�,PD = gcd(a!−1, b!−1),d a! ≡ b! ≡ 1 (mod D)��� a!u−b!v ≡ 0

(mod D), = D | a!u − b!v, 25¿� D� a!, b!þp�, l
 D | a!u−b!v
gcd(a!u,b!v)

. �

e5·��g´´À�Ü·� u, v¦� a!u−b!v
gcd(a!u,b!v)

´���"��ê�ýé�

¦�U�, ù�·��±ÏL D 6 |a!u−b!v |
gcd(a!u,b!v)

5�� D�þ.�O.

·�küØK a!u − b!v = 0��U. e¡Ún 1�ù�{'y²´­�H

m¥Æ�±óîÓÆw�·�:

Ún 1 � a, b, u, v´��ê, a > b. K a!u − b!v 6= 0.

y² � p´Ø�L a�����ê. �â Bertrandb½, ·�k

a

2
< p 6 a.

XJ p > b, @o p�Ø a!�Ø�Ø b!, l
 a!u − b!v 6= 0. XJ p 6 b, KÏ�

b
2
< a

2
< p 6 b < a, ·�k vp(a!) = vp(b!) = 1. b� a!u = b!v, '�üà¹ p�

�gíÑ u = v, u´ a! = b!, a = b, gñ. ¤±ok a!u − b!v 6= 0. �y. �

e¡�Ún 2�Ñ gcd(a!u, b!v)���e.�O, §®÷vy²·K 1�I

�. ��·�ò¦^�õ�óäy²Ún 2���\r�� (�Ún 6) 5y²

·K 2.

Ún 2 � a, b, u, v´��ê, K gcd(a!u, b!v) > min{ua,vb}!
uuavvb

.

y² P A = (ua)!
a!u

, B = (vb)!
b!v

. £Á, ����ª½n�í2, ·�k

(x1 + x2 + · · ·+ xn)
m =

∑
m1+m2+···+mn=m
m1,m2,··· ,mn>0

m!

m1!m2! · · ·mn!
xm1
1 xm2

2 · · ·xmn
n ,

�m = ua, n = u, x1 = x2 = · · · = xn = 1·���

A 6 (1 + 1 + · · ·+ 1︸ ︷︷ ︸
u �

)ua = uua.

Ón, B 6 vvb.

du gcd(a!u, b!v) = gcd(a!uAB,b!vAB)
AB

, 
�â A, B �½Â, a!uAB, b!vAB ©

O´ (ua)!, (vb)!��ê, l


gcd(a!u, b!v) >
min{ua, vb}!

AB
>

min{ua, vb}!
uuavvb

.
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Ún 2�y. �

·��I�é�¦�����O. Í¶� Stirlingúªw�·�� m →

+∞�m! ∼
√
2πm

(
m
e

)m
(ùpPÒ f(m) ∼ g(m)L« limm→+∞

f(m)
g(m)

= 1).·

�¿ØI�Xd°(��O, e¡�Ún 3®v
¢^:

Ún 3 é?¿��êm, Ø�ªm! >
(
m
e

)m
¤á.

y² ·�ém8B. m = 1�w,. b�®�m! >
(
m
e

)m
, @o

(m+ 1)! = (m+ 1) ·m! > (m+ 1) ·
(m
e

)m
,

��y (m + 1)! >
(
m+1
e

)m+1
, �^y e >

(
1 + 1

m

)m
, 
ù´Ù��(ê�(

1 + 1
m

)m
'umüN4O, 4�� e). Ún 3�y. �

e¡�Ún 4´Ä��ÄT�n�{:

Ún 4 � a, b ´��ê, a > b. Ké?Û¢ê U > 1, �3�|�ê

(u, v) 6= (0, 0), ÷v |u|, |v| 6 U ¿�

|ua− vb| 6 2a

U
.

y² �Ä±e ([U ] + 1)2 �ê: ia + jb (0 6 i, j 6 [U ]), §�þáu«m

[0, 2[U ]a]. dÄT�n, �3ü|�I (i1, j1) 6= (i2, j2)¦�

|(i1a+ j1b)− (i2a+ j2b)| 6
2[U ]a

([U ] + 1)2 − 1
6

2a

U
.

� u = i1 − i2, v = j2 − j1, K (u, v) 6= (0, 0), |u|, |v| 6 U , � |ua − vb| 6 2a
U
. ·

��¤
Ún 4�y². �

y3·��±y²·K 1
.

·K 1�y² P D = gcd(a!− 1, b!− 1). � U = max{4
ε
, 1}. dÚn 4, �

3�|�ê (u, v) 6= (0, 0), ÷v |u|, |v| 6 U , � |ua− vb| 6 2a
U
. XJ uv 6 0, K

b = min{a, b} 6 |ua− vb| 6 2a

U
,

u´l D | (b!− 1)íÑ

D 6 b!− 1 6 ab 6 a
2a
U 6 a

εa
2 ,

®�y. e¡� uv > 0, Xk7�, ò (u, v)�¤ (−u,−v), ·��Ø�� u, v

þ���ê.

�âÚn 1 ±9Ún 1 �c�?Ø, ·��� D �Ø |a!u−b!v |
gcd(a!u,b!v)

, ¿�
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|a!u−b!v |
gcd(a!u,b!v)

6= 0, l
 D 6 |a!u−b!v |
gcd(a!u,b!v)

. dw,�Ø�ª

|a!u − b!v| 6 max{a!u, b!v} 6 amax{ua,vb}

±9Ún 2ÚÚn 3, ·�íÑ

D 6
|a!u − b!v|
gcd(a!u, b!v)

6
amax{ua,vb}U2Ua

min{ua, vb}!
(Ún 2)

6
amax{ua,vb}U2UaeUa

min{ua, vb}min{ua,vb} (Ún 3)

= a|ua−vb|
(

a

min{ua, vb}

)min{ua,vb}

(eUU2U)a.

{ü�¦�©Û��¼ê x 7→
(
a
x

)x
(x > 0)3 x = a

e
����� e

a
e . du

|ua− vb| 6 2a
U
, ·���

D 6 a
2a
U

(
eU+ 1

eU2U
)a
.

£Á U = max{4
ε
, 1}, P Cε =

(
eU+ 1

eU2U
) 2

ε
, ù´��=�6u ε�~ê. �

a > Cε�, ·�k D 6 a
εa
2 · a εa

2 , ùB�¤
·K 1�y². �

2.···KKK 2���yyy²²²

��B, ·�ò¦^ Landau� O� oÎÒ: éuü�¼ê f(x), g(x), ·�

^ f(x) = O(g(x))L«�3��~ê C > 0¦� |f(x)| 6 Cg(x)3½Â�þð

¤á; ·�^ f(x) = o(g(x))L« lim f(x)
g(x)

= 0, Ù¥4�I,	`², ~X·�

^“� x→ +∞� x2 = o(ex)”L« lim
x→+∞

x2

ex
= 0. �·�¦^PÒ p�ò%@ p

´�ê, ~X
∑
p6a

pL«¤kØ�L a��ê�Ú.

Ð�êØ¥���Ù��(J´
∑
p6N

ln p
p

= lnN + O(1). Ùy²�±l N !

��Ïf©)Ñu5��(ùÏ~�¡� Chebysheva.��O). �u·��

8�±9�
Jp�!�g��5, ·�e¡�Ñ 6ùÜ©�y²:

Ún 5 é?Û��ê N > 2, ·�k∑
p6N

ln p

p
6 lnN +O(1).

y² ·�k ln(N !) =
∑
p6N

vp(N !) ln p. Ù� vp(N !) =
∞∑
i=1

[
N
pi

]
, �

vp(N !) >
N

p
− 1,
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l

∑
p6N

(
N
p
− 1
)
ln p 6 N lnN , u´

∑
p6N

ln p

p
6 lnN +

1

N

∑
p6N

ln p.

é?¿��ê m, w,
∏

m<p62m
p |
(
2m
m

)
, �

∑
m<p62m

ln p 6 (2 ln 2)m. 3cª

¥� m� 2���¿\\, ·���
∑

p62M+1

ln p 6 (4 ln 2)2M é?Û��êM

¤á. �M = [log2N ]íÑ
∑
p6N

ln p 6 (4 ln 2)N , �

∑
p6N

ln p

p
6 lnN + 4 ln 2,

Ún 5�y. �

íØ
∑
p6N

ln p
p−1 6 lnN +O(1).

�I5¿�
∑
p6N

ln p
p(p−1) = O(1)=�.

e¡�Ún 6´Ún 2�U?:

Ún 6 � a, b, u, v´��ê, a > b. K� a→ +∞�·�k

ln

(
a!u

gcd(a!u, b!v)
· b!v

gcd(a!u, b!v)

)
6 |ua−vb| (ln a+O(1))+(2 + o(1))max{u, v}a.

y² Ù�é?¿��êmÚ�ê p,·�k vp(m!) = m−Sp(m)

p−1 ,Ù¥ Sp(m)

L«m3 p?�e�� êi�Ú. ·�^ LHSL«Ún 6¥�yØ�ª��

à, K

LHS = ln

(
LCM[a!u, b!v]

gcd(a!u, b!v)

)
=
∑
p6a

|uvp(a!)− vvp(b!)| ln p

=
∑
p6a

∣∣∣∣(ua− uSp(a))− (vb− vSp(b))
p− 1

∣∣∣∣ ln p
6 |ua− vb|

∑
p6a

ln p

p− 1
+
∑
p6a

|uSp(a)− vSp(b)|
p− 1

ln p.

éu?Û�ê p 6 aÚ��êm ∈ {a, b}, dw,�Ø�ª

Sp(m) 6 (p− 1)(1 +
[
logpm

]
) 6 2(p− 1) logp a,

±9Ún 5�íØ, ·���

LHS 6 |ua− vb| (ln a+O(1)) + 2max{u, v} ln a
∑
p6a

1,

2d�ê½n�
∑
p6a

1 = (1 + o(1)) a
ln a

, �\þªB�¤
Ún 6�y². �
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e¡·�y²·K 2.

·K 2�y² P D = gcd(a! − 1, b! − 1). 3Ún 4¥� U =
√
ln a, K�

3�êé (u, v) 6= (0, 0), |u|, |v| 6 U ¦� |ua− vb| 6 2a
U
. XJ uv 6 0, K

b = min{a, b} 6 |ua− vb| 6 2a

U
,

u´l D | (b!− 1)íÑ

D 6 b!− 1 6 ab 6 a
2a
U = exp

(
2a
√
ln a
)
.

±e·��Ä uv > 0��¹, d��Ø�� u, vþ´��ê.

�âÚn 1±9Ún 1�c�?Ø, D�Ø |a!u−b!v |
gcd(a!u,b!v)

6= 0. u´

D 6
|a!u − b!v|
gcd(a!u, b!v)

6 max

{
a!u

gcd(a!u, b!v)
,

b!u

gcd(a!u, b!v)

}
6

a!u

gcd(a!u, b!v)
· b!v

gcd(a!u, b!v)

6 exp

(
2a

U
(ln a+O(1)) + (2 + o(1))Ua

)
(Ún 6)

= exp
(
(4 + o(1))a

√
ln a
)
, (Ï� U =

√
ln a)

ùB�¤
·K 2�y². �

eéÚn 4ÚÚn 6�c[/©Û, ·��±U?�O

D 6 exp
(
(4 + o(1))a

√
ln a
)

¥�~ê 4. �e�?�ÚU?þ?, �UI��²��#��{. £Á

·��Ñu:´ D �Ø |a!u−b!v |
gcd(a!u,b!v)

, ù�´±�«'�AÏ��ª^�


D = gcd(a!− 1, b!− 1)�½Â. ½N·�UkÙ§�Ñu:5���Ð��O.

|^Ú·K 2y²Ó���{(±9�Ø���O��ê½n), ·��±y²

������(J, ±e��ÑQã
Ø\±y²
:

·K 3 �½��ê k > 2, K�3��=�6u k�~ê Ck > 0, ¦�é

?Û��ê a > k+ 1, é«m [2, a]¥?Û k�üüØÓ���ê a1, a2, · · · , ak
±9?¿� δi ∈ {±1} (i = 1, 2, · · · , k), ·�ok

gcd (a1! + δ1, a2! + δ2, · · · , ak! + δk) 6 exp
(
Cka(ln a)

1
k

)
.

3. ¯̄̄KKK���555




n! ± 1 .���ê��Ïf©Ù´��k��¯K. e¡·�^PÒ
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P (n! + 1)L« n! + 1����Ïf.

é��Ûê k, e p ´ k! + 1 ����Ïf, Kd Wilson ½n�íÑ p

�´ (p − k − 1)! + 1 ��Ïf, ddØJy²�3Ã¡õ���ê n ¦�

P (n! + 1) > 2n ([!3�Öö).

1976c, P. ErdösÚ C. L. Stewart [6]y²
�3~ê ε0 > 0, ¦�kÃ¡

õ���ê n÷v P (n!+1) > (2+ε0)n. 2004c, F. LucaÚ I. E. Shparlinski [2]

y²
é?Û�¢ê ε > 0, �3Ã¡õ���ê n÷v P (n! + 1) > (2.5− ε)n.

Óc, Stewart [3] ò~ê 2.5 U?� 5.5. ,	·�I�J9, 3 2002 c, M.

R. Murty Ú S. Wong [4] y²
e ABC ß�¤á, Ké?¿���ê n, �

n→ +∞�k P (n! + 1) > (1 + o(1))n lnn.

Luca, Shparlinski±9 Stewart�y²´Ð��, Ùg´Ú Chebyshev}Á

y²�ê½n�²;g´��. ·�ò Stewart (���fz��)�y²L§�

n¤e¡�öSK, øk,��ÓÆg1�¤. Ù¥1 (3)�¯�y²�{Ú

2009c8Ôè���ÁK��{��, Ùy²
gu 1976c Stewart�Æ¬Ø

© [5]. 1 (6)�¯ò¦^�ê½n±9§���íØ, ÓÆ��±«@§�


Ø7y².

öööSSSKKK [3]�K�8I´y²Xe(Ø: �½ ε > 0, �3Ã¡õ���ê

n, ¦� n! + 1k���Ïf> (2.5− ε)n. ·�^�y{, �½��¢ê γ < 2.5

(γ > 1), b��3 n0¦�� n > n0� n! + 1�¤k�Ïfþ 6 γn.

(1) �¿©����ê N (N �u��=�6u n0�~ê), P

Z =
N∏

n=n0

(n! + 1).

y²: lnZ > 1
2
N2 lnN − 100N2.

(2) y²:

lnZ 6
∑
p6γN

ln p
∑
n∈Ip

vp(n! + 1),

Ù¥«m Ip = [ 1
γ
p,min{p,N}].

(3) 6��½���ê p 6 γN . �

{n ∈ Ip | n! + 1� p�Ø} = {n1, n2, · · · , nt},

¿Ø��

vp(n1! + 1) > vp(n2! + 1) > · · · > vp(nt! + 1).

7 êÆ#(�



y²:

t 6 100N
2
3 .

(J«: Ú 2009c¥I8Ôè���ÿÁK�{��.)

(4) éu 2 6 i 6 t, y²: gcd(n1! + 1, n2! + 1, · · · , ni! + 1) 6 N
|Ip|
i−1 . dd?�

Úy²: vp(ni! + 1) ln p 6 |Ip|
i−1 lnN .

(5) y²: ln p
∑

n∈Ip vp(n! + 1) 6 2
3
|Ip| ln2N + 100N lnN . ¿?�Úy²:

lnZ 6
2

3
ln2N

∑
p6N

p− 2

3

1

γ
ln2N

∑
p6γN

p

+
2

3
N ln2N

∑
N<p6γN

1 + 100N lnN
∑
p6γN

1.

(6) �ê½n�Ñ� x → +∞�
∑

p6x 1 = (1 + o(1)) x
lnx

. �ê½nÚ Abel

¦Ú(©ÜÈ©)�Ñ
∑

p6x p = (1
2
+ o(1)) x

2

lnx
. |^ùü�(Øy²: �

N → +∞�,

lnZ 6
1

3
(γ − 1 + o(1))N2 lnN,

¿�¤�K�y².

Stewart�©���´ 5.5− ε, ù�U?5gu¦é (4)�¯�Ñ
�Ð�

�OXe:

Stewart �Ún ([3]� Lemma 2) � n, t´��ê, t > 2. � I �«m

[1, n]���f«m, Ù�Ý |I| = `. � a1, a2, · · · , at ´«m I ¥�?¿ t�ü

üØÓ���ê. K

gcd(a1! + 1, · · · , at! + 1) < n
`

t−1 .

?�Ú, �3~ê c1 > 0, e n > c1� t > 3, K

gcd(a1! + 1, · · · , at! + 1) < enn
2`

(t−1)2 .

�?�Ú,?�ü��¢ê ε, δ > 0,�3=�6u ε, δ�~ê c2,¦�e n > c2,

e

3 6 t < n
13
18
−δ,

±9

` >
n√
lnn

,
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K

gcd(a1! + 1, · · · , at! + 1) < exp

(
(1 + ε)`

(
ln t

t
+

ln
(
en
`

)
t

+
2 lnnmax{1, ln ln t}

(t− 1)2

))
.

Stewart�Ø%*	´: éuo���ê k1, k2, k3, k4,e k1−k2 > k3−k4 >

0, K gcd(k1! + 1, · · · , k4! + 1)�Ø

1

(k3 − k4)!
(k1(k1 − 1) · · · (k2 + 1)− k3(k3 − 1) · · · (k4 + 1)) .

|^ù�*	, Stewart^Ð�
Eâ5��{3 a1, · · · , at ¥ÀÑÜ·� k1,

· · · , k4, ¦�þªmà�"�ýé�¦þ�5��þ¡�Ún.

XJ·�Ué('X`) t > lnn��¹U? Stewart�Ún¥é��ú�

ê�þ.�O�þ?, @o·�kF"U? Stewart�(J. �d, ·k}Á


t = 2��¹��
ä�., ��
c¡�·K 2�(J. Ù¥ gcd(a!− 1, b!− 1)

�Ø a!u−b!v
gcd(a!u,b!v)

ù�'��{´k��, ²L·K|���, �ªò§\ó¤

¯K 1����CGMOÁK. ¢Ã�´, ù��{Ã{U? Stewart�Ún¥

t > lnn��¹, ÁãU? Stewart�(JI�#�É	.
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