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I.ÁÁÁKKK

1 1K.�Äào>/ABCD. � P ´ABCDSÜ�:,�±e'~�ª¤á:

∠PAD : ∠PBA : ∠DPA = 1 : 2 : 3 = ∠CBP : ∠BAP : ∠BPC.

y²: ∠ADP �S�²©�! ∠PCB �S�²©�Ú�ã AB �R�²©�

n��:.

(Å=øK)

1 2K. �¢ê a, b, c, d÷v a ≥ b ≥ c ≥ d > 0, � a+ b+ c+ d = 1. y²:

(a+ 2b+ 3c+ 4d)aabbccdd < 1.

('|�øK)

1 3K. k 4nq�f, ­þ©O� 1, 2, 3, · · · , 4n. z�q��fÑ/
 n«ô

Ú��, ¦�z«ôÚ���fTkoq. y²: ·��±rù
��f©¤ü

æ, Ó�÷v±eü�^�:

• üæ��fk�Ó�o­þ;

• z�æTkz«ôÚ���f�üq.

(:ß|øK)

1 4K. �½�ê n > 1. 3��ìþk n2�pÝpØ�Ó�C��Õ, kü[

C�úi AÚ B, �$E kýC�; zýl���Õ$1�,��p��Õ(¥

mØÊ3Ù¦�Õ). Aúi� kýC�� k�å:pØ�Ó, k�ª:�pØ

�Ó, ¿�å:�p�C�, §�ª:��p. B úi�C��÷v�Ó�^

�. ·�¡ü��Õ�,[úië�, XJ�±lÙ¥�$��ÕÏLTúi

��ý½õýC����p��Õ(¥mØ#N3�Õ�mkÙ¦£Ä).
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(½�����ê k, ¦��½kü��Õ�ü[úiÓ�ë�.

(<ÝøK)

1 5K. k�U n > 1Ük¡. 3zÜk¡þ�k����ê. ùUk¡äkX

e5�: Ù¥?¿üÜþ�ê��â²þ���uùUk¡¥,�Ü½AÜk

¡þ�ê�AÛ²þ�.

(½¤k� n, ¦��±íÑ¤kk¡þ�êþ��.

(OâZæøK)

1 6K. y²: �3�~ê cäkeã5�: é?¿�ê n > 1, ±9²¡þ n�

:�8Ü S, e S ¥?¿ü:�m�ålØ�u 1, K�3�^©l S ��� `,

¦� S ¥�z�:��� `�ålØ�u cn−1/3 (·�¡�� `©l:8 S, X

J,^± S ¥ü:�à:��ã� `��).

5. XJy²
' cn−1/3f��O cn−α, ¬�â α > 1/3��, ·��©.

(¥I��øK)

II.)))���

1 1K.�Äào>/ABCD. � P ´ABCDSÜ�:,�±e'~�ª¤á:

∠PAD : ∠PBA : ∠DPA = 1 : 2 : 3 = ∠CBP : ∠BAP : ∠BPC.

y²: ∠ADP �S�²©�! ∠PCB �S�²©�Ú�ã AB �R�²©�

n��:.

(Å=øK)

y²: Xã¤«,
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� ϕ = ∠PAD, ψ = ∠CBP , Kd^���

∠PBA = 2ϕ, ∠DPA = 3ϕ, ∠BAP = 2ψ, ∠BPC = 3ψ.

�: X 3�ã ADþ, ÷v ∠XPA = ϕ. u´

∠PXD = ∠PAX + ∠XPA = 2ϕ = ∠DPA− ∠XPA = ∠DPA.

dd�n�/ DPX ´��n�/, DX = DP , u´ ∠ADP �S�²©��

´ XP �¥R�. aq/, XJ Y 3�ã BC þ, ÷v ∠BPY = ψ, K ∠PCB

�S�²©��´ PY �¥R�.

¯K=z�y² XP,PY,AB�¥R�n��:. 5¿�

∠AXP = 180◦ − ∠PXD = 180◦ − 2ϕ = 180◦ − ∠PBA.

l
 AXPB ´�S�o>/, = X 3n�/ APB �	��þ. aq��, Y

3n�/ APB �	��þ. u´ A,B, Y, P,X Ê:��, l
 AP, PY,AB �

¥R�Ñ²LT���%. �

1 2K. �¢ê a, b, c, d÷v a ≥ b ≥ c ≥ d > 0, � a+ b+ c+ d = 1. y²:

(a+ 2b+ 3c+ 4d)aabbccdd < 1.

('|�øK)

y²: du a+ b+ c+ d = 1, d\�þ�Ø�ª�

aabbccdd ≤ a · a+ b · b+ c · c+ d · d = a2 + b2 + c2 + d2.

��Iy² (a+ 2b+ 3c+ 4d)(a2 + b2 + c2 + d2) < 1.

du a ≥ b ≥ c ≥ d > 0, �

(a+ b+ c+ d)3 > a2(a+ 3b+ 3c+ 3d) + b2(3a+ b+ 3c+ 3d)

+ c2(3a+ 3b+ c+ 3d) + d2(3a+ 3b+ 3c+ d)

≥ (a+ 2b+ 3c+ 4d)(a2 + b2 + c2 + d2),

2(Ü a+ b+ c+ d = 1, ��(Ø¤á. �

1 3K. k 4nq�f, ­þ©O� 1, 2, 3, · · · , 4n. z�q��fÑ/
 n«ô

Ú��, ¦�z«ôÚ���fTkoq. y²: ·��±rù
��f©¤ü

æ, Ó�÷v±eü�^�:

• üæ��fk�Ó�o­þ;
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• z�æTkz«ôÚ���f�üq.

(:ß|øK)

y²: � n«ôÚ� c1, c2, · · · , cn, ��f8ÜP� {p1, p2, · · · , p4n}, piL«­

þ� i���f.

e¡�Eã G = (V,E), Ù¥º:8 V = {c1, c2, · · · , cn}, >8�½ÂX

e: éz� 1 ≤ i ≤ 2n, e pi�ôÚ� u, p4n+1−i�ôÚ� v, K3 u, v�më

�^>, éAu��fé (pi, p4n+1−i). ù� G�k 2n^>, �U¹�>(� pi

� p4n+1−i ÓÚ�)½­>, duz«ôÚ���fTkoq, Ïd G´ 4-�K

ã(5¿, �^�>3º:?IO\Ýê 2).

·�y²e¡�Ún:

Ún: ?Û�� 4-�KãÑk�� 2-�K)¤fã.

Ún�y²: �IéëÏã5y², ���/éz�ëÏ©|� 2-�K)

¤fã=�. b� G = (V,E)´��ëÏ� 4-�Kã, |V | = n, |E| = 2n. d

uz�º:?�Ýêþ�óê, dî.�)x½n, G¥�3��î.4, L.

ò L¥�>�O/©�8Ü E1, E2¥, K |E1| = |E2| = n, � (V,E1), (V,E2)þ

´ 2-�K)¤fã.

¯¢þ, �	��º: v, e v?vk�>, K L²L vüg, zg?\ vÚ

rÑ v�ü^ Lþ��>©Oáu E1Ú E2, Ïd v?Tk 2^ E1¥�>, v

3 (V,E1)¥�Ý�u 2.

e v?Tk�^�>, K L¥këYn^> e1, e, e2, Ù¥ e´ v?��>,

e1, e2´ v?�,ü^(��)>, K e1, e2Óáu,� Ei, eáu,�� E3−i, ù

� v3 (V,E1)¥�Ý�´ 2.

e v ?Tkü^�>, dã�ëÏ5�� n = 1, d�ü^�>©Oá

u E1, E2, v3 (V,E1)¥�Ý�u 2. Ún�y.

£��¯K, ·��Ñ�ã G = (V,E)´ 4-�Kã, dÚn(Ø, �ò E

©�ü| E1, E2, |E1| = |E2| = n, � (V,E1)Ú (V,E2)þ� 2-�K)¤fã.

d G�>8�½Â, z�^>éAu�é��f (pi, p4n+1−i). yò Ei ¥ n^

>éA� né��f��1 iæ��f, i = 1, 2, duzé��f�­þ�Ú

þ� 4n + 1, Ïdüæ��fk�Ó�o­þ n(4n + 1). q (V,E1)Ú (V,E2)

þ� 2-�K)¤fã, Ïdz�æTkz«ôÚ���f�üq. �

5. K¥¤yÚn´e¡½n���AÏ�/. éã G = (V,E), ez�
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º:�Ýþ� k, K¡ G´ k -�Kã. é G�)¤fã H = (V,E ′), E ′ ⊆ E,

e H ´ r -�Kã, K¡ H ´ G��� r -Ïf. 1-Ïf�¡��{��.

Petersen 2-Ïf½n: � G´�� 2k -�Kã(�k�>½­>), K Gk

2-Ïf.

1 4K. �½�ê n > 1. 3��ìþk n2�pÝpØ�Ó�C��Õ, kü[

C�úi AÚ B, �$E kýC�; zýl���Õ$1�,��p��Õ(¥

mØÊ3Ù¦�Õ). Aúi� kýC�� k�å:pØ�Ó, k�ª:�pØ

�Ó, ¿�å:�p�C�, §�ª:��p. B úi�C��÷v�Ó�^

�. ·�¡ü��Õ�,[úië�, XJ�±lÙ¥�$��ÕÏLTúi

��ý½õýC����p��Õ(¥mØ#N3�Õ�mkÙ¦£Ä).

(½�����ê k, ¦��½kü��Õ�ü[úiÓ�ë�.

(<ÝøK)

)�: �Y´ n2 − n+ 1.

Äk·�`²é k ≤ n2 − n, �3�«C��$1´�, ¦�Ø�3ü��

ÕÓ��ü[úië�. w,�Ié k = n2 − nÞ~, é��� k, l¥í��


C�=�. � S1, S2, · · · , Sn2 ´pÝ�g4O� n2��Õ.

�Ä Aúi� n2 − nýC�, l Si� Si+1, Ù¥ 1 ≤ i ≤ n2, � n | i; B ú

i� n2 − nýC�, l Si� Si+n, Ù¥ 1 ≤ i ≤ n2 − n. l
 Si, Sj � Aúië

���=� d i
n
e = d j

n
e, � B úië���=� i ≡ j (mod n), w,ùü�^

�ØUÓ�¤á, �vkü��ÕÓ�� AúiÚ Búië�.

e¡y²� k = n2 − n+ 1�, �½kü��Õ�ü[úiÓ�ë�. ½Â

k�ã GA, º:8� n2��Õ {S1, S2, · · · , Sn2}, éu 1 ≤ i < j ≤ n2, ��=

� Aúik�ýC�l Si$1� Sj �, ë�^k�> Si → Sj.

d^��, GA ¥z�º:�õ�^Ñ>, ��õ�^\>, �duk�>

�UleI���º:��eI���º:, Ïd GA�Ø¹k��. ´� GA

´eZ�k�ó�¿(��k�ó�±�k��º:), z�k�óþ�ü��

Õ´� AúiëÏ�. duk n2 − n+ 1^>, k n2 − n+ 1�º:k\>, T

k n− 1�º:vk\>, Ïd GAk n− 1^k�ó.

dÄT�n, Ù¥k��k�ó��¹k d n2

n−1e = n + 2�º:, �ù�

k�óþ�º:8� X, |X| ≥ n + 2. aq½Âk�ã GB, Ó�/, GB �

k n − 1^k�ó, l
 X ¥kü�º: Si, Sj 3 GB �Ó��k�óþ, u

5 êÆ#(�



´ Si, Sj Ó�� AúiÚ Búië�. �

1 5K. k�U n > 1Ük¡. 3zÜk¡þ�k����ê. ùUk¡äkX

e5�: Ù¥?¿üÜþ�ê��â²þ���uùUk¡¥,�Ü½AÜk

¡þ�ê�AÛ²þ�.

(½¤k� n, ¦��±íÑ¤kk¡þ�êþ��.

(OâZæøK)

)�: é¤k n > 1, ÑUíÑk¡þ�êþ��.

�d/, ·�y²Xe·K: e a1 ≤ a2 ≤ · · · ≤ an´Ø������ê, K

�3Ù¥ü�ê, §���â²þ�Ø�uÙ¥?Û�Ü©ê�AÛ²þ�.

� d = gcd(a1, a2, · · · , an). e d > 1, �ò a1, a2, · · · , an�¤ a1
d
, a2
d
, · · · , an

d
,

d�¤k�â²þ�ÚAÛ²þ�ÑØ± d, ¤y(Ø�� n�ê�d. Ïd�

Ø�� a1, a2, · · · , anp�.

du a1, a2, · · · , anØ���,� an ≥ 2. � p´ an��Ïf,du a1, a2, · · · ,

anp�, Ïd�3 1 ≤ k ≤ n− 1, ¦� p - ak. �ù�� ak, � k��. e¡·�

`² an+ak
2
ØUL«� a1, a2, · · · , an¥�Ü©ê�AÛ²þ�.

�y{, b��3 1 ≤ i1 < · · · < im ≤ n, ¦� m
√
ai1 · · · aim = ak+an

2
, =

2mai1 · · · aim = (ak + an)
m.

e im > k, K p | aim , � p - ak + an, Ïdþª�>� p�Ø, m>Ø� p�

Ø, gñ.

e im ≤ k, du ak < an, k

m
√
ai1 · · · aim ≤ aim ≤ ak <

ak + an
2

,

�gñ. (Ø¼y. �

1 6K. y²: �3�~ê cäkeã5�: é?¿�ê n > 1, ±9²¡þ n�

:�8Ü S, e S ¥?¿ü:�m�ålØ�u 1, K�3�^©l S ��� `,

¦� S ¥�z�:��� `�ålØ�u cn−1/3. (·�¡�� `©l:8 S,

XJ,^± S ¥ü:�à:��ã� `��.)

5. XJy²
' cn−1/3f��O cn−α, ¬�â α > 1/3��, ·��©.

(¥I��øK)

y²: ·�y² c = 1
16
÷v�¦.
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P δ = cn−
1
3 . é²¡þk�:8 S ±9�� `, P δ(S, `)� S ¥:� `å

l����.

�y{, b�(ØØ¤á, K�3²¡þ n�:�8Ü S, n ≥ 2, ¦�é?

¿©l S ��� `, þk δ(S, `) < δ. � S ¥ål���ü: A,B, � d = |AB|,

w, d ≥ 1. ± A��:,
−→
AB � x¶���, ïá���IX. � S ¥:�î

�Il����g� d1 ≤ d2 ≤ · · · ≤ dn, du S ¥¤k:á3e¡ü�4�

� DAÚ DB ��8¥,

DA = {P ∈ R2 : |PA| ≤ d}, DB = {P ∈ R2 : |PB| ≤ d}.

S ¥¤k:�î�IÑ3«m [0, d]¥, Ïd d1 = 0, dn = d.

e�3 1 ≤ i ≤ n − 1, ¦� di+1 − di ≥ 2δ, K�� ` : x = di+di+1

2
©l S,

� δ(S, `) ≥ δ, ��y{b�gñ.

¤±é?¿ 1 ≤ i ≤ n− 1, þk di+1 − di < 2δ. y�Ä^/«� 0 ≤ x ≤ 1
2

¥ S �:, �ù
:� P1, P2, · · · , Pk, Ù¥ Pi��I� (di, yi), i = 1, 2, · · · , k.

du di ≤ 2(i− 1)δ, � d1, d2, · · · , dn¥��k d 1
4δ
e�êáu«m [0, 1

2
], = k ≥

d 1
4δ
e ≥ 1

4δ
.

é?¿ 1 ≤ i < j ≤ k, du |dj − di| ≤ 1
2
, 
 |PiPj| ≥ 1, � |yj − yi| ≥

√
3
2
.

= y1, y2, · · · , yk ¥?¿üê���ýé�Ø�u
√
3
2
, l


max
1≤i≤k

yi − min
1≤i≤k

yi ≥ (k − 1)

√
3

2
.


�G«� 0 ≤ x ≤ 1
2
��� DB ��8´��ü/«�, �p:Ú�$:´

�� x = 1
2
��± (x− d)2 + y2 = d2��:, (1

2
,±
È
d− 1

4
). Ïd

max
1≤i≤k

yi − min
1≤i≤k

yi ≤ 2

Ê
d− 1

4
< 2
√
d.

(Üþ¡ü�Ø�ª, ±9 k ≥ 1
4δ
> 2, =�

2
√
d > (k − 1)

√
3

2
≥
√
3

4
k ≥

√
3

16δ
.

ü>²�, 2|^ d < 2nδ, k

8nδ > 4d >
3

256δ2
,

= 2048nδ3 > 3. �\ δ = cn−
1
3 , k 2048nδ3 = 2048c3 > 3. �éu c = 1

16
,

k 2048c3 < 3, gñ. ��y{b�Ø¤á, c = 1
16
÷vK8�¦. �
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