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1. Xã, ABCD´�S�o>/.L: B,D�� O,� O��� BA, BC

©O�uØÓu A,B,C �: E,F. � H ´ 4DEF �R%. y²: XJ

AC,DO,EF �u�:,@o4ABC ∼ 4EHF.
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2. � Z[x]´¤k�Xêõ�ª�¤�8Ü.¦¤k�N� θ : Z[x]→ Z[x],

¦�

(1)é?¿ p, q ∈ Z[x], θ(p+ q) = θ(p) + θ(q) ;

(2)é?¿ p ∈ Z[x], pk�ê���=� θ(p)k�ê�.

3. � G´Ã���ü ��/��./Ú�õ>/0´�>÷X G¥�

���Øg��õ>/.`ÀJ��Ú�õ>/ F,¯�?Ö´òG¥,
��

/¤ÉÚ,¦�¤kÚ F ���Ú�õ>/¥Ñ��k 1��!�õk 2020�

�´ÉÚ�.¯:`UÄÀJ�� F ¦¯Ã{�¤?Ö?

4. y²: é?¿�ê p,�3��ê n,¦�

1n + 2n−1 + 3n−2 + · · ·+ n1 ≡ 2020 (mod p).

5. � P ´���õ>/, V ´Ùº:8.ò V ¥�z�:/¤ù!x!7

nÚ��. V ���f8¡�/OI�0,XJ§�¹z«ôÚ�:��ê�

Ó. P ��^>¡�/�ú�0,XJ§�ü�à:�ôÚØÓ.®� V ´OI

�� P kóê^�ú�>,y²:�3�^Ø²L V ¥:���,ò V y©¤ü

����OI�f8.

6. Xã,3Ø�>b�4ABC ¥, O´	%, AD, BE, CF ´p. X, Y, Z

©O´ AD, BE, CF �¥:, AD� Y Z �u: P, BE � ZX �u: Q, CF

� XY �u: R. � Y Z � BC �u: A′, QR � EF �u: D′. y²:L

A, B, C, O�©OR�u QR, RP, PQ, A′D′����u�:.

D'

A'

R
Q
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Z
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XF
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O
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1. Xã, ABCD´�S�o>/.L: B,D�� O,� O��� BA, BC

©O�uØÓu A,B,C �: E,F. � H ´ 4DEF �R%. y²: XJ
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AC,DO,EF �u�:,@o4ABC ∼ 4EHF.
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y² � AC, DO, EF �u: G.

5¿� D´��o>/ ABCFGE ���:,¤± A, E, G, Do:��.

ù�,

∠GAE = ∠GDE = ∠ODE = 90◦ − ∠DBE,

=

∠CAB = 90◦ − ∠DBA,

u´ AC⊥BD.

Ïd

∠HFE = 90◦ − ∠DEF = 90◦ − ∠DAG = 90◦ − ∠DBC = ∠BCA.

Ón, ∠HEF = ∠BAC.�4ABC ∼ 4EHF. �

µ5 �K�´�ò^�¥n�¤��:�Ñ,�´�5¿� D´��o

>/���:,�����´N´�.

2. � Z[x]´¤k�Xêõ�ª�¤�8Ü.¦¤k�N� θ : Z[x]→ Z[x],

¦�

(1)é?¿ p, q ∈ Z[x], θ(p+ q) = θ(p) + θ(q) ;

(2)é?¿ p ∈ Z[x], pk�ê���=� θ(p)k�ê�.

) Ï�� P (x) =
n∑
i=0

aix
i,Ù¥ a0, a1, · · · , an ∈ Z�,d (1),

θ(P ) =
n∑
i=0

θ(aix
i) =

n∑
i=0

aiθ(x
i), (∗)
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¤±�Iéz���ê n,(½ θ(xn).

ky²�3 Rn ∈ Q[x],¦�

θ(xn) = θ(1)Rn(x).

¯¢þ,é?¿�ê k,Ï� xn − knk�ê�,¤±

θ(xn − kn) = θ(xn)− knθ(1)

k�ê�,�� zk.d (2), θ(1)vk�ê�,u´ [θ(1)](zk) 6= 0,¤±�õkü

� k ( ± n

√
[θ(xn)](zk)
[θ(1)](zk)

)éAÓ�� zk.Ïdd kkÃ¡õ�,� zk kÃ¡õ�.

���ê K, ¦��3 Q(x), R(x) ∈ Z[x], ÷v Kθ(xn) = Q(x)θ(1) + R(x)

� degR < deg θ(1).

d

[θ(xn)](zk)− kn[θ(1)](zk) = 0,

�

[θ(1)](zk) | K[θ(xn)](zk),

u´

[θ(1)](zk) | R(zk).

Ï� degR < deg θ(1),¤±� |zk|¿©��, |R(zk)| < |[θ(1)](zk)|.� R(zk) = 0

éÃ¡õ� zk ¤á,l R(x) = 0,·K�y.

ù�,d (∗),

θ(P ) =
n∑
i=0

aiθ(1)Rn(x) = θ(1)
n∑
i=0

aiRn(x) = θ(1)RP (x),

Ù¥ RP ∈ Q[x].

e^ {P (n)}L« {P (n) | n ∈ Z}.

Ï� θ(P−k)k�ê���=� P−kk�ê�,q θ(P−k) = θ(1)(RP−k)

� θ(1)vk�ê�,¤± P − k k�ê���=� RP − k k�ê�.ù`²

k ∈ {P (n)}��=� k ∈ {RP (n)},� {P (n)} = {RP (n)}.

·�I���Ún.

ÚÚÚnnn � p, q ∈ Q[x], � deg q ´Ûê. e {p(n)} = {q(n)}, K�3 ε ∈

{−1, 1}, k ∈ Z,¦� p(x) = q(εx+ k).

Ún�y² d deg q´Ûê,� {q(n)}Ãþ.Úe.,¤± {p(n)}Ãþ.

Úe.,u´ deg p�´Ûê.

Ø��� x → +∞�, p(x), q(x) → +∞,ÄK�Ä p(−x), q(−x).u´�
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3¢êM,¦�� x < M �, p(x) < p(M), q(x) < q(M),� p, qÑ3 [M, +∞)

þüN4O.

P X = max{p(M), q(M)},K�3�ê a, b ≥M,¦�

{p(n)} ∩ [X, +∞) = {p(a), p(a+ 1), · · · },

{q(n)} ∩ [X, +∞) = {q(b), q(b+ 1), · · · }.

d {p(n)} = {q(n)},�

{p(n)} ∩ [X, +∞) = {q(n)} ∩ [X, +∞).

q

p(a) < p(a+ 1) < · · · , q(b) < q(b+ 1) < · · · ,

¤±

p(a) = q(b), p(a+ 1) = q(b+ 1), · · · ,

� p(x) = q(x+ b− a).

Úny..

£��K.� degP ´Ûê�,d {P (n)} = {RP (n)}ÚÚn,� RP (x) =

P (εx+ k),¤±

θ(P ) = θ(1)P (εx+ k). (∗∗)

5¿ùp� εÚ k�6u P.

� θ(x) = θ(1)(rx+ s),Ù¥ r ∈ {−1, 1}, s ∈ Z.e¡y²,é?¿��ê n,

þk

θ(xn) = θ(1)(rx+ s)n.

¯¢þ,éÛê n ≥ 3,� θ(xn) = θ(1)(tx+ u)n,Ù¥ t ∈ {−1, 1}, u ∈ Z.�

Ä θ(xn + x).��¡,d (∗∗),

θ(xn + x) = θ(1)((vx+ w)n + (vx+ w)),

Ù¥ v ∈ {−1, 1}, w ∈ Z.,��¡,

θ(xn + x) = θ(xn) + θ(x) = θ(1)((tx+ u)n + (rx+ s)).

¤±

(vx+ w)n + (vx+ w) = (tx+ u)n + (rx+ s).

'� xn�Xê,� vn = tn,Ï� n´Ûê,¤± v = t.'� xn−1�Xê,�
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nvn−1w = ntn−1u,¤± w = u.2'� x�XêÚ~ê�,� v = r, w = s,¤±

t = r, u = s,�

θ(xn) = θ(1)(rx+ s)n.

éóê n,��Ûê d,Kdþ¡�Øy,

θ(xn+d) = θ(1)(rx+ s)n+d.

�Ä θ(xn+d + xn).��¡,d (∗∗),

θ(xn+d + xn) = θ(1)((vx+ w)n+d + (vx+ w)n),

Ù¥ v ∈ {−1, 1}, w ∈ Z.,��¡,

θ(xn+d + xn) = θ(xn+d) + θ(xn) = θ(1)((rx+ s)n+d +Rn(x)).

¤±

(vx+ w)n+d + (vx+ w)n = (rx+ s)n+d +Rn(x).

� d¦� n+ d− 1 > degRn.'� xn+d�Xê,� vn+d = rn+d,Ï� n+ d

´Ûê,¤± v = r.'� xn+d−1�Xê,� (n+ d)vn+d−1w = (n+ d)rn+d−1s,¤

± w = s.u´ Rn(x) = (rx+ s)n,�

θ(xn) = θ(1)(rx+ s)n.

ù�,d (∗),

θ(P ) =
n∑
i=0

aiθ(1)(rx+ s)i = θ(1)P (rx+ s).

nþ,é?¿ P ∈ Z[x], θ(P ) = f(x)P (rx + s),Ù¥ f(x) ∈ Z[x]Ã�ê�,

r ∈ {−1, 1}, s ∈ Z. �

µ5 �KL§��,�g´'��ß.kd^� (1),ò¯K£½3õ�ª

�m��|Äþ.2d^� (2),ò�ê��m�'X=z�ü�õ�ª���

�Ó,ddg,��Ún.��´�
[!þ�?Ø.

3. � G´Ã���ü ��/��./Ú�õ>/0´�>÷X G¥�

���Øg��õ>/.`ÀJ��Ú�õ>/ F,¯�?Ö´òG¥,
��

/¤ÉÚ,¦�¤kÚ F ���Ú�õ>/¥Ñ��k 1��!�õk 2020�

�´ÉÚ�.¯:`UÄÀJ�� F ¦¯Ã{�¤?Ö?

) (J´�½�.¯¢þ,·��±y²�r�(Ø,`UÀJ��Ú�õ

>/ F,¦��3��d F ²£���Ú�õ>/,Ù¥kõu 2020�É�.
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é��ê d,�8Ü

A = {x | x��u4000d���ê�x�4000?�L«¥Ã3999}.

ky²��Ún.

ÚÚÚnnn é?¿d0u
1

4
· 4000dÚ 1

2
· 4000d�m� 3999���ê�¤�8

Ü S,�3�ê x,¦� S + x ⊆ A,Ù¥ S + x = {s+ x | s ∈ S}.

Ún�y² ·�y²�ò S ¥���L«¤

a0 + a1 · 4000 + · · ·+ ad−1 · 4000d−1

�/ª,Ù¥ −3999 ≤ ai ≤ 3999, i = 0, 1, · · · , d− 1.

Äk(½ a0.Ï� |S| = 3999,¤±�3m(1 ≤ m ≤ 4000)Ø� S ¥?¿�

���� 4000Ó{.é s ∈ S,e s� 4000�{ê�u m,K� a0 � s� 4000

�{ê¶e s� 4000�{ê�um,K� a0� s� 4000�{ê~ 4000.

ò S ¥�¤k��~ a02Ø± 4000,é���êEþãL§,��g(

½ a1, · · · , ad−2.Ï�

3999 + 3999 · 4000 + · · ·+ 3999 · 4000d−2 < 4000d−1,

¤±d�¤kê0u 0. 24 · 4000Ú 0. 51 · 4000�m,� ad−1�y3�ê=�.

é 0 ≤ i ≤ d − 1, � bi ´¤k 3999 � ai ¥�����. d�E��ª,

m− 3999 ≤ ai ≤ m− 1,¤±-

y =
d−1∑
i=0

bi · 4000i,

K S − y ⊆ A.Ún�y.

£��K.

`�Ú�õ>/ F �«�(⋃
a∈A

[a, a+ 1]

)
×
[
0, 4000d

]
∪
[
1, 4000d

]
× [0, 1]

�>., F �/GCqueã.

d |A| = 3999d − 1� F �¡È

[F ] = (3999d − 1) · 4000d + (4000d − 3999d).
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� d¿©��, [F ] <
1

1020
· 40002d.

b�¯U�¤?Ö,Kéz� F ²£��� F ′, F ′¥Ñ��k 1�É�,�

õk 2020�É�.

� F ′ �e������H«� [0, 4000d] × [0, 4000d]¥�¤k����,

�ù 40002d� F ′¤�¤�«��¿�H.Ï�z� F ′¥Ñ��k 1�É�,�

z�É��õ3 [F ]� F ′¥,¤± H ¥��k

40002d

[F ]
> 1020

�É�.

H �¹u��/ [0, 2 · 4000d] × [0, 2 · 4000d]¥.òT��/î�²þ©

¤ 8ü!p�²þ©¤ 8�,�� 64����/,z����/�>�þ�
1

4
· 4000d.d²þ��n,�3�����/¥��k

1020

64
> 2020

�É�.dÚn,�é� F ²£��� F0CXù
É�,ù� F0¥�É��õ

k 2020�gñ!

nþ,·K�y. �

µ5�KJÝ��,l���/\Ã´A�7,�,dd�±�� F �/

Gaq/Îf0.Ì�J:3uXÛüÙÎf�¿Y,¦���¡ F �¡È'

��,,��¡Îf�/¸0�±K)�½��S���3��þ�¤k©Ù

�U.Ù¥�K?�¥¹,�êi�¤kê�Ãã4<��e¡�²;¯K:

/yyy²²²: ¤¤¤kkk���???���LLL«««¥¥¥ØØØ¹¹¹êêêiii 9 ���������êêê������êêê���ÚÚÚ���uuu 28.0

4. y²: é?¿�ê p,�3��ê n,¦�

1n + 2n−1 + 3n−2 + · · ·+ n1 ≡ 2020 (mod p).

y² ky²��Ún.

ÚÚÚnnn

p(p−1)∑
k=1

kp(p−1)+1−k ≡ −1 (mod p).

Ún�y² 5¿�
p(p−1)∑
k=1

kp(p−1)+1−k =

p−2∑
i=0

p∑
r=1

(ip+ r)p(p−1)+1−ip−r

≡
p−2∑
i=0

p∑
r=1

rp(p−1)+1−ip−r
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=

p∑
r=1

p−2∑
i=0

rp(p−1)+1−ip−r (mod p).

é�½� r(2 ≤ r ≤ p − 1), d (p, p − 1) = 1 �, � i H{ 0 ∼ p − 2 �,

p(p− 1) + 1− ip− rH{� p− 1����{X.u´d¤ê�½n,
p−2∑
i=0

rp(p−1)+1−ip−r ≡
p−2∑
i=0

ri =
rp−1 − 1

r − 1
≡ 0 (mod p).

q� r = 1�,
p−2∑
i=0

rp(p−1)+1−ip−r =

p−2∑
i=0

1 = p− 1 ≡ −1 (mod p);

� r = p�,
p−2∑
i=0

rp(p−1)+1−ip−r ≡
p−2∑
i=0

0 = 0 (mod p),

¤±
p∑
r=1

p−2∑
i=0

rp(p−1)+1−ip−r ≡ −1 (mod p).

Úny..

£��K. - n = tp(p − 1). d¤ê�½n, � a1 ≡ a2 (mod p), b1 ≡ b2

(mod p− 1)�, ab11 ≡ ab22 (mod p).l(ÜÚn�,

n∑
k=1

kn+1−k ≡ t

p(p−1)∑
k=1

kp(p−1)+1−k ≡ −t (mod p).

Ïd���ê t÷v t ≡ −2020 (mod p)=�.

nþ,·K�y. �

µ5�K´¤ê�½n�~5$^.��Ä���ê p�{ê�,~4.ê

� p!�ê� p − 1,ddg,/��Ún.��|^� p{ê�±Ï5=�é

�Ü·� n.

5. � P ´���õ>/, V ´Ùº:8.ò V ¥�z�:/¤ù!x!7

nÚ��. V ���f8¡�/OI�0,XJ§�¹z«ôÚ�:��ê�

Ó. P ��^>¡�/�ú�0,XJ§�ü�à:�ôÚØÓ.®� V ´OI

�� P kóê^�ú�>,y²:�3�^Ø²L V ¥:���,ò V y©¤ü

����OI�f8.

y² ·�3�n�/��¥UXe�ªxÑ�^´»:

(1)3 V ¥?��: A,òÙ?¿éA��n�/������: A′¶
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(2)U^����,XJ A�e��º:´ùÚ�,Kò A′ �m£�e�

��:¶XJ A�e��º:´xÚ�,Kò A′÷�þ��£�e���:¶

XJ A�e��º:´7Ú�,Kò A′÷�e��£�e���:¶

(3)�daí.

du V ´OI�,¤±þã´»´4�,P� Q.eã´ V ¥k18�:�~

f:

5¿�e V ¥�:ØU���y©¤ü����OI�f8,K Q´Øg

��õ>/,·�y²d� P ¥�ú�>��ê´Ûê,lgñ.

¯¢þ, P ¥z^�ú�>éAQ���º:.Q�z�S��u 60◦½

300◦,�k x��u 60◦! y��u 300◦.�ÄS�Ú�,

60◦x+ 300◦y = 180◦(x+ y − 2),

= x− y = 3.¤± Q�º:��ê� x+ y,´Ûê,� P ¥�ú�>��ê´

Ûê.

nþ,·K�y. �

µ5 �Kò£ãG��ê|��I¥�:��éA,k:�Ôn¥���

m.aq�g��Ñy3²;��ó©8¯K (stolen necklace problem) ¥,@

p´A^ÿÀÆ¥� Borsuk-Ulam ½n�±)û�.

6. Xã,3Ø�>b�4ABC ¥, O´	%, AD, BE, CF ´p. X, Y, Z

©O´ AD, BE, CF �¥:, AD� Y Z �u: P, BE � ZX �u: Q, CF

� XY �u: R. � Y Z � BC �u: A′, QR � EF �u: D′. y²:L

A, B, C, O�©OR�u QR, RP, PQ, A′D′����u�:.

y² 1 ky² A′D′´4DEF Ú4XY Z �	����¶.

�H ´4ABC �R%,M ´ BC �¥:.Ï�MB =ME� Y ´ BE�
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M

H

D'

A'

R

Q

Z

Y

X
F

E

D

A

B
C

¥:,¤±MY⊥BE.Ón,MZ⊥CF.q HD⊥BC,¤± Y, Z, D Ñ3± HM

��»��þ.ù�,

A′D · A′M = A′Y · A′Z,

qM 34DEF �	��þ,¤± A′�4DEF Ú4XY Z �	������.

Ón��, H, X, E, Z Ú H, X, F, Y ©Oo:��,¤±

QH ·QE = QX ·QZ, RH ·RF = RX ·RY.

ù`² QR´± AH ��»��Ú 4XY Z �	����¶.q EF ´± AH

��»��Ú 4DEF �	����¶,¤± D′ 3 4DEF Ú 4XY Z �	�

���¶þ.

� A′D′´4DEF Ú4XY Z �	����¶.

V

N

SO'
H

R
Q

Z

Y

XF

E

D

O

A

B
C

� O′´4XY Z �	%, S ´ H 'u O′�é¡:.

2y²L A, B, C, O�©OR�u QR, RP, PQ, A′D′����u: S.

� N ´ AH �¥:,K N ´± AH ��»����%.Ï� QR´± AH

��»��Ú4XY Z �	����¶,¤± NO′⊥QR.qÏ� NO′//AS,¤±

AS⊥QR.Ón, BS⊥RP, CS⊥PQ.
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� V ´ OH �¥:, K V ´ 4DEF �	%. Ï� A′D′ ´ 4DEF Ú

4XY Z �	����¶,¤± V O′⊥A′D′.q V O′//OS,¤± OS⊥A′D′.

nþ,·K�y. �

H

C'

F'

D'

A'

R
Q

P

Z

Y

XF

E

D

O

A

B
C

y² 2 aq½Â: B′, C ′, E ′, F ′.

é4ABC Ú4XY Z ^(â�½n�, A′, B′, C ′��.

é4DEF Ú4PQR^(â�½n�, D′, E ′, F ′��.

é4AEF Ú4XQR^(â�½n�, B′, C ′, D′��.

Ón, A′, B′, F ′ Ú A′, C ′, E ′ ©O��,¤± A′, B′, C ′, D′, E ′, F ′ 8:

��.

Ï�L P, Q, R�©OR�u BC, CA, AB ����u 4ABC �R%

H,¤±é 4ABC Ú 4PQR^��n�/½n�,L A, B, C �©OR�u

QR, RP, PQ����u�:.

d FE⊥AO, DE⊥CO,�L D′, F ′, Q�©OR�u AO, CO, AC ��

��u: E.¤±é 4D′F ′QÚ 4CAO ^��n�/½n�,L C, A, O �

©OR�u F ′Q, D′Q, D′F ′ ����u�:, =L C, A, O �©OR�u

PQ, QR, A′D′����u�:.

�L A, B, C, O�©OR�u QR, RP, PQ, A′D′����u�:. �

µ5 �K¥cn^���:l��n�/½n�*:w´w,�,ÖÑ:

B′, C ′, E ′, F ′��ØJy²8:��,k¿g�´1o^���:��±A^

��n�/½n.�'�ey{�é�¶�*	´�kJÝ�,�ÙJ«
¯K

���.
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