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I. ýýý������£££

1.��ê8þ�pppÖÖÖêêê���½Â.

��êê� {xn}, {yn}XJ÷v:

(1)é?¿� i, j ∈ N+, i 6= j,þk xi 6= xj, yi 6= yj;

(2)é?¿� i, j ∈ N+,þk xi 6= yj;

(3)8Ü {x1, x2, · · · }� {y1, y2, · · · }�¿8� N+.

K¡ê� {xn}� {yn}3��ê8þp�pÖê�.

2.���000-aaa|||½½½nnn

� α, β ��Ãnê,� 1
α
+ 1

β
= 1,Kê� {an}Ú {bn}���ê8þ�p

Öê�,ùp an = [αn], bn = [βn], n = 1, 2, · · · .

y² d α, β ��Ãnê,� 1
α
+ 1

β
= 1 ⇒ α, β > 1,´�ê� {an}Ú

{bn}�4O���êê�,w,÷v^� (1).

e�3 l ∈ N+,¦� [αi] = [βj] = l(i, j ∈ N+),Kk l ≤ αi < l + 1, l ≤

βj < l + 1,¤±
i

l + 1
<

1

α
≤ i

l
,

j

l + 1
<

1

β
≤ j

l
.

q α, β��Ãnê,�k

i

l + 1
<

1

α
<
i

l
,

j

l + 1
<

1

β
<
j

l
,

?¾FÏ: 2020-05-09.

1 êÆ#(�

http://www.nsmath.cn/xszl


l��
i+ j

l + 1
<

1

α
+

1

β
= 1 <

i+ j

l
⇒ l < i+ j < l + 1,

�ü������ê l, l+1�mØ�3��ê,gñ.¤±ê� {an}Ú {bn}÷

v^� (2).

e�3 l ∈ N+,¦� l /∈ {x1, x2, · · · }
⋃
{y1, y2, · · · },K�3 i, j ∈ N+,¦

� [αi] ≤ l− 1,� [α(i+ 1)] ≥ l + 1, [βj] ≤ l− 1,� [β(j + 1)] ≥ l + 1,aqþ¡

�ín��,
i

l
<

1

α
<
i+ 1

l + 1
,
j

l
<

1

β
<
j + 1

l + 1
.

¤±

i+ j

l
<

1

α
+

1

β
= 1 <

i+ j + 2

l + 1
⇒ i+ j < l < l + 1 < i+ j + 2,

ù�´gñ�.¤±ê� {an}Ú {bn}÷v^� (3).

nþ,½n�y. �

II. ¯̄̄ KKK

3Æ7�)P�þ·��
Xe¯K:

¯K ½Âê� {an} ÷v a1 = 1, an ´÷v n | a1 + a2 + · · · + an �

an 6= ai(i < n)�����ê.¦y: aan = n.

y{ 1 �Ä��êê� 1, 2, 3, 4, 5, 6, · · · ,·�UXe�ªö�:

1�½ØC,1 1gö� 2, 3�� �(^↔L«�� �),P� 2 ↔ 3,

1 2gö� 4↔ 6, · · · ,1 tgö� kt ↔ kt + t ( kt�c t− 1gö��,ê�¥

vkë�Lö����ê(�u 1 )).Pö�����#ê�� {bn},w,z�

�Ñ´��ØÄ:,k bbn = n.

P8Ü T = {b1, b2, · · · , bn} ,�8Ü T �8Ü T (T = N+ \ T )�mT?1


 t(0 ≤ t ≤ n − 1)gþã�ö�,ù
ö�¥' n��ê���
c¡(�8

Ü T S),Ø�u n�ê���
�¡(�8Ü T S).P8Ü T ¥ë�
ù t

gö��ê©O�

(n <)bn1 < bn2 < · · · < bnt .

¿�Ù¥ bni
ë��´1 cni

(1 ≤ i ≤ t)gö�,�� cni
(1 ≤ i ≤ t)�ëY�

��ê� cn1 < cn2 < · · · < cnt (ù´Ï�,e cn2 < cn1 ,5¿�1 cn2 gö��
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(bn2 − cn2)↔ bn2 .�d�,�ê�¥' (bn2 − cn2)��ê (bn1 − cn1)�vk�ö

�L(§ë��´1 cn1 g),�ö��¦�gñ.e cn2 > cn1 + 1,�1 cn1 + 1g

ö�� x↔ (x+ cn1 + 1),Kaq��,

bn1 − cn1 < x < bn2 − cn2 ≤ n,

Ïd

x+ cn1 + 1 > bn1 + 1 > n,

ù�áu8Ü T �8Ü T �m�ö�, gñ. ¤± cn2 = cn1 + 1 Ón, cn3 =

cn2 + 1 · · · ,�daí,?�Úk cni
(1 ≤ i ≤ t)��gëY���ê).

e¡Äky²: n | b1 + b2 + · · ·+ bn. (∗)

·�Ø�y²���r�·K: n | b1 + b2 + · · ·+ bn� cn1 + cnt = n. (�ª

3 t ≥ 1�âI�Ä)

(1) �Ñê� {bn} �cA�: 1, 3, 2, 6, 8, 4, · · · . n = 1 �, ·Kw,

¤á. n = 2 �, 2 | b1 + b2, b2(= 3) �8Ü {b1, b2} 	�ê�� �, d�

t = 1, cn1 = cnt = 1, cn1 + cn1 = 2,·K�¤á.

(2)b�·Ké n(n ≥ 2)¤á,�Ä n+ 1���/.e¡U bn+1©a?Ø.

(I)e bn+1 � b1, b2, · · · , bn ¥,�ê��
 �,Kw,´ bn+1 ↔ bn1 .

d�, b1, b2, · · · , bn, bn+1 � bn+2, bn+3, · · · �m�êT?1
 t − 1 gþã

�ö�(�Ä� bn+1 ↔ bn1 , ùp t > 0 ). ·�#©OP c′ni
= cni+1

(1 ≤

i ≤ t′, t′ = t − 1),d cni
(1 ≤ i ≤ t)��gëY���ê98Bb�,��,

c′n1
+ c′nt′

= cn2 + cnt = cn1 + 1 + cnt = n + 1. (e t = 1, cn2 , · · · , cnt ÑØ�3,

þÀ�0,�ØK��YO�Úín).

q�Ä� b2, · · · , bn, bn+1 SÜ�mp� ��ê7�óê�, ¤±

n ≡ t− 1 (mod 2).

l
n+1∑
i=1

bi = 1 + 2 + · · ·+ (n+ 1) + (cn2 + · · ·+ cnt)

=
n+ t+ 1

2
· (n+ 1)

≡ 0 (mod n) + 1.

(II)e bn+1�Ù�,�ê��
 �,#©OP

c′ni
= cni

(1 ≤ i ≤ t), c′nt′
= cnt + 1(t′ = t+ 1),

d cni
(1 ≤ i ≤ t)��gëY���ê98Bb�,��, c′n1

+ c′nt′
= cn1 + cnt +
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1 = n + 1 (AO/,e t = 0, b2, · · · , bn Ñ3SÜ�mp� �,�?1
 n−1
2

gö�,l bn+1ë��´1
n+1
2
gö�,� c′n1

= c′nt′
= n+1

2
,E,÷v).

aq (I) �� 2 | n+ t+ 1,
n+1∑
i=1

bi = (1 +
n+ t+ 1

2
)(n+ 1) ≡ 0 (mod n) + 1.

� n+ 1�·K¤á.

d8B�n.é?¿��ê n,·K¤á.

2y²:ê� {bn}=�ê� {an}.

(1) n = 1, 2, 3�,Å��y=�.

(2)b�·Ké n ≤ l − 1(l ≥ 4)þ¤á,�Ä n = l���/.

d (∗)ª� l | b1 + b2 + · · ·+ bl,d8Bb��� l | a1 + · · ·+ al−1 + bl,(Ü

l | a1 + · · ·+ al−1 + al ⇒ l | al − bl. �

e bl ≤ l,d al���5�7k bl = al.

e� bl = m > l,K l ↔ m. b2, · · · , bl−1 �õë� l − 2gö�,dê�

{bn}½Â�,

bl ≤ l + (l − 1)⇒ m < 2l. �

b� al 6= m,(Ü�, �9 al ���5�7k al = m − l.ù´gñ�.¯

¢þ,·��Iy² b2, · · · , bl−1 (= a2, · · · , al−1 )¥,�ê���m− l.

� (m−l)↔ (m−l+w),K bm−l+w = m−l,b� bm−l+w /∈ {b2, · · · , bl−1, bl},

K

m− l + w > l. �

P8ÜM = {2, 3, · · · , m− l+w} .5¿� (m− l)↔ (m− l+w)�1 w

gö�,�c wgö�¥,8ÜM Së�ö��ê� 2w�(dö�5K,ù


ö�þ38ÜM SÜüê�m?1).

�1 x(w + 1 ≤ x ≤ m− l)gö�� A↔ B(A < B),d��, l ∈M,�5

¿� l↔ m�1m− lgö�,dö�5K,k

m− l < A ≤ l < m− l + w < A+ w < B.

= A ∈M,� B /∈M.ùL²,l1 w+ 1gö�m©,�1 (m− l)gö�(å,

8ÜM ¥km− l − w�êë�ö�(zgö�8ÜM ¥Tk 1�êë�).

nþ,8ÜM ¥ë�þãö��ê�O

2w +m− l − w = m− l + w(> |M |)
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�,ùØÎÜö�5K,gñ.¤±b�Ø¤á, al = m = bl.

d8B�n,é?¿ n ∈ N+, an = bn.

� aan = n.y.. �

III. ggg ���

±þ´·�Ð�y{.3¦)L§¥,5¿�ê� {an}äk�
{Ð�5

�,B?1
�
&Ä.Ø�k*	ê� {an}cA�:

1, 3, 2, 6, 8, 4, 11, 5, 14, 16, 7, 19, 21, 9, 24, 10 · · · .

·�ò 3� 2�� �(P� 3 ↔ 2), 6 ↔ 4, 8 ↔ 5, 11 ↔ 7, 14 ↔ 9, 16 ↔

10, · · · ��ê�:

1, 2, 3, 4, 5, 6, 7, · · ·

ù�ê�w,�êþ�N´�x.q5¿�,

3− 2 = 1, 6− 4 = 2, 8− 5 = 3, 11− 7 = 4, 14− 9 = 5, 16− 10 = 6, · · ·

ù«��¥yÑ�½�5Æ,·�rzg��L§¥���ê���ê©m�

¤ü�ê�.

{xn} : 2, 4, 5, 7, 9, 10, 12, 13, 15, · · ·

{yn} : 3, 6, 8, 11, 14, 16, 19, 21, 24, · · ·

(¯¢þ,��±@� 1 �g�é�)

2òü�ê�¥z��Ñ~�1,��

{x′n} : 1, 3, 4, 6, 8, 9, 11, 12, 14, · · ·

{y′n} : 2, 5, 7, 10, 13, 15, 18, 20, 23, · · ·

÷vé?¿��ê n,þk y′n − x′n = n.uy {x′n}� {y′n}���ê8þ�pÖ

ê�,g,ß�Ù��0-a|½nk'é.

� y′n = [βn], x′n = [αn], y′n − x′n = n,K β − α = 1,éá 1
α
+ 1

β
= 1)�,

α =
1 +
√
5

2
, β =

3 +
√
5

2
.

?�Úßÿ: [
1 +
√
5

2
n

]
+ 1↔

[
3 +
√
5

2
n

]
+ 1(n ∈ N)

��ê� {an} (�±½Â 1�����).

5 êÆ#(�



,d,·���e¡�y².

y{ 2 �Ä��êê� 1, 2, 3, 4, 5, 6, · · · ,·�UXe�ªö�:

1�½ØC,1 n(n ≥ 1)gö�
⌈
1+
√
5

2
n
⌉
,
⌈
3+
√
5

2
n
⌉
�� �(^↔L«�

� �),P� ⌈
1 +
√
5

2
n

⌉
↔

⌈
3 +
√
5

2
n

⌉
.

�ö�����#ê�� {bn}.

d�0-a|½n�, 1±	�z���êÑë�
���gö�, k

bbn = n.

PM = {b1, b2, · · · , bn},e bl ∈M, bl�8ÜM 	�ê�� �.Kk:

l =

⌈
1 +
√
5

2
k

⌉
≤ n, bl =

⌈
3 +
√
5

2
k

⌉
≥ n+ 1.

Ïd ⌈
3−
√
5

2
n

⌉
≤ k ≤

[√
5− 1

2
n

]
.

�

n∑
i=1

bi =
n∑
i=1

i+

[√
5−1
2

n
]∑

k=
⌈
3−
√

5
2

n
⌉ k

=
n(n+ 1)

2
+

(⌈
3−
√
5

2
n
⌉
+
[√

5−1
2
n
])([√

5−1
2
n
]
−
⌈
3−
√
5

2
n
⌉
+ 1
)

2

=
n(n+ 1)

2
+
n
(
2
[√

5−1
2
n
]
− n+ 1

)
2

= n

([√
5− 1

2
n

]
+ 1

)
≡ 0 (mod n)

2y²: ê� {bn}=�ê� {an}.

(1) n = 1, 2, 3�,Å��y�y.

(2)b�Ø�u n− 1(n ≥ 4)�,·K¤á,�Ä n���/.

e n =
[
3+
√
5

2
l
]
+ 1, l ∈ N+,��

bn =

[
1 +
√
5

2
l

]
+ 1 < n,

dö�5K98Bb�,d� bn÷v��5,¤± an = bn.
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e n =
[
1+
√
5

2
l
]
+ 1, l ∈ N+, l ≥ 2,k

bn =

[
3 +
√
5

2
l

]
+ 1.

b� an 6= bn,K7k

an =

[
3 +
√
5

2
l

]
+ 1−

[
1 +
√
5

2
l

]
− 1 = l.

e¡·�y²ù´Ø�U�.

� l =
[
1+
√
5

2
m
]
+ 1, m ∈ N+,��m ≤

√
5−1
2
l,Ïd

3 +
√
5

2
m ≤ 1 +

√
5

2
l⇒

[
3 +
√
5

2
m

]
≤

[
1 +
√
5

2
l

]
,

d�0-a|½n,�ÒØ¤á.?�Ú,k

1 +

[
3 +
√
5

2
m

]
≤

[
1 +
√
5

2
l

]
< n,

�

a[ 3+
√
5

2
m
]
+1

= b[ 3+
√
5

2
m
]
+1

= l.

gñ.

� l =
[
3+
√
5

2
m
]
+ 1, m ∈ N+,��

b[ 1+
√
5

2
m
]
+1

=

[
3 +
√
5

2
m

]
+ 1,

�
[
1+
√
5

2
m
]
+ 1 < l < n.d�

a[ 1+
√
5

2
m
]
+1

= b[ 1+
√
5

2
m
]
+1

= l.

gñ.

lb�Ø¤á,= an = bn.

d8B�n,é?¿ n ∈ N+,·K¤á.

� aan = n.y.. �

IV. ��� (((

�d,éuê� {an} : 1, 3, 2, 6, 8, 4, 11, 5, 14, 16, 7, 19, 21, 9, 24, 10 · · · .

·��±��ÙkXe5�:

(1)Ï�úª: an = n
⌈

2n√
5+1

⌉
− (n− 1)

⌈
2(n-1)√
5+1

⌉
;
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(2)c n��Ú:
n∑
i=1

ai =
⌈

2n√
5+1

⌉
n;

(3)a[ 1+
√
5

2
n
]
+1

=
[
3+
√
5

2
n
]
+ 1, a[ 3+

√
5

2
n
]
+1

=
[
1+
√
5

2
n
]
+ 1(n ∈ N);

(4)��ØÄ:�5�: aan = n;

(5)êØ5�: a1 = 1, an´÷v n | a1 + a2 + · · ·+ an� an 6= ai(i < n)�

����ê;

(6)� x′n = [1+
√
5

2
n], y′n = [3+

√
5

2
n],Kê� {x′n}, {y′n}(n ∈ N+)���ê8

þ�pÖê�.

V. ÐÐÐ"""���ééé���

·�®²uy
ê� {an}��
�êÚêØ�5�.'�k��´,ù�

ê��ä�ék¿g�|Ü�µ.{3� IMO ÁK¥�ØyTê���K.e

¡A�¯Kþ���'.

¯K 1 (Wythoff iiiZZZ) `!¯ü<Ó6lüæÚf¥�Úf.÷ve�

�¦:½öl�æ¥�eZq(���q)Úf,½ölüæ¥�ÑÓ�ê8(��

�q)Úf.òüæ��¿�����qÚfö¼�.

¯:3�o�¹e,`(k�ö)k7�üÑº

¯K 2 (20 333 IMO T3) �N��ê8Ü�±©¤ü�pØ�����

êf8

{f(1), f(2), · · · , f(n), · · · }, {g(1), g(2), · · · , g(n), · · · }.

Ù¥

f(1) < f(2) < · · · < f(n) < · · · , g(1) < g(2) < · · · < g(n) · · · ,

�k g(n) = f(f(n)) + 1, n ≥ 1.¦ f(240).

¯K 2 (34 333 IMO T5) � N+´�N��ê8Ü,´Ä�3��½Â3

8Ü N+þ�¼ê f(n),äkXe5�:

(1) éu�� n ∈ N+, f(n) ∈ N+;

(2) éu�� n ∈ N+, f(n) < f(n+ 1);

(3) f(1) = 2;

(4) éu�� n ∈ N+, f(f(n)) = f(n) + n.

¯¢þ,¯K 1�)´üæÚfê8�¤k�� (x′n, y
′
n) (ÃSé),=üæ
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Úf�ê8ØUL«� ([1+
√
5

2
n], [3+

√
5

2
n])��ÿ`k7�üÑ.Öö�±}Á

y²½öë�©[1].

¯K 2¥� f(n) = x′n = [1+
√
5

2
n], g(n) = y′n = [3+

√
5

2
n].ùp��±uyê

��,��5�, y′n = x′x′n + 1.¯K 2 Ú¯K 3 �)�þ�±ë�© [2].

,	,5¿�A�êi 1+
√
5

2
,�N´é��Tê��ÜÅ@êê��Uä

k�½�'X,ùpÒØ2Ðm?Ø
.

ë�©z
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