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p, zcÑkéõ¤��¯KÑy. 8c�Kq|�
��#�/OURMO0

�'m, Ùm�'�ÕA, 7�ëmèÎzèO���K8, 3m|þ�,	8
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ù
¯K�)�ÚµÛ.

I. ÁÁÁ KKK

1. 3�� 4 × 3000���¥, �õ�±�Ù¥õ����/Ú, ¦�Ù¥

Ø¬Ñyo��ý?

5: o��ý´�Xeã/4Ù^=Ú�=¤/¤��ã/:

2.�½º: A±9 A¤é���� ωA. �Ñ¤k�4ABC, ¦�Ùn>

� ωA��:¤/¤��:n�/�%TÐ´4ABC �	%.

3. ´Ä�3���~ê�, dØÓ��ê|¤�Ã¡ê�, ¦�é¤kv


�� k, Ù¥?¿ k��ÚØ¹²�Ïf�¿�^�´ kØ¹²�Ïf.

4. ,Æ�¥k n��?Ú k�Æ). éÆ�¥�?¿ü�ÓÆ, ¦��Ó

ë\��?k�=k��, �z��?�Æ)�êÑ�u k. e k − 1Ø´��

²�ê, y²: �3��Æ), ë\
��
√
k��?.
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5.�Äê� xn = an+ b, yn = cn+d,Ù¥ a, b, c, d���ê,� gcd(a, b) =

gcd(c, d) = 1. y²: �3Ã¡õ���ê n, ¦� xn, ynþØ¹²�Ïf.

6.¦¤k¼ê f : R+ → R+ÚXê��¢ê�õ�ª P (x), Q(x), R(x), ¦

�

f

(
x

y
+R(y)

)
=
f(x)

Q(y)
+ P (y),

é¤k�¢ê x, y¤á.

7.3 96 × 96���/þIP 7501�:. ·�ò�� 4 × 4���/��

��Ù¥%� 2× 2�����{�Ü©¡���“µ”. y²: ��k��µ¥

k�� 10�:, �Ù>.�ù� 96× 96���/�>²1(Ø�½�����

Ü).

///. ))) ���

K 1 3�� 4× 3000���¥, �õ�±�Ù¥õ����/Ú, ¦�Ù

¥Ø¬Ñyo��ý?

5: o��ý´�Xeã/4Ù^=Ú�=¤/¤��ã/:

) ò 4 × 3000��©¤ 500� 4 × 6���, òz� 4 × 6���UXe

�ª?1/Ú=÷vK8�^�, 5¿�z� 4× 6��¥/Ú
 14��f, ¤

±��/Ú
 7000��f.

e¡`²: 7000´���.

·�`²: z� 4× 3���¥�õ�±/ 7��f.

^�y{, b��3,� 4× 3���¥/
�� 8��f, ©ü«�¹`

²ù´Ø�±�:
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(1) e,�1¥k 3��f�/Ú, K§�7L´1�1½ö���1(Ä

K, T1þeü1� 6��fØU/Ú, Ø,òÑyo��ý, d��õ�k 6

��f�/Ú, gñ).

Xã, Ø��1�1�f�/Ú:

KTã¥e�Ü©/7Ú� 2× 3���Sk 5��f�/Ú, ùØ�U.

(2) ez1kü��f�/Ú, Kéu���ü1, §�ØU/¤Xeã/:

�U/¤Xeã/:

é 4× 3���¥mü1?1?Ø, e�þãã/¥�co���, Ø��

�

Kd� 4× 3��L�1�1�õk��ç�, gñ.

e¥mü�/Ú��

K 4× 3��L�/Ú�¹�U�1��Ú1n��Ü/Ú, �Ø¤á.

¤±, z� 4× 3���¥�õ�±/ 7��f.

nþ��, �õ�ò 7000��f/Ú, ¦�Ù¥Ø¬Ñyo��ý. �

µ5 ù´��¥�JÝ�|ÜK, �±l�
���¹qÞ\Ã. K8�

J:3uÃØ�E�´y²Ñ�¤�
±ò, ���U3qÞ��ÿ�d�*.

3qÞ 4× 3��ÿuy, �±uyÙ¥�õk 7�ç�, ¿�3Ù¥æç 7�

ç���{´õ«�, ù�Ò¿£�ù�U´�F�'�, ¯¢þ�I�l¥

]Àü«©�3�åÒU
��K8¤I��E
.
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K 2 �½º: A±9 A¤é���� ωA. �Ñ¤k�4ABC, ¦�Ùn

>� ωA��:¤/¤��:n�/�%TÐ´4ABC �	%.

) =$^º5�±�ÑXe(Ø: (1) �ã�n�©:; (2) �ã�¥R�;

(3) ½�%. òù
P�“óä”.

� ωA� AB,AC �ò���u:M,N .

^óä (3), �(½ ωA��% J .

^óä (2), ± AJ �¥:��%, AJ ��»����� ωA ��:, �:

=�M,N .

^óä (2), ��ãMN �¥: D.

^óä (1), ��ã JD�n�©: A
′
, ¦� JA

′

A′D
= 2.

^óä (1),��ã JM �n�©:X,¦� JX = 1
3
JM ,±A

′
��%, JX

��»�� Γ.

^óä (1), �Ñ AA
′
�¥R� l, � l� Γ�ü��: O1, O2, ± O1 ��

%, O1A��»����ã AM,AN �u B1, C1, ± O2��%, O2A��»�

���ã AM,AN �u B2, C2, K4AB1C1,4AB2C2´÷v^��n�/.

e¡�Ñy²:

� BC 3 ωA þ��:� P , �ã MP,NP �¥:©O� E,F , ��

BF,CE�4ABC �	��©O�u: B
′
, C

′
, Kd ∠B

′
BP = 1

2
∠NBP , �:

B
′
´l ABC �¥:.

Ón��, C
′
´l ACB�¥:.

¤±, B
′
, J, F ; C

′
, E, J ©On:��.

d B
′
, C

′
, B, C o:��9 E,F,B,C o:���� B

′
C

′
//EF , qO��

� ∠B
′
A

′′
C

′
= ∠MPN = ∠EDF .

� JD�4ABC �	���u: A
′′
. Ïd, 4A′′

B
′
C

′
�4DFE  q, �

 q¥%�: J . 5¿�: J ´�MNP �	%, 4A′′
B

′
C

′
�	%´4MNP

�%, 4DEF �	%´ 4MNP �Ê:���%, ¤± q'´ 2
3
, Ïd

JA
′′

JD
= 2

3
, ¤±: A

′′
�: A

′
Ü.

� O
′
´4ABC �	%, d DO

′
= 1

3
D

′
P , � A

′
O

′
= 1

3
JN = JX, � O

′
3

AA
′
�¥R�þ.

nþ��, ¤k÷v^��4ABC �	% O
′
, þ3 AA

′
�¥R�þ, �3

± A
′
��%, 1

3
JN ��»��þ.

óä(1),(2)´º5�ã�Ù�(Ø, ���Ñóä(3)�y².
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b��½� Ω, 3 Ωþ�: U , ±: U ��%, ?¿���»�� Ω1. �

� Ω1�� Ω�u: V,W . ©O± V,W ��%, ± UV, UW ��»�� Ω2,Ω3

� Ω1 �u: Y1, Y2, Z1, Z2, K��Y1Y2 � Z1, Z2 ��:=� Ω0 ��% (Ï�

Y1Y2, Z1Z2©O´ UV, UW �¥R�). �

µ5 ù´��äk�½JÝ�'�Ø~5�AÛK. du�¦�Ñ¤k

÷v^��n�/, ,¿Ø´¤k�� ��: A±9Ù���Ñ�3�A

�n�/, ¤±I�5¿3y²¥Ø=�`²�Ñ�n�/ ABC ÷v�¦, �

�`²¤kn�/ÑU^T�{�Ñ, �ö"�Ø�. 3&¢�L§¥, I��

�5¿n�/m� q'X, ¿±d�â»�5(½n�/ ABC �	%l

(½n�/� �. ��I�5¿�´K8�¦^º5�ã, ¤±3)KL§

�I����ÙA�º5�ã/óä0�y², ~X�Ñ�½ü:¥R�, n�

©�ã, (½½��%.

K 3 ´Ä�3���~ê�, dØÓ��ê|¤�Ã¡ê�, ¦�é¤k

v
�� k, Ù¥?¿ k��ÚØ¹²�Ïf�¿�^�´ kØ¹²�Ïf.

) b��3ê� {xn}÷v^�. é?¿�ê p, �Äê� {xn}� p2, d

^��, {xn}� p2 � 0���kk��(ÄK, ��ê� p2 ��ê=�gñ).

{xn}� p� 0����kk��(ÄK, �3Ã¡õ� k, ¦� ak
p
≡ r(mod p) ,

K� pq�ù��ê, ¦� q > p=�gñ).

e¡�Äê� {xn}¥� p2 Ø� 0��|¤�ê� {ak}, Ï�ù���k

Ã¡õ�, ¤±Ø��� p2� s��kÃ¡õ�.

XJ�3 ai ≡ r(mod p2), ¦� r� s� p2ØÓ{� pØ�Ø r, K�3m

¦� p2 | (sm+ r)(d s, rþØ� p��ê, �m�3� pØ�Øm+ 1).

�E�ê q = p2k+m+ 1, � (p2,m+ 1) = 1, d)|�X½n, �ù�� q

�3, K�gñ, Ï� ai� p2k +m�� p2� s�ê�Ú� p2��ê.

Ïd, ¤k� p Ø� 0 � ak þ� p Ó{. dê� {an} �~ê, ��3

ai 6= aj,��ê p > max{ai, aj},K aiaj� pØ� 0,�´ pØ�Ø ai−aj,gñ.
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�Ø�3ù��ê� {an}. �

µ5 ù´���éN´�êØ¯K, �	êØÄ�õ. þÃ'�g,, �

�éu?¿�ê, �Äê���ê p�²��(J, |^ê�äkÃ¡��5

�, éuäkÃ¡�� p�Ó�@���{a?1?Ø, =���ê�z��Ñ

� pÓ{, ?�Ñgñ.

K 4 ,Æ�¥k n��?Ú k�Æ). éÆ�¥�?¿ü�ÓÆ, ¦��

Óë\��?k�=k��, �z��?�Æ)�êÑ�u k. e k − 1Ø´�

�²�ê, y²: �3��Æ), ë\
��
√
k��?.

y² ^�y{.

�ë\�?ê�õ�ÓÆ� x, �¦ë\��?� A1, A2, · · · , Am, K

m <
√
k, �m ≤

√
k − 1. 5¿� k − 1Ø´��²�ê, Ïd, m ≤

√
k − 2.

du
m∑
i=1

|Ai| = k + m− 1, d²þê�n, ��3 j, ¦� |Aj| ≥ k+m−1
m

. q

|Aj| < k, �Øáu Aj ��� y, y� Aj ¥�z¶ÓÆë\��ØÓ��?, ¤

± yë\��?ê���

|Aj| ≥
k +m− 1

m
= 1 +

k − 1

m
≥ 1 +

k − 1√
k − 2

> m.

gñ.

¤±, �¯K�y. �

µ5 ù´��{üK, |^�y{, b�z�Æ)Ñë\
��
√
k��

?, 2�Ñ��Æ), |^^�?1{ü|Ü©Û=�.

K 5. �Äê� xn = an + b, yn = cn + d, Ù¥ a, b, c, d ���ê, �

gcd(a, b) = gcd(c, d) = 1. y²: �3Ã¡õ���ê n, ¦� xn, ynþØ¹²�

Ïf.

y² � S1´¦� {an+b}k²�Ïf� n�¤�8Ü, S2´¦� {cn+d}

k²�Ïf� n�¤�8Ü.

é��ê N , �Ä a + b, 2a + b, · · · , Na + b, d a, b p��, ù
ê¥´

p2(p��ê)��ê��õk dN
p2
e�.

¤±

|S1 ∩ {1, 2, · · · , N}| ≤
∑

p��ê,p≤
√
aN+b

⌈
N

p2

⌉
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≤ N ·
∑
p��ê

1

p2
+
√
aN + b

≤ Nt+
√
aN + b,

Ù¥ t < 1
2
.

Ón�� |S2 ∩ {1, 2, · · · , N}| ≤ Nt+
√
cN + d.

¤±, 1, 2, · · · , N ¥��k (1 − 2t)N −
√
aN + b −

√
cN + d�êØ3 S1

�Ø3 S2¥. 5¿� t < 1
2
, Ïd, � N → +∞�, �(Ø¤á. �

µ5 �35¯K��kü«�{, �«´�E5�, �«´��E5�.

ù�¯Kæ^1�«�{, ÏLy² 1, 2, · · · , n¥÷v xn¹²�Ïf� nØ�

L cN(c < 1
2
, N¿©�), ly²(Ø.

K 6. ¦¤k¼ê f : R+ → R+ÚXê��¢ê�õ�ª P (x), Q(x), R(x),

¦�

f

(
x

y
+R(y)

)
=
f(x)

Q(y)
+ P (y), (1)

é¤k�¢ê x, y¤á.

) 3 (1)¥^ xy�O x� f(x+R(y)) = f(xy)
Q(y)

+ P (y). (2)

þª¥- y = 1, � f(x+R(1)) = f(x)
Q(1)

+ P (1).

¤±, é��ê k, k

f(x+ kR(1)) =


1

Q(1)k

(
f(x)− P (1)Q(1)

Q(1)− 1

)
+
P (1)Q(1)

Q(1)− 1
, Q(1) 6= 1;

f(x) + kP (1), Q(1) = 1.

(3)

3 (2) ¥©O- y = t, 1
t
(t > 1),�

f(x+R(t)) =
1

Q(t)
f(tx) + P (t).

f

(
x+R

(
1

t

))
=

1

Q
(
1
t

)f (x
t

)
+ P

(
1

t

)
.

�

f(tx) = Q(t)f(x+R(t))− P (t)Q(t) =
1

Q
(
1
t

)f(x− 1

t
R

(
1

t

)
) + P

(
1

t

)
.

¤±,

f

(
x+

[
R(t) +

1

t
R

(
1

t

)])
=

1

Q(t)Q
(
1
t

)f(x) +

(
P (t) +

P
(
1
t

)
Q(t)

)
. (4)
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e¡©�¹?Ø:

(I) � f,RþØ�~�¼ê�, Ï� lim
t→+∞

(
R(t) + 1

t
R
(
1
t

))
= +∞, ��-

R(t) + 1
t
R
(
1
t

)
= KR(1), Ù¥ K, tþ¿©�, K K ∼ R(t). d f Ø�~�¼

ê, '�(3),(4)�, e Q(1) 6= 1, K Q(1)K = Q(t)Q
(
1
t

)
, q K ∼ R(t), - t¿

©�, ��gñ. � Q(1) = 1, u´ Q(t)Q
(
1
t

)
= 1éÃ¡õ� t¤á, ù`²

Q(t)Q
(
1
t

)
≡ 1, dd�� Q(x) = xα(α ∈ N). 2'� (3),(4), �

P (t) +
P
(
1
t

)
Q(t)

= KP (1) =
R(t) + 1

t
R
(
1
t

)
R(1)

P (1)

éÃ¡õ� t¤á, u´Tª�´ð�ª, � (3) é¿©��¢ê K �¤á, K

f 3 x¿©����5�, = f(x) = P (1)
R(1)

x + T , 2d (3) �, é?¿�¢ê x,

k f(x) = P (1)
R(1)

x+ T , �£ (2) ��

P (1)

R(1)
(x+R(y)) + T =

1

yα
P (1)

R(1)
(xy + T ) + P (y),

K7k α = 1, T = 0, P (y) = P (1)
R(1)

R(y).

²u��¤á.

(II) � f �~� C �, C = C
Q(y)

+ P (y), K P �~� D, Q�~� E, u´

C = C
D

+ E.

²u��¤á.

(III) � R�~� C �, 3 (4)¥^ 1
t
O� t, �

f(x+ (C + Ct)) =
1

Q(t)Q
(
1
t

)f(x) +

(
P

(
1

t

)
+

P (t)

Q
(
1
t

)) .
Ó (I) ¥?Ø, - C + Ct = KC, = K = t + 1, � (3) '��, ��

Q(1) = 1,Q(x) = xα, ,��� f ´�5�, f(x) = P (1)
R(1)

x + T , Kk α = 1, T =

0,P (y) = P (1)
R(1)

R(y).

²u��¤á.

nþ¤ã, �K�¤k)�: f(x) = P (1)
R(1)

x,Q(x) = x, P (x) = P (1)
R(1)

R(x), Ù¥

R(x)´?¿Xê��¢ê�õ�ª, ±9 f(x) ≡ C,Q(x) ≡ D,P (x) = C − C
D

,

Ù¥ R(x)´?¿Xê��¢ê�õ�ª. �

µ5 ù´��é(J�¼ê�§, Ù¥k f, P,Q,Ro���¼ê, m©N

´��ò y D�� 1ò�¯K?1{z. J:3uù¿ØU��)û¯K, I

�2ò yD��,��i1 t, ò¯K=z�'u f(tcx+ c)Ú f(cx)m�'X.

�
�� f(x + c)Ú f(x)�m�'X, I�3- y = 1
t
, ¿òþüªéá, ��
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f(tx), ��1�� f(x + c)� f(x)�'Xª, òdª�þã y = 1�ªféá

�,��A�ð�ª, �Oþ?�Ò�� Q(x) = xα, �e�¯KÒN´)û
.

K 7. 3 96× 96���/þIP 7501�:. ·�ò�� 4× 4���/�

���Ù¥%� 2× 2�����{�Ü©¡���“µ”. y²: ��k��µ

¥k�� 10�:, �Ù>.�ù� 96× 96���/�>²1(Ø�½����

�Ü).

y² 1 òT 96 × 96���/*¿� 100 × 100���/¿�±���/

�¥%ØC. �Å�3 96× 96���/¥À��:, Kz��IP:�µ4�

VÇ�u�u 12
100×100 = 3

2500
. ¤±�µ4�:�Ï" E ≥ 7501 × 3

2500
> 9. ¤

±�3�«�¹µ4 10�:. �

y² 2 òT 96 × 96���/*¿� 99 × 99���/¿�±���/�

¥%ØC. 3ù 10000������:?�����µ, ¦�µ�¥%Ò´��

���:. (5: #��/������5����´ØÓ�).

�Äz����/¥�IP: A, : A�½3#��/�,��¥, �T

�Ø3>.þ, K±eã¥ù:�¥%�µ�½�¹: A.

Ïd, z�IP:����¹ 12g, ��3��µ,�¹�� 12×7501
10000

> 9�

:.

¤±, �3��µ, �¹�� 10�:. �

µ5 ù�|ÜKXJÙGVÇ��{�U¬uyK8��u3��/¥

�ÅÀ��:, ��ù��Uµ4�:�Ï"�u 9, Ò�½�3�«�¹��

µ4 10�:, �I���yz�:�µ4�VÇ�ue.Ò�±
. XJØ^

VÇ�{�±^�üg��{, 3��/S¥þ!����
:, �Äz�I

P:¬�õ�����:µ4, ù�ÒU
��ÚVÇ�{���(J.
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