
êÆ#(� >Æ);9
www.nsmath.cn/xszl

2020 è�Ù IMO I[èÀoÁK)��µÛ

��A

(uÀ���Æ1�Ná¥Æ, 201203)

����:/áu

è�Ù´î³¥Æ)êÆ¿m�rI,zcè�ÙêÆ¬Ñ¬ÏLêÆc

����/ª3�I��SÀÑ�Ü©¿m`DÆ)|¤êÆI[8Ôè,¿

l¥²LëYn|�Ào�ÁÀoÑ 6 ¶`�ö|¤�c� IMO I[è.8c

�è�ÙI[èÀoÁK#LO�,J´��,äk�Ð�ÀoõU.�<@�

Ù¥1 2!7!8 K�{üK;1 1!4!6 K�¥�K; 1 3!5!9 K�JK,c

Ù±1 9 K��.c�JÝªÝ��,Ù¥1 1!4 K	L(�{'¤�,�gØ

á�@;
1 3!5 KK´ü�`{�|Ü¯K,1 9 K���E,�êØK,I

�)KöS¢�Ä�õÚ(|�MEå.�©�Ñ 2020 cè�ÙI[èÀoÁ
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I. ÁÁÁ KKK

1. ¦¤k���ê a, b,¦� a3+b3

ab+4
= 2020.

2. �	�o>/ A1A2A3A4 ±�� p1,é���ÝÚ� k1,�	�o>

/ B1B2B3B4 ±�� p2,é���ÝÚ� k2.y²: e p21 + p22 = (k1 + k2)
2,K

A1A2A3A4Ú B1B2B3B4������/.

3. 66�L<��k 111ºlf,zºlfÑáu,�A½�L<,zºl

fÑ�/Ú,ù 66�L<�lf�k 66«ôÚ.�L<L!F�,z�L<Ñ

�Ñ�ºgC�lf�þ.®�: é?Û�g!F,¤kL<¤�lf�ôÚÑ

Ø�Ó.é?¿üg!F,���3��L<,¦3üg!F¥¤�lf�ôÚ

ØÓ.@o,L<��õ�±Lõ�g!F?

?¾FÏ: 2020-05-01.
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4. ¦¤k�¼ê f : Z+ → Z+,¦�é¤k n ∈ Z+,

(n− 1)2020 <
2020∏
l=1

f (l)(n) < n2020 + n2019.

5. ®��p¤kÆ)¶iÑØ�Ó,���k�éÆ)´*l,�Ì?�

Ð
�°�^S�Æ)¶ü,¶üþ�Æ)�g3ç�þ�e�cvkÑy3

ç�þ�gC¤k*l�¶i.e¶üþ�z�Æ)Ñ3ç�þ�e
���

�¶i,�ù�L§(å�,¤k��k��*l�Æ)�¶iÑÑy3
ç�

þ,Ò¡ù�¶ü´“ �7¶ü”.y²:�½�3�°�7¶ü,�Ù¥�¶i�

ê�óê.

6. 4ABC ¥, AB þ�: DÚ AC þ�: E ÷v DE � BC, BE � CD

�u: P, 4APD�	��Ú4BCD�	��2g��uM, 4APE�	�

�Ú4BCE �	��2g��u N.� ω�L:M, N �� BC ����,L

M, N ©O� ω���.y²: ùü^����:3 AP þ.

7. Xã.� Ωþ�n^u A1A2, B1B2, C1C2p�²1, M � Ωþ�:,�

� A1M, B2C2 �u: X,�� B1M, A2C2 �u: Y,�� C1M, B2A2 �u:

Z.¦y: X, Y, Z ��.

8. �¢ê x, y, z÷v 0 < x, y, z < 1.¦e�L�ª����:

xyz(x+ y + z) + (xy + yz + zx)(1− xyz)

xyz
√

1− xyz
.
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9. é��ê a, n, � f(a, n) L« modn ¿Âe÷v x1x2 · · ·x10 ≡ a

(mod n) ���ê| (x1, x2, · · · , x10) ��ê. (5: modn ¿Â�eé?¿

i, xi ≡ yi (mod n),K (x1, x2, · · · , x10)� (y1, y2, · · · , y10)À�Ó�|ê. )

� a, b���ê.

(1)y²: �3��ê c,¦� f(a, cn)
f(b, cn)

´� nÃ'�~ê.

(2)¦¤k���êé (a, b),¦�÷v1 (1) ¯^�� c����� 27.

///. )))������µµµ555

1. ¦¤k���ê a, b,¦� a3+b3

ab+4
= 2020.

) P p1 = 2, p2 = 5, p3 = 101, K p1, p2, p3 þ�� 3 { 2 ��ê, �

2020 = 2p1p2p3.

d^��: a
3+b3

ab+4
= 2p1p2p3⇒ p1p2p3|a3 + b3.

·�y²:é i = 1, 2, 3,k pi | a+ b. (1)

e a, b¥�3 pi ��ê,Kd pi | a3 + b3 � a, bþ� pi ��ê,(Ø (1)

¤á.

e� piØ�Ø a, b,Kd pi | a3 + b3�

a3 ≡ (−b)3 (mod p)i,

d pi ≡ 2 (mod 3)�

api−2 ≡ (−b)pi−2 (mod pi),

qd¤ê�½n�

api−1 ≡ (−b)pi−1 (mod pi),

l
 a ≡ −b (mod pi),= pi | a+ b,�(Ø (1) �y.

d (1) � 1010 | a+ b,qd^��

2020

a+ b
=
a2 − ab+ b2

ab+ 4
≥ ab

ab+ 4
,

Ù¥ ab ≥ max{a, b} ≥ 505,�

ab

ab+ 4
≥ 505

509
>

2

3
.

?

2020

a+ b
≥ ab

ab+ 4
>

2

3
⇒ a+ b < 3030,

(Ü 1010 | a+ b� a+ b ∈ {1010, 2020}.
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e a+ b = 2020,Kd^��

a2 − ab+ b2

ab+ 4
=

2020

a+ b
= 1,

= (a− b)2 = 4,l
 |a− b| = 2, (a, b) = (1009, 1011)½ (1011, 1009),d�

a3 + b3

ab+ 4
= (a+ b) · a

2 − ab+ b2

ab+ 4
= 2020 · 1 = 2020.

ÎÜ^�;

e a+ b = 1010,Kd^��

a2 − ab+ b2

ab+ 4
=

2020

a+ b
= 2,

= (a+ b)2 − 5ab = 8. d (1) � 5 | (a+ b)2 − 5ab, 
 5 Ø�Ø 8, gñ, �

a+ b = 1010Ø¤á.

nþ¤¦ (a, b)� (1009, 1011)½ (1011, 1009). �

µ5 �KI���'��{: é�ê p ≡ 2 (mod 3), e p | a3 + b3, K

p | a + b;¿I�*	� 2020 �¤k�Ïfþ� 3 { 2,ù��{3Ø½�§¯

K¥Ø~�,l
�K\Ã¿ØN´.

2. �	�o>/ A1A2A3A4 ±�� p1,é���ÝÚ� k1,�	�o>

/ B1B2B3B4 ±�� p2,é���ÝÚ� k2.y²: e p21 + p22 = (k1 + k2)
2,K

A1A2A3A4Ú B1B2B3B4������/.

y² ky²: p1 ≥
√

2k1,�Ò¤á��=� A1A2A3A4´��/. (1)

� A1A3, A2A4 �u O. 5¿�, ∠A1OA2 + ∠A2OA3 = 180◦, l
½ö

∠A1OA2 ≥ 90◦,½ö ∠A2OA3 ≥ 90◦,Ø�� ∠A1OA2 = ∠A3OA4 ≥ 90◦.

dA1A2A3A4	�u��A1A2+A3A4 =A2A3+A4A1,l
 p1 = 2(A1A2+

A3A4),?


p1 = 2(A1A2 + A3A4) ≥ 2(
√
A1O2 + A2O2 +

√
A3O2 + A4O2)

≥
√

2(A1O + A2O + A3O + A4O) =
√

2k1.

Ù¥þª^� ∠A1OA2 = ∠A3OA4 ≥ 90◦9�ÜØ�ª.
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e¡?Ø�Ò¤á^�: p1 =
√

2k1��=�þãL§¥z�Úþ��Ò,

= ∠A1OA2 = ∠A3OA4 = 90◦� A1O = A2O, A3O = A4O. (2)

��¡,e A1A2A3A4 ´��/,dé¡5� (2) ¤á.,��¡,e (2) ¤

á,Kd

A1A2 + A3A4 = A2A3 + A4A1

�
√

2A1O +
√

2A4O = 2
√
A1O2 + A4O2,

= (A1O − A4O)2 = 0,� A1O = A2O = A3O = A4O� A1A3⊥A2A4,dé¡5

� A1A2A3A4 ´��/,l
 p1 =
√

2k1 ��=� A1A2A3A4 ´��/,(Ø

(1) �y!

Ón��: p2 ≥
√

2k2,�Ò¤á��=� B1B2B3B4´��/.

£��K,

p21 + p22 = (k1 + k2)
2 ⇒ (p21 − 2k21) + (p22 − 2k22) + (k1 − k2)2 = 0,

Ù¥ (k1 − k2)2 ≥ 0,d (1) �

p21 − 2k21 ≥ 0, p22 − 2k22 ≥ 0,

l
�U

p21 − 2k21 = p22 − 2k22 = (k1 − k2)2 = 0.

� k1 = k2,�d (1)�A1A2A3A4, B1B2B3B4´��/.�A1A2A3A4, B1B2B3B4

´�����/,�·K�y. �

µ5 N´y²:éz��	�o>/k±� pÚé���Ú k �Ø�ª

p ≥
√

2k,�Ò¤á��=�o>/���/,2d^�|^Ø�Y��=y.

3. 66�L<��k 111ºlf,zºlfÑáu,�A½�L<,zºl

fÑ�/Ú,ù 66�L<�lf�k 66«ôÚ.�L<L!F�,z�L<Ñ

�Ñ�ºgC�lf�þ.®�: é?Û�g!F,¤kL<¤�lf�ôÚÑ

Ø�Ó.é?¿üg!F,���3��L<,¦3üg!F¥¤�lf�ôÚ

ØÓ.@o,L<��õ�±Lõ�g!F?

) �Ä���Üã G = (V1, V2, E),Ù¥ V1 � 66�L<�¤�8Ü, V2

� 66«ôÚ�¤�8Ü,é i ∈ V1, j ∈ V2,- ij ∈ E ��=�L< ik j ôÚ

�lf.du��k 111ºlf,� 1 ≤ |E| ≤ 111 (k�U 1 ≤ |E| < 111,-,
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�L<keZ�ÓÚlf=�),�d^��,!F���gê=� G¥�{�

���ê.P f(G)� G¥�{����ê.

��¡,- Gd 22����Üã K2,2 9 22����Üã K1,1 �¤,d�

|E| = 110,�z����ÜãK2,2¥k 2��{��,� f(G) = 222�±��.

,��¡,·�y²�½k f(G) ≤ 222.

·�y²����(Ø: é�Üã G = (V1, V2, E),e |V1| = |V2| ≥ 1,K

f(G) ≤ 2

[
|E|−|V1|

2

]
. (1)

é |V1| 8By² (1) . � |V1| = |V2| = 1 �, e |E| = 1, K f(G) = 1, e

|E| = 0,K f(G) = 0,(Ø (1) þ¤á.

e� |V1| = |V2| ≥ 2�(Ø (1) 3 |V1|����ÿþ¤á.

e G¥�3�á:,K f(G) = 0,(Ø (1) ¤á.

e� G¥Ã�á:,� G¥Ýê���:,P� a,Ø�� a ∈ V1 (ÄK

�� V1, V2 ).� a�Ýê� N(N ≥ 1),� a��:� b1, b2, · · · , bN ∈ V2.é

i = 1, 2, · · · , N,P Gi�l G¥í�: a, bi9� a½ bi�ë�>¤����

Üã.� Gi = (Ui, U
′
i , Ei),K

|Ui| = |U ′i | = |V1| − 1,

d a�Ýê��� a, biÝêþ�u�u N,l


|Ei| ≤ |E| − (2N − 1),

�d8Bb��

f(Gi) ≤ 2

[
|Ei|−|Ui|

2

]
≤ 2

[
|E|−(2N−1)−(|V1|−1)

2

]
= 2

[
|E|−|V1|

2

]
· 1

2N−1
. (2)

·��ÄO� f(G): qÞG��{��¥ a�éA:,é i = 1, 2, · · · , N, a

�éA:� bi� G��{���ê=� f(Gi),l


f(G) =
N∑
i=1

f(Gi) ≤
N

2N−1
· 2

[
|E|−|V1|

2

]
, (^� (2) )

Ù¥, N = 1�, N
2N−1 = 1, N ≥ 2�dËãåØ�ª,

2N−1 ≥ 1 + (N − 1) = N,

�ok N
2N−1 ≤ 1,l


f(G) ≤ N

2N−1
· 2

[
|E|−|V1|

2

]
≤ 2

[
|E|−|V1|

2

]
.

�d8B{�(Ø (1) �y.AO/, |V1| = |V2| = 66, |E| ≤ 111�,

f(G) ≤ 2

[
|E|−|V1|

2

]
≤ 2[ 452 ] = 222.
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nþ,¤¦ f(G)���� 222. �

µ5 �K�8I´¦Ñ�:ê!>ê�½�,�Üã�{���ê���

�.5¿��>ê���,�½¬�)�Ý:,l
íäÑ�K¤I��O��

>ê~:êk'.ßÿ�YÚ�E�Ü©,du����Üã��{��êvk

{ü�O��{,��Ä�
�°(¦Ñ�{��ê��Üã,~XdeZ�

���Üã�¤,¿O�uy�{��ê3eZ� K1,1 Ú K2,2 ���.�K�

��J:´�E¥��L¤
�^>,l
ßÿ�U�k�Ð��E.y²�

Ü©,^���y²�{(éA�)J±n�,I��Ä���(Ø¿æ^8B{,

8BL§¥�I¦^4à�n�y�K�>êØ¬��,?
´u�¤8BL

Þ.

4. ¦¤k�¼ê f : Z+ → Z+,¦�é¤k n ∈ Z+,

(n− 1)2020 <
2020∏
l=1

f (l)(n) < n2020 + n2019.

) f(n) = n(n ∈ Z+)�,é n ∈ Z+,k
2020∏
l=1

f (l)(n) = n2020 ∈
(
(n− 1)2020, n2020 + n2019

)
,

ÎÜ^�.

ey²: �U f(n) = n(n ∈ Z+).

�y: b��3 x ∈ Z+¦ f(x) 6= x,�ù�� x¥�����.

�/ 1. f(x) < x.

d x��� f(f(x)) = f(x),?
é?¿ l ∈ Z+,k f (l)(x) = f(x),�
2020∏
l=1

f (l)(x) = f(x)2020 ≤ (x− 1)2020.

�^�gñ.

�/ 2. f(x) > x.

d^��

(x+ 1) · x2019 >
2020∏
l=1

f (l)(x) ≥ (x+ 1)·
2020∏
l=2

f (l)(x),

=
2020∏
l=2

f (l)(x) < x2019,

l
�3 k ∈ {2, 3, · · · , 2020},¦ f (k)(x) < x,�ù�� k ¥�����.P
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y = f (k−1)(x),K

f(y) = f (k)(x) < x.

d x��� f(f(y)) = f(y),?
é?¿ l ∈ Z+ k f (l)(y) = f(y),l
d^�

�:
2020∏
l=1

f (l)(y) >(y − 1)2020 ⇒ f(y)2020 > (y − 1)2020

⇒ f(y) ≥ y

⇒ f (k−1)(x) = y ≤ f(y) < x,

� k��gñ( k = 2�� f(x) > x�gñ).

nþ, f(x) 6= xØ¤á,�¤¦¼ê� f(n) = n(n ∈ Z+). �

µ5 �K´ß��Y� f(n) = n(∀n ∈ Z+).y²|^�y{(Ü4à�

n=��Ñgñ.XJæ^�°[��O,ò^�m>��� (n2 + n)
1010
��.

5. ®��p¤kÆ)¶iÑØ�Ó,���k�éÆ)´*l,�Ì?�

Ð
�°�^S�Æ)¶ü,¶üþ�Æ)�g3ç�þ�e�cvkÑy3

ç�þ�gC¤k*l�¶i.e¶üþ�z�Æ)Ñ3ç�þ�e
���

�¶i,�ù�L§(å�,¤k��k��*l�Æ)�¶iÑÑy3
ç�

þ,Ò¡ù�¶ü´“ �7¶ü”.y²:�½�3�°�7¶ü,�Ù¥�¶i�

ê�óê.

y² Ø��z�Æ)þk*l(ÄK�Kvk*l�Æ),(ØØC).

·�UXe�ª�E��dØÓÆ)|¤�S� a1, b1, a2, b2, · · · , aN , bN
(N ≥ 1, N �½):

k- a1, b1�?¿�é*l.

é k ≥ 1,e�3Æ) xØ3 a1, b1, a2, b2, · · · , ak, bk¥,�� a1, b1, a2, b2,

· · · , ak, bk þØ´*l,K- bk+1 = x,- ak+1 � bk+1 �?¿��*l(w,

ak+1 /∈ {a1, b1, a2, b2, · · · , ak, bk} ).eù��Æ) xØ�3,KS�(å.

y3�Ä¶ü Z : bN , bN−1, · · · , b1, a1, a2, · · · , aN .·�y²: Z ´“�7

¶ü”.

dS� a1, b1, a2, b2, · · · , aN , bN (å�^��: �K¥ö�(å�,¤k

Ø3 Z ¥�Æ)þ3ç�þ,�d ai, bi(i = 1, 2, · · · , N)´*l�,¤k3 Z

¥�Æ)þ3ç�þ,�¤kÆ)þ3ç�þ.
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q5¿�, bN �e aN ,

é i = N − 1, · · · , 2, 1,d bN , · · · , bi+1�½Â�: bN , · · · , bi+2, bi+1þØ

´ ai�*l,
 bi´ ai�*l,� bi�e ai.

d bN , · · · , b1�½Â�: bN , bN−1, · · · , b1þØ´ b1�*l,� a1�e b1.

é i = 2, 3, · · · , N, d bN , · · · , bi+2, bi+1 �½Â�, bN , · · · , bi+2, bi+1

þØ´ bi �*l( i = N �, bN , · · · , bi+2, bi+1 L«�), �d bi �½Â�

bi−1, · · · , b2, b1, a1, a2, · · · , ai−1 þØ´ bi �*l,
 ai ´ bi �*l,� ai �

e bi.

l
é i = 1, 2, · · · , N, ai�e bi, bi�e ai,z� Z þ�Æ)���e�

�¶i.

nþ, Z ÎÜK�^�,� Z ´“�7¶ü”,� Z ¥�<ê 2N ´��óê.

��·K�y! �

µ5 �K�¦�7¶ü�<ê�óê,XÛ��“óê”? ���{´ò¶

ü¥�<üü�é,z�é¥�ü�<�é��¶i(T�{5
uéÙ¦�{

�}Á,A�Ñküü�é�aú).·��Äk(½�é�Y,2(½^S,ù

z���k�ã G = (V, E)�¯K,Ù¥ V �¤k��é��<,>
−→
uv∈ E L

«¶ü¥�¦ u3 vc¡,I� G¥Ã��z�<Ñk V ¥�*l.5¿�e

GÃ�
�3�<vk V ¥�*l,K�½�±3 G¥\\�é*l,¦ GE

Ã�.)�¥�S�Ò´Uìù��{�E�.

6. 4ABC ¥, AB þ�: DÚ AC þ�: E ÷v DE � BC, BE � CD

�u: P, 4APD�	��Ú4BCD�	��2g��uM, 4APE�	�

�Ú4BCE �	��2g��u N.� ω�L:M, N �� BC ����,L

M, N ©O� ω���.y²: ùü^����:3 AP þ.

y² � AP, BC �u O,�Ä 4ABC 9: P,dl�½n� BO
OC

= BD
DA
·

AE
EC

= 1 (^� DE �BC ),� OB = OC.
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�Ä± O��ü¥%, OB��ü�»��üC� ϕ.

K B, C � ϕ�ØÄ:.� A′, P ′, M ′, N ′ � A, P, M, N 3 ϕ¥��,K

O, P, A′, A, P ′��.

d A, P, D, M ��, B, C, D, M ��� M ���o>/ BDAPOC

¥���:,l
 A, B, M, O ��, C, P, M, O ��.?
 A′, B, M ′ ��,

C, P ′, M ′��.

Ónk A′, C, N ′��, B, P ′, N ′��.

�Ä4BCP ′9: A′,dl�½n,

BN ′

N ′P ′
· P
′M ′

M ′C
=
BO

OC
= 1,

� N ′M ′ �BC.

qd ON ·ON ′ = OM ·OM ′�4OMN ∼ 4ON ′M ′,l


∠NMO = ∠M ′N ′O = ∠NOB,

�4OMN �	��� BO��u O,l
 ω�4OMN �	��.

� ω �L M, N ����uT, � OP ′, M ′N ′ �u S, d M ′N ′ � BC 9

BO = OC � N ′S = SM ′.d�u½n�

sin∠NOT
sin∠MOT

=
sin∠TNO ·NT/TO
sin∠TMO ·MT/TO

=
sin∠TNO
sin∠TMO

=
sin∠OMN

sin∠ONM

=
sin∠ON ′M ′

sin∠OM ′N ′
=

sin∠N ′OS ·OS/N ′S
sin∠M ′OS ·OS/M ′S

=
sin∠N ′OS
sin∠M ′OS

.

� O, T, S ��,= T 3 AP þ,�·K�y! �

µ5 �KI����:��'�µ�£,¿5¿�kõ���:,��Ä

|^�üC�z���.¯K5y.
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7. Xã.� Ωþ�n^u A1A2, B1B2, C1C2p�²1, M � Ωþ�:,�

� A1M, B2C2 �u: X,�� B1M, A2C2 �u: Y,�� C1M, B2A2 �u:

Z.¦y: X, Y, Z ��.

y² d A1A2 �B1B2� A1B1 = A2B2,?


∠XMY = ∠A1MB1 = ∠A2C2B2 = ∠XC2Y,

� X, Y, M, C2o:��,l


∠XYM = ∠XC2M = ∠B2C2M = ∠B2B1M,

� XY �B1B2. (1)

aq/k

A1A2 � C1C2 ⇒ A1C1 = A2C2

⇒ ∠XB2Z = 180◦ − ∠A2B2C2 = ∠A1MC1 = 180◦ − ∠XMZ

⇒ X, Z, M, B2o:��,

l


∠XZM = ∠XB2M = ∠C2B2M = ∠C2C1M,

� XZ � C1C2. (2)

(Ü (1)(2) �: XY �B1B2 � C1C2 �XZ ⇒ X, Y, Z n:��.�K�y!�
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µ5 ��±�Ä��XY Z�4A2B2C2,¿A^Menelaus½n5)�K.

8. �¢ê x, y, z÷v 0 < x, y, z < 1.¦e�L�ª����:

xyz(x+ y + z) + (xy + yz + zx)(1− xyz)

xyz
√

1− xyz
.

) P�KL�ª� f.

d 0 < x, y, z < 1� 1− xyz > 0.l
dþ�Ø�ª�

f ≥
2
√
xyz(x+ y + z)(xy + yz + zx)(1− xyz)

xyz
√

1− xyz

= 2

√
(x+ y + z)(xy + yz + zx)

xyz

≥ 2

√√√√3 3
√
xyz · 3 3

√
(xyz)2

xyz
= 6.

,��¡,- x = y = z = t,Ù¥ t ∈ (0, 1), t3 + t2 = 1 (du t = 0� t3 + t2 = 0,

t = 1� t3 + t2 = 2,�d0�½n�ù�� t�3), d�

f =
t3 · 3t+ 3t2 · (1− t3)

t3 ·
√

1− t3
=
t3 · 3t+ 3t2 · t2

t3 ·
√
t2

= 6

�±��.

� fmin = 6. �

µ5 ´y² f ������ x = y = z.5¿�©f¥ü����dþ�

Ø�ª?1� ,?
��
√

1− xyz (�K'�) =�¦����.

9. é��ê a, n, � f(a, n) L« modn ¿Âe÷v x1x2 · · ·x10 ≡ a

(mod n) ���ê| (x1, x2, · · · , x10) ��ê. (5: modn ¿Â�eé?¿

i, xi ≡ yi (mod n),K (x1, x2, · · · , x10)� (y1, y2, · · · , y10)À�Ó�|ê. )

� a, b���ê.

(1)y²: �3��ê c,¦� f(a, cn)
f(b, cn)

´� nÃ'�~ê.

(2)¦¤k���êé (a, b),¦�÷v1 (1) ¯^�� c����� 27.

) ky²A�Ún:

ÚÚÚnnn 1 é��ê a, n, n′,e (n, n′) = 1,K

f(a, nn′) = f(a, n) · f(a, n′).

y² d (n, n′) = 1�,é x1, x2, · · · , x10 ∈ Z, x1x2 · · · x10 ≡ a (mod nn′)

www.nsmath.cn 12



�¿�^�´:

x1x2 · · ·x10 ≡ a (mod n)� x1x2 · · ·x10 ≡ a (mod n′).

qd (n, n′) = 1�é i = 1, 2, · · · , 10, xi� nn′�{êd xi� n, n′�{ê�

�(½,�é?�| y1y2 · · · y10 ≡ a (mod n)9�| z1z2 · · · z10 ≡ a (mod n′),

T��éA�| x1x2 · · ·x10 ≡ a (mod nn′), Ù¥ xi ≡ yi (mod n), xi ≡ zi

(mod n′), i = 1, 2, · · · , 10.

l
 f(a, nn′) = f(a, n) · f(a, n′),Ún 1�y!

ÚÚÚnnn 2 é��ê a, a′, ne (a′, n) = 1,K

f(aa′, n) = f(a, n).

y² d (n, a′) = 1�,é x1, x2, · · · , x10 ∈ Z, x1x2 · · ·x10 ≡ a (mod n)

�¿�^�´:

(x1a
′)x2 · · ·x10 ≡ aa′ (mod n).

qd (n, a′) = 1�,é� n¿ÂeØÓ� x1,�A� x1a
′� n{êØÓ,�é?

�| x1x2 · · ·x10 ≡ a (mod n),T��éA�| y1y2 · · · y10 ≡ aa′ (mod n)Ù¥

y1 ≡ x1a
′ (mod n), yi ≡ xi (mod n), i = 2, 3, · · · , 10.

l
 f(aa′, n) = f(a, n),Ún 2�y!

ÚÚÚnnn 3 � N ���ê, p1, p2, · · · , pN ´ØÓ�ê, α1, α2, · · · , αN , β1, β2,

· · · , βN ´�K�ê,K

f
(
pα1
1 p

α2
2 · · · p

αN
N , pβ11 p

β2
2 · · · p

βN
N

)
=

N∏
i=1

f
(
pαi
i , p

βi
i

)
.

y² 5¿�,

f
(
pα1
1 p

α2
2 · · · p

αN
N , pβ11 p

β2
2 · · · p

βN
N

)
=

N∏
i=1

f
(
pα1
1 p

α2
2 · · · p

αN
N , pβii

)
(dÚn 1 )

=
N∏
i=1

f
(
pαi
i , p

βi
i

)
(dÚn 2 ),

�Ún 3�y�

ÚÚÚnnn 4 é�ê p,�K�ê α, β,e α < β,K

f(pα, pβ) =

(
α + 9

9

)
· (p− 1)9 · p9(β−1).

y² é i = 1, 2, · · · , 10, � xi ≡ λi · pθi
(
modpβ

)
, Ù¥ λi ∈ Z+, θi ∈

N, λi · pθi ∈
[
1, pβ

]
, p - λi, λi ∈

[
1, pβ−θi

]
.K

x1x2 · · ·x10 ≡ λ1λ2 · · ·λ10 · pθ1+θ2+···+θ10
(
modpβ

)
.
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�x1x2 · · ·x10 ≡ pα
(
modpβ

)
�¿�^�´:

λ1λ2 · · ·λ10 ≡ 1
(
modpβ−α

)
� θ1 + θ2 + · · ·+ θ10 = α.

k(½ (θ1, θ2, · · · , θ10), �k
(
α+9
9

)
|; 2?� (λ1, λ2, · · · , λ9), �k

9∏
i=1

ϕ
(
pβ−θi

)
|.

éu�½� (θ1, θ2, · · · , θ10, λ1, λ2, · · · , λ9), λ10A÷v: λ10 ∈
[
1, pβ−θ10

]
,

p - λ10,�

(λ1λ2 · · ·λ9) · λ10 ≡ 1
(
modpβ−α

)
,

ù�� λ10 ��ê� pα−θ10 ,l
,éu�½� (θ1, θ2, · · · , θ10), (λ1, λ2, · · · , λ10)

��ê�(
9∏
i=1

ϕ(pβ−θi)

)
· pα−θ10

=

(
9∏
i=1

(
(p− 1) · pβ−θi−1

))
· pα−θ10(Ï�é i = 1, 2, · · · , 9, β − θi ≥ β − α ≥ 1 )

=(p− 1)9 · p9(β−1)−θ1−θ2−···−θ9+(α−θ10)

=(p− 1)9 · p9(β−1).

?
 (λ1, λ2, · · · , λ10, θ1, θ2, · · · , θ10)��ê�
(
α+9
9

)
· (p− 1)9 · p9(β−1),=

f(pα, pβ) =

(
α + 9

9

)
· (p− 1)9 · p9(β−1),

Ún 4�y!

ÚÚÚnnn 5 é�ê p,�K�ê β,k

f(pβ, pβ) >

(
β + 9

9

)
· (p− 1)9 · p9(β−1).

y² e β = 0,K

f(pβ, pβ) = f(1, 1) = 1 > (p− 1)9 · p−9,

(Ø¤á.

e� β ≥ 1,E÷^Ún 4�y²¥�PÒ,Ké x1, x2, · · · , x10 ∈ Z, x1x2
· · · x10 ≡ pβ

(
modpβ

)
���¿©^�´:

θ1 + θ2 + · · ·+ θ9 ≤ β, � θ10 ≥ β − θ1 − θ2 − · · · − θ9.

k(½ (θ1, θ2, · · · , θ9),�
(
β+9
9

)
|;2?� (λ1, λ2, · · · , λ9),�

9∏
i=1

ϕ
(
pβ−θi

)
|.

éu�½� (θ1, θ2, · · · , θ9, λ1, λ2, · · · , λ9), (θ10, λ10)A÷v:

pβ−θ1−···−θ9 | pθ10λ10, � pθ10λ10 ∈
[
1, pβ

]
,
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ù�� pθ10λ10��ê�

pβ−(β−θ1−···−θ9) = pθ1+θ2+···+θ9 ,

= (θ10, λ10)��ê� pθ1+θ2+···+θ9 ,l


f(pβ, pβ) ≥
∑

θ1+···+θ9≤β
θ1, ··· , θ9≥0

((
9∏
i=1

ϕ(pβ−θi)

)
· pθ1+θ2+···+θ9

)

>
∑

θ1+···+θ9≤β
θ1, ··· , θ9≥0

(
9∏
i=1

(
(p− 1)pβ−θi−1

)
· pθ1+θ2+···+θ9

)

=
∑

θ1+···+θ9≤β
θ1, ··· , θ9≥0

(p− 1)9p9(β−1)

=

(
β + 9

9

)
(p− 1)9p9(β−1).

(ù´Ï�é d ∈ N, k ϕ(pd) ≥ (p − 1)pd−1. �Ò¤á��=� d ≥ 1, 


(θ1, θ2, · · · , θ9) = (β, 0, · · · , 0)��ÒØ¤á), Ún 5�y!

y£��K.� a = b�, ∀c ∈ Z+, f(a, cn)
f(b, cn)

= 1,� nÃ'.e� a 6= b,� p1,

p2, · · · , pm(m ≥ 1)� ab�¤kØÓ�Ïf,¿�

a = pu11 · · · pumm , b = pv11 · · · pvmm (ui, vi ∈ N),

�

c = pw1
1 · · · pwm

m · s(wi ∈ N, (s, p1p2 · · · pm) = 1),

K cn T�H¤k/X p
w′1
1 · · · p

w′m
m · s′ ���ê. Ù¥ w′i ≥ wi(i = 1, · · · ,m),

s | s′, s′ ≥ 1.

P I = {i|i ∈ {1, 2, · · · , m}, ui 6= vi},dÚn 3�

f(a, cn)

f(b, cn)
=

(
m∏
i=1

f
(
puii , p

w′i
i

))
· f(1, s′)(

m∏
i=1

f
(
pvii , p

w′i
i

))
· f(1, s′)

=
∏
i∈I

f
(
puii , p

w′i
i

)
f
(
pvii , p

w′i
i

) .
� f(a, cn)

f(b, cn)
� nÃ'�¿�^�´:é i ∈ I, f(p

ui
i , p

w′i
i )

f(p
vi
i , p

w′
i

i )
3 w′i ≥ wi �´��� w′i

Ã'�~ê. ( ∗ )

5¿�� w′i > max{ui, vi}�,dÚn 4�:

f
(
puii , p

w′i
i

)
f
(
pvii , p

w′i
i

) =

(
ui+9
9

)(
vi+9
9

) , (1)

´��� w′iÃ'�~ê.
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,��¡, w′i = max{ui, vi}�,dÚn 5�:

e ui > vi,K

f(puii , p
ui
i )

f(pvii , p
ui
i )

>

(
ui+9
9

)(
vi+9
9

) . (2)

e ui < vi,K

f(puii , p
vi
i )

f(pvii , p
vi
i )

<

(
ui+9
9

)(
vi+9
9

) . (3)

(Ü (1) (2) (3) �, ( ∗ )¤á�¿�^�´: é i ∈ I,k wi > max{ui, vi}.

l
é�½� a, b,ÎÜ�K�¦� c�3,�����
∏
i∈I
p
max{ui, vi}+1
i .

� c���� 27 �¿�^�´: a, b¹ 3 ��gØÓ,���ö� 2,� a, b

¹Ù¦�ê�gþ�Ó.

dd�¤kù�� (a, b)� (A, 9A), (9A, A), (3A, 9A), (9A, 3A),Ù¥

(A, 3) = 1, A ∈ N∗. �

µ5 ù´dgÀo�Á 9�ÁK¥L§�����,·�òÙz� 5�

Ún5y²,
z�Ún�y²ÑØ´éJ,� 2015c IMO 1 2Kk:aq.

dK��'���{´: f(a, n)é�õê a, nÑ�3{ü�L�ª,éÙ¦�

a, n�kÜ·��O,dd�Ñ
�K�g´.
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