
êÆ#(� >Æ);9
www.nsmath.cn/xszl

2020 c�\|æêÆ¿mÁK)��µÛ

Q��

(�H�är¥Æ, 410007)

����:$

�\|æ 2020 cêÆc���ÁK, ·K�Ý#m, K8{'Lk]Ô
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I. ÁÁÁ KKK

1. 3 4ABC ¥, : Q,P,R ©O3�ã AB,AQ,BC þ. AR � CP,CQ

��:©OP�: M,N . e BC = BQ,CP = AP,CR = CN,∠BPC =

∠CRA. y²: MP +NQ = BR.

2. ®�¢ê a1, a2, · · · , an �Ú� 2, ¢ê b0, b1, · · · , bn ÷v b0 = bn = 0,

� |bi − bi−1| ≤ ai, Ù¥ i = 1, 2, · · · , n. y²:
n∑

i=1

ai(bi + bi−1) ≤ 2.

3. � a1 ��ê, �é?¿��ê n, k an+1 = a2n − an − 1. y²: é?¿

��ê n, an+1 Ú 2n+ 1 p�.

4. ´Ä�3��ê m > 4 Ú n, ¦�±e�§k)?

(1)
(
m
3

)
= n2; (2)

(
m
4

)
= n2 + 9.

5. ²¡þk n �º:, Ù¥�,
:�mk>�ë, ù
>�/¤çxü

Ú, ¦���3��ÓÚM�î£´. ®�> AB Ú BC ´xÚ, y²: ·��

±ò¤k>#?1ù7/Ú, ¦� AB Ú BC �ùÚ, �¿�¤kçx>Ñ

�éA/¤ù7>, �/Ú���3��ÓÚM�î£´.

?¾FÏ: 2020-08-23.

1 êÆ#(�

http://www.nsmath.cn/xszl


6. �½�~ê¢Xêõ�ª f(x), 9î�üN4O�Ã.�¢ê

� {ai}∞i=1 ÷v ai+1 < ai + 2020. ò bf(a1)c , bf(a2)c , · · · �gü¤��ê,

ÙêèU^S�¤��Ã¡ê� {sk}∞k=1, Ù¥ sk ∈ {0, 1, · · · , 9}, k = 1, 2, · · · .

�½��ê n, y²: é��ê k, 3¤k sn(k−1)+1sn(k−1)+2 · · · snk ¥, ¤k n  

êÑÑyL.

///. )))������µµµ555

1. 3 4ABC ¥, : Q,P,R ©O3�ã AB,AQ,BC þ. AR � CP,CQ

��:©OP�: M,N . e BC = BQ,CP = AP,CR = CN,∠BPC =

∠CRA. y²: MP +NQ = BR.

y² Xã, � ∠BCS = ∠QCP , ¦��� CS ��ã AB ��, � CS

� AB u: S.

u´, ∠SCP = ∠RCN ,  ∠BPC = ∠CRA, � 4SCP ∼ 4NCR.

q CR = CN , � CS = CP = AP , ∠BSC = ∠MPA.

d ∠BPC = ∠CRA � B,P,M,R o:��, � ∠PMA = ∠SBC, u

´ 4BCS ∼= 4MAP .

� ∠BAC = α,K ∠PCA = α, ∠CNR = ∠CRN = ∠CPS = 2α,∠CSP =

2α.

d CR = CN 9 BC = BQ �

∠BQC = ∠BCQ = 180◦ − ∠CNR− ∠CRN = 180◦ − 4α.

� ∠SCQ = ∠CSQ = 2α, ù= QS = QC. u´

MP +NQ = BS + (CQ− CN)

= BS + SQ− CR

= BC − CR = BR.

·K�y. �
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µ5 �K´��{ü�AÛ¯K. Äk5¿��yª�z��ÑØU

��=z, u´�Ä�ªü>Ó�V\�
�, ù½´^�¥Nõ�ã��

¤V«�. ?�Ú, B���Iy²�3�ã AB þ�: S, ¦� CS = CP ,

QS = QC. �d, �±kU?�^��Ñ S :, 2��y²,�|�ª=�.

2. ®�¢ê a1, a2, · · · , an �Ú� 2, ¢ê b0, b1, · · · , bn ÷v b0 = bn = 0,

� |bi − bi−1| ≤ ai, Ù¥ i = 1, 2, · · · , n. y²:
n∑

i=1

ai(bi + bi−1) ≤ 2.

y² P Si =
i∑

k=1

ak, Ti =
n∑

k=i

ak, Ù¥ i = 1, 2, · · · , n. Ö¿½Â S0 =

Tn+1 = 0, Sn+1 = T0 = 2. Ké i = 0, 1, · · · , n Ñk

Si + Ti+1 = 2,

� {Si}n+1
i=0 üNØ~, {Ti}n+1

i=0 üNØO. 5¿�Xe�ÛÜØ�ª

bi ≤ |bi| ≤
i∑

k=1

|bk − bk−1| ≤
i∑

k=1

ak = Si,

bi ≤ |bi| ≤
n∑

k=i+1

|bk − bk−1| ≤
n∑

k=i+1

ak = Ti+1.

� i ����¦ Si ≥ Ti+1 � i, K Si−1 ≤ 1, Ti+1 ≤ 1. u´
n∑

j=1

aj(bj + bj−1) =
i−1∑
j=1

aj(bj + bj−1) + ai(bi + bi−1) +
n∑

j=i+1

aj(bj + bj−1)

≤
i−1∑
j=1

aj(Sj + Sj−1) + ai(Si−1 + Ti+1) +
n∑

j=i+1

aj(Tj + Tj+1)

=
i−1∑
j=1

(S2
j − S2

j−1) + (2− Si−1 − Ti+1)(Si−1 + Ti+1)

+
n∑

j=i+1

(T 2
j − T 2

j+1)

= 2− 2(Si−1 − 1)(Ti+1 − 1) ≤ 2.

�

µ5 �K´����{ü��êK. ^� |bi − bi−1| ≤ ai Ú
n∑

i=1

ai = 2 ¿

�X {bi} ØUkXé��ÅÄÌÝ, g,/��^ {ai} �cMÚ��MÚ5

�xé {bi} ���. ,	, cMÚ�{��©�{Ñ´?nS�Ø�ª�k�

óä.
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3. � a1 ��ê, �é?¿��ê n, k an+1 = a2n − an − 1. y²: é?¿

��ê n, an+1 Ú 2n+ 1 p�.

y² éu�ê p, e p | an, Kdê��4íª� an+2k−1 ≡ −1 (mod p),

an+2k ≡ 1 (mod p), Ù¥ k = 1, 2, · · · . ù¿�Xê�¥�õk��� p ��ê,

�·��Iy²:

éu?¿��ê p, e�3��ê k ¦� p | ak, K k < p+1
2

.

�½�ê p > 5, P V = {0, 1, · · · , p − 1}, E = {(u, v) | v ≡ u2 − u − 1

(mod p), u, v ∈ V }, ¿±d�ïk�ã G(V,E). duz�:�ÑÝ� 1, � G

´eZ/��Ä�ä£äO\�^>¤�ëÏ©|�¿. du 0 ¤3�ëÏ©

|þ�����®²(½� 1 → (p− 1) → 1, ��Iy², ± 0 �ª:�ó�

�ÝØ�L p−3
2

. P± 0 �ª:���ó� V1V2 · · ·Vt, Ù¥ Vt = 0.

ÚÚÚnnn �õ�� v ¦�Ù\ÝT� 1, éuÙ§\ÝØ� 0 �: v, Ù\Ý

T� 2.

y² éu,�\Ý��� 1�: v,d½Â,�3 u ∈ V ¦� u2−u−1 ≡ v

(mod p), ù=

u ≡ 2−1
(

1±
√

4v + 5
)

(mod p).

Ù¥ 2−1 L« 2 �¦{_�, � p+1
2

,
√
x L«� p ¿Âe x �²��, ÷

v (
√
x)

2 ≡ x (mod p).

d^�, 4v + 5 3� p ¿Âe�²���3, e v \ÝT� 1, K 4v + 5 3

� p ¿Âe�²����, = 4v + 5 ≡ 0, ù�� v w,´���. éuÙ§

� v, 4v + 5 3� p ¿Âe�²��Tkü�, �Ù\ÝT� 2, Úny..

£££������KKK. � A = {u | ∃ i ∈ {1, 2, · · · , t− 1} : (u, Vi) ∈ E}. duz�:Ñ

ÝT� 1,(ÜÚn,� |A| ≥ 2(t−1)−1 = 2t−3,�ù
:� Vt−1, 0, 1, p−1, 2

pÉ£Ï�d½Â, > (0, p− 1), (1, p− 1), (p− 1, 1), (2, 1) �3,  G �?¿ë

Ï©|þ�Ä�ä¤, � |V | ≥ |A|+ 5, = t ≤ p−2
2

.

u´, ± 0 �ª:���ó�ÝØ�L
⌊
p−2
2

⌋
= p−3

2
, ·Ké p > 5 �y.

p = 3 � G �/� p = 5 � G �/�
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éu p = 3 Ú p = 5, ·��±xÑÙéA� G, ��(Ø½¤á, �·K

�y. �

µ5 ù´��¥�JÝ�êØK. w´�/, ·�7½�ò� 2n+ 1 p

�=z¤� p£�ê¤p��¯K. �K==�
��ê��4íª, �·�

Ø�U)ÑÙÏ�, ��U©Û3�¿Âe�4íª��
S3éX, �*/

K´�ÄN� f : Z/p → Z/p, f(x) = x2 − x − 1 ��dã, ùB´)�¿Â

e��g�§. ��Ïé�É�L��|Ü?nÃ{´²;�.

4. ´Ä�3��ê m > 4 Ú n, ¦�±e�§k)?

(1)
(
m
3

)
= n2; (2)

(
m
4

)
= n2 + 9.

) (1) �3. ¯¢þ, m = 50, n = 140 ´���U�).

(2) Ø�3. ò��ªXêm, ��

24(n2 + 9) = m(m− 1)(m− 2)(m− 3) = (m2 − 3m+ 1)2 − 1,

ù= (m2 − 3m+ 1)2 = 24n2 + 217. ü>Ó�� 7 �

(m2 − 3m+ 1)2 ≡ 3n2 (mod 7).

�5¿� 3 Ø�� 7 ��g�{, ¤±

n ≡ 0 (mod 7), m2 − 3m+ 1 ≡ 0 (mod 7).

� 72 - 217,gñ!�d�§Ã�ê). �

µ5 ù´��¥� ´�êØK. 1�¯´��Ù��²;¯K,

Meyer,Wilhelm Franzu 1878cB®y², d�§�¤k��ê)� (m,n) =

(3, 1), (4, 2), (50, 140), �éuØ��d(Ø�ÓÆ�å5E�kJÝ. 1�¯

�'�K3u*	�� 7 =��Ñ(Ø, ù´Ï� 7 ´z{��ªf¥~ê

� 217 ��Ïf, ��!��½´�Ø½�§K���~^g´.

5. ²¡þk n �º:, Ù¥�,
:�mk>�ë, ù
>�/¤çxü

Ú, ¦���3��ÓÚM�î£´. ®�> AB Ú BC ´xÚ, y²: ·��

±ò¤k>#?1ù7/Ú, ¦� AB Ú BC �ùÚ, �¿�¤kçx>Ñ

�éA/¤ù7>, �/Ú���3��ÓÚM�î£´.

y² ½Â:¡ 4−�Kã G(V,E) �>8���ÃSy© {X, Y } ���

M�î©), ��=� X � Y ©O�¤M�î£´. éu> u, v, ^ PG(u, v)
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L«¦� u, v 3Ó�>8S�M�î©)¤�¤�8Ü, ^ QG(u, v) L«¦

� u, v 3ØÓ>8S�M�î©)¤�¤�8Ü, ^ RG L« G �¤kM�î

©)�¤�8Ü. ·�ky²XeÚnµ

ÚÚÚnnn[1] é?¿� 4−�Kã G(V,E), 9?¿� u, v ∈ E, k

A. |PG(u, v)| �óê.

B. |QG(u, v)| �óê.

C. |RG| �óê.

y² éuë�XÓ��º:�o^> w,w1, w2, w3, 5¿�

|RG| = |PG(w,w1)|+ |PG(w,w2)|+ |PG(w,w3)|,

Ïd, 3Ó��ã¥, ·K A %¹X·K C. éu?¿ü^>, k |PG(u, v)| +

|QG(u, v)| = |RG|, Ïd, 3Ó��ã¥, ·K A,C %¹X·K B.

·�é N = |V (G)| 58By² A ·K. 3 |RG| = 0 �, ·K²�, �e

� |RG| ≥ 1.

3 N = 3 �, G �/���, �U´ 2K3£z�^>E��H���

ã K3¤, d�w,/k |PG(u, v)| ∈ {0, 2, 4}, �óê.

b�·K A,B,C éu N − 1 ¤á, �Ä N ��·K:

ky², 3 u, v kú�º:�, PG(u, v) �óê. � u = w1, v = w2, w3, w4

�,��º: x ëÑ��Ü 4 ^>, Ù¥> wi(i = 1, 2, 3, 4) ë�X: x, xi.

ò G ¥�º: x í�, > w1, w2, w3, w4 í�, ¿V\ w5 = x1x2, w6 = x3x4,

���#ãP� G′, K G′ ´ 4− �K�, � |V (G′)| = N − 1. u´, z��

¦� w1, w2 3Ó�>8S� G �M�î©), �,�¦� w5, w6 3ØÓ>8

S� G′ �M�î©)��éA, d8Bb�, = |PG(u, v)| = |PG(w1, w2)| =

|QG′(w5, w6)| ≡ 0 (mod 2).

d�c�©Û, ù%¹X |RG| ≡ 0 (mod 2). Ïd, 3 u = v �, k

|PG(u, v)| = |PG(u, u)| = |RG| ≡ 0 (mod 2)
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e¡�Ä u, v vkú�º:���/. d�Ð�b�, G �3����M

�î©), Ïd, �3�X��> u = W0,W1,W2, · · · ,Wt−1,Wt = v, ¦� Wi

� Wi+1 kú�º:é i = 0, 1, · · · , t− 1 þ¤á.

5¿�Xew,�¯¢: éu?¿�n^> x, y, z, k QG(x, y) =

PG(x, z)∆PG(z, y), Ù¥ ∆ L«8Ü�é¡�. ù´Ï�, x � y ©Oáu

ü�>8, ��=� z T�Ù¥��áuÓ�>8. dd��

|PG(W0,Wi+1)| = |RG| − |QG(W0,Wi+1)|

≡ 0− |PG(W0,Wi)∆PG(Wi,Wi+1)|

≡ |PG(W0,Wi)|+ |PG(Wi,Wi+1)|

≡ |PG(W0,Wi)| (mod 2)

ù=

|PG(u, v)| = |PG(W0,Wt)| ≡ |PG(W0,Wt−1)| ≡ · · · ≡ |PG(W0,W1)| ≡ 0 (mod 2)

Ïd·K A é N ½¤á, =·K A,B,C é N ¤á, 8B�.. ù=y²


Ún.

£££������KKK. �Kã� n �:�º:, ?�çxM�î£´����

>, �¤�ãP� G(V,E), K G ´ 4−�K�. dÚn, |PG(AB,BC)| ≡

0 (mod 2). ù
>Uçx/Ú��ªy©, ��=���M�î©),

� AB,BC áuÓ��>8£þ�xÚ¤, ù= |PG(AB,BC)| ≥ 1, ��óê,

u´ |PG(AB,BC)| ≥ 2.

ù`² G �3,�«M�î©), � AB,BC Óá��>8. òù
>U

¤á>8?1ù7/Ú, Ù§Ø3 G ¥�>?¿/Ú, K©O�3��ùÚÚ

7Ú�M�î£´, �¿�¤kçx>Ñ�éA/¤ù7>, ·K�y. �

µ5 �K´��(J�|Ü¯K. �±*	�, �K��¯==´Ún�

��4ÙAÏ��¹, ��
y²¯K, q�Ø�;�/�ë�X8By²�

Ü A,B,C Ü©. ¯¢þ, é����±8B�·K¿�´¯,   I�X�K�

Ún��, N\Nõ�	�·K�å8B.

Ï~, ·�k}Á��8By²�¯K, �  ¬uy, ¤��^�¿Øv

±�¤8B, ·�7LV\�
^�, ù���ò´�I8By²ù
·K.

3�
¯K¥£~X�K¤, ·��±òù�L§ØäS�, �ªòé���

�±8B�¯K.

lK8�Ý5w, �y²Ún'y²�Kò{üNõ, ¦+Ún�'�Ky
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²/�õ�
, �,��¡, Ún�Ñ
�����!�8B�·K.

¯¢þ, �K�Ún@3 1978 cB®d A.G. Thomason y².3Cc�¿

mK¥,k'M�î£´�¯KK����.,	, 3�½��mS�Ð�K¿

�´¯.

6. �½�~ê¢Xêõ�ª f(x), 9î�üN4O�Ã.�¢ê

� {ai}∞i=1 ÷v ai+1 < ai + 2020. ò bf(a1)c , bf(a2)c , · · · �gü¤��ê,

ÙêèU^S�¤��Ã¡ê� {sk}∞k=1, Ù¥ sk ∈ {0, 1, · · · , 9}, k = 1, 2, · · · .

�½��ê n, y²: é��ê k, 3¤k sn(k−1)+1sn(k−1)+2 · · · snk ¥, ¤k n  

êÑÑyL.

y² � f(x) =
r∑

i=0

pix
i, g(x) = f(x+1)

f(x)
, Kk

lim
x→∞

g(x) = lim
x→∞

f(x+ 1)

f(x)
= lim

x→∞

r∑
i=0

(
r∑

j=i

(
j

i

)
pj

)
xi

r∑
i=0

pixi

= lim
x→∞

r∑
i=0

(
r∑

j=i

(
j

i

)
pj

)
xi−r

r∑
i=0

pixi−r
=
pr
pr

= 1.

P bi = ai+1 − ai, K bi < 2020. Ø�� f Ä�Xê��, Kéuv
�

� m k

1 <
f(am+1)

f(am)
=
f(am + bm)

f(am)
<
f(am + 2020)

f(am)
=

am+2019∏
i=am

g(i).

 lim
x→∞

g(x) = 1, � lim
m→∞

f(am+1)
f(am)

= 1.

éu n  ê c = u1u2 · · ·un, P d = u1u2 · · ·un0 · · ·u1u2 · · ·un0 (10 × c 

E n H).

5¿� (d+1)×10T
d×10T = d+1

d
> 1, dcã90��n, éuv
�� T , �3 i

¦�

bf(ai)c ∈ [d× 10T , (d+ 1)× 10T ).

ù= bf(ai)c äk d cM.

Ïd, {sk}∞k=1 ¥�3ëY� n(n+ 1)  T� d, ù=, 3¤k�

sn(k−1)+1sn(k−1)+2 · · · snk
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¥, c ÑyL. d c �?¿5�·K¤á. �

µ5 �K´��¥�JÝ��êK. da¯K, Ï~��ceZ ´�±

��?¿��, ù´��0��n�²;(Ø. �K�^�K�ä��5, du

�Ä�ê�¥¹k��¼ê, �Ø�U^êØÃã?n��" .

ë�©z

[1] Dragomir Grozev’s Math Blog. Bulgarian NMO, 2020, part I. https://dgrozev.

wordpress.com/2020/07/06/bulgarian-nmo-2020-part-i/
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