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I. ÁÁÁ KKK

1. �n���ê.ê� {an}÷v: a0 = 1, a2i+1 = ai, a2i+2 = ai+ai+1, i ≥ 0,

¦ a0 + a1 + a2 + · · ·+ a2n−1��.

2. � n��½���ê.��“ n?�F”�d n(n+1)
2
�ü��Uì�F�

/G|¤�?¿���ã/,eã´ü� 5 ?�F�~f.

y²: ?¿�� n?�FÑ�±�
©�eZ�'§�� n?�F.

3. Xã (�e�), 4ABC S�u� ω, l�L: A� ω���.L: B �

AC�²1�� lu: P,L: C� AB�²1�� lu:Q.4ABP �4ACQ

�	��2g��u: S.y²: AS ²© BC.

4. ¸�3²¡þx
��à 2020 >/ A = A1A2 · · ·A2020, z�º:

U^��ü�, ��¦ÀJ
 2020 �� θ1, θ2, · · · , θ2020 ∈ (0, π) , �ÙÚ�

1010π.,�¦3à 2020>/ A�	ý�E
 2020�: B1, B2, · · · , B2020,¦�

?¾FÏ: 2020-04-05.
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BiAi = BiAi+1, ∠AiBiAi+1 = θi, (A2021 = A1) .�e5,¸�ÞØ
ù�à 2020

>/ A±9: B1.XJ¸�w��õù 2020�� θ1, θ2, · · · , θ2020 ©O´õ

�,�y²�õ�½U
�âÙ{ 2019�:� �éÑ: B1� �.

5. ®� a0, b0, c0, a, b, c�÷v gcd (a0, b0, c0) = gcd (a, b, c) = 1��ê.y

²: �3��ê n,±9�ê a1, a2, · · · , an, b1, b2, · · · , bn, c1, c2, · · · , cn,Ù¥

an = a, bn = b, cn = c.¦�é?¿� 1 ≤ i ≤ n,þk ai−1ai+ bi−1bi+ ci−1ci = 1.

6. � n���ê, n > 1, S � {1, 2, · · · , 2n}� 1
2
Cn

2n � n�f8|¤�

8Ü.y²: �3 A, B ∈ S,¦� |A ∩B| ≤ 1.

7. �¢ê x, y÷v∣∣∣∣∣∣∣∣ · · · ∣∣∣∣∣|x| − y∣∣− x∣∣∣ · · · − y∣∣∣∣− x∣∣∣∣ = ∣∣∣∣∣∣∣∣ · · · ∣∣∣∣∣|y| − x∣∣− y∣∣∣ · · · − x∣∣∣∣− y∣∣∣∣,
Ù¥�mü>�k 2019 �ýé�ÎÒ.¦ x

y
¤k�U��.

8. Ø�>4ABC ¥, AD, BE, CF ©O��²©�,Ù¥: D, E, F ©

O3 BC, CA, AB þ. M, N ©O� BC Ú EF �¥:.L: M � AD �²

1�,��� AN u: P.y²: : P 3 4ABC 	��þ�¿©7�^�´

DE = DF.

9. � p��ê, p > 5.y²: �3�ê n,±9�ê q, q < p,¦� p | n2 − q.
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10. �½��ê n,é n���ê a1, a2, a3, · · · , an.� π�c n���ê

���ü�, Sπ =
{
i | ai

π(i)
∈ Z

}
.� N L«� πH{c n���ê�¤kü�

�,���ØÓ Sπ ��ê.@o,� a1, a2, a3, · · · , an Cz�,¦ N ����

(^ nL«).

///. ))) ���

K 1 � n���ê.ê� {an}÷v: a0 = 1, a2i+1 = ai, a2i+2 = ai + ai+1,

i ≥ 0,¦ a0 + a1 + a2 + · · ·+ a2n−1��.

) (ééé���,,,!!!¾¾¾���


) �Y�: 3n+1
2

.

ÚÚÚnnn n ≥ 1�,
2n+1−1∑
i=2n

ai = 3n.

y² d®�O�� a0 = 1, a1 = 1, a2 = 2, a3 = 1,� n = 1�(Ø¤á.

b� n = k�(Ø¤á,� n = k + 1�,

2k+2−1∑
i=2k+1

ai =
∑

2k+1≤i≤2k+2−1
i�Ûê

ai +
∑

2k+1≤i≤2k+2−1
i�óê

ai

=
2k+1−1∑
i=2k

ai + 2
2k+1−1∑
i=2k

ai + a2k−1 − a2k+1−1

= 3
2k+1−1∑
i=2k

ai

= 3× 3k = 3k+1.

dêÆ8B{�,é�� n ≥ 1�,
2n+1−1∑
i=2n

ai = 3n,Ún�y.

£��K,�

a0 + a1 + a2 + · · ·+ a2n−1 = 1 + 1 + 3 + 32 + · · ·+ 3n−1

= 1 +
3n − 1

2
=

3n + 1

2
.

�

µ5 ù´��{ü�4íê�¯K,d^�g,��8B{½ö��ïÄ

4í'X,©Ûó?Øé����4í'X©|¦Ú=���)�.

K 2 � n��½���ê.��“ n?�F”�d n(n+1)
2
�ü��Uì�F

�/G|¤�?¿���ã/,eã´ü� 5 ?�F�~f.
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y²: ?¿�� n?�FÑ�±�
©�eZ�'§�� n?�F.

y² (ööö²²²SSS) Äky²:��ü���±�©
�eZ� n ?�F.

Xã,ü� n ?�F�±©¤�� n× (n+ 1)�Ý/.ò

ù��Ý/{ (n+ 1)1 n�=�©¤��>�� n× (n+ 1)

�ü��.

u´,��d n×(n+1)
2
�ü��|¤� n?�Fg,�±�
©�eZ��

� n?�F. �

µ5 dK{ük�,^=zg�,�©È7��r�ü��©Ð,@©�ü

��ÒN´
.

K 3 4ABC S�u� ω, l�L: A� ω���.L: B� AC �²1�

� lu: P,L: C � AB �²1�� lu: Q.4ABP �4ACQ�	��2

g��u: S.y²: AS ²© BC.

y² (ööö²²²SSS) d l � ω ���� ∠BCA = ∠PAB, q PB � AC, �

∠BAC = ∠PBA,u´ 4BAC ∼ 4PBA,¤± ∠APB = ∠ABC,�� BC �

4APB	�����.Ón BC �4AQC 	�����.

� AS � BC u:M,K

MB2 =MS ·MA =MC2,

u´MB =MC,l
 AS ²© BC. �

µ5 ù´��{üK,��^�qÚ��Ä��£=��¤y².
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K 4 ¸�3²¡þx
��à 2020 >/ A = A1A2 · · ·A2020, z�º:

U^��ü�, ��¦ÀJ
 2020 �� θ1, θ2, · · · , θ2020 ∈ (0, π) , �ÙÚ�

1010π.,�¦3à 2020>/ A�	ý�E
 2020�: B1, B2, · · · , B2020,¦�

BiAi = BiAi+1, ∠AiBiAi+1 = θi, (A2021 = A1) .�e5,¸�ÞØ
ù�à 2020

>/ A±9: B1.XJ¸�w��õù 2020�� θ1, θ2, · · · , θ2020 ©O´õ

�,�y²�õ�½U
�âÙ{ 2019�:� �éÑ: B1� �.

y² (HHHðððººº) ?¿ïá�E²¡,¿^z�:�i1L«§� �.

Ï�4A1B1A2´º�� θ1���n�/,¤± B1−A1

B1−A2
= e−iθ1 .u´

A2e
−iθ1 = B1

(
e−iθ1 − 1

)
+ A1.

Ón��:

Ak+1e
−iθk = Bk

(
e−iθk − 1

)
+ Ak, k = 2, 3, · · · , 2020.

¤±
2020∑
k=1

Ak+1e
−i(θ1+θ2+···+θk) =

2020∑
k=1

[
Bk

(
e−iθk − 1

)
+ Ak

]
e−i(θ1+θ2+···+θk−1)

=
2020∑
k=1

Bk

(
e−iθk − 1

)
e−i(θ1+θ2+···+θk−1) +

2020∑
k=1

Ake
−i(θ1+θ2+···+θk−1).

��

A1e
−i(θ1+θ2+···+θ2020) =

2020∑
k=1

Bk

(
eiθk − 1

)
e−i(θ1+θ2+···+θk−1) + A1.

qdu

θ1 + θ2 + · · ·+ θ2020 = 1010π,

¤±
2020∑
k=1

Bk

(
e−iθk − 1

)
e−i(θ1+θ2+···+θk−1) = 0.

dªfL²: B1� �d B2, B3, · · · , B2020, θ1, θ2, · · · , θ2020�½.

·K�y. �

µ5 �x²¡þ:� �,cÙ�^=½Y�k'�¯K,Eê´��Ø

��ÀJ.

K 5. ®� a0, b0, c0, a, b, c�÷v gcd (a0, b0, c0) = gcd (a, b, c) = 1��

ê.y²: �3��ê n,±9�ê a1, a2, · · · , an, b1, b2, · · · , bn, c1, c2, · · · , cn,Ù¥

an = a, bn = b, cn = c.¦�é?¿� 1 ≤ i ≤ n,þk ai−1ai+bi−1bi+ci−1ci = 1.
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y² (HHH���ººº) ky²XeÚn:

Únnn e x, y, z ∈ Z, gcd (x, y, z) = 1, x, y, zþØ�",K�3 x′, y′, z′ ∈

Z,÷v xx′ + yy′ + zz′ = 1 (ù�%¹ gcd (x′, y′, z′) = 1 ),�

min {|x′| , |y′| , |z′|} < min {|x| , |y| , |z|} .

y² d Bezout ½n,�3 x0, y0, z0 ∈ Z,÷v xx0 + yy0 + zz0 = 1.

Ø��min {|x| , |y| , |z|} = |z| ,Ké?¿� k ∈ Z,k

xx0 + y (y0 + kz) + z (z0 − ky) = 1.

Ï� |z| ≥ 1,¤±�3�ê k¦

− (|z| − 1)− y0 ≤ kz ≤ |z| − 1− y0, (2 |z| − 1 ≥ |z|)

=:

|y0 + kz| ≤ |z| − 1 < |z| .

�- x′ = x0, y
′ = y0 + kz, z′ = z0 − ky=�,Ún�y.

£��K. é a0, b0, c0 ¦^Ún,�3�ê x1, y1, z1,÷v a0x1 + b0y1 +

c0z1 = 1,�min {|x1| , |y1| , |z1|} < min {|a0| , |b0| , |c0|} .e x1, y1, z1þØ� 0,

2é x1, y1, z1¦^Ún,�� x2, y2, z2,�daí.

5¿z�nê|�n��ýé�����î�~�,�7,3k�Ú�C

� 0.=�3 k ∈ N+, xi, yi, zi ∈ Z (i = 1, 2, · · · , k) ,÷v

a0x1 + b0y1 + c0z1 = x1x2 + y1y2 + z1z2 = x2x3 + y2y3 + z2z3

= · · · = xk−1xk + yk−1yk + zk−1zk = 1.

� xk, yk, zk ¥k��ê� 0,Ø�� zk = 0.u´ (xk, yk) = 1,d Bezout ½n,

�3 p, q ∈ Z,¦� pxk + qyk = 1.l


xkp+ ykq + zk · 1 = 1, p · 0 + q · 0 + 1 · 1 = 1,

�

a0x1 + b0y1 + c0z1 = x1x2 + y1y2 + z1z2 = x2x3 + y2y3 + z2z3

= · · · = xk+1xk+2 + yk+1yk+2 + zk+1zk+2 = 1.

�

xk+2 = yk+2 = 0, zk+2 = 1, (xk+1 = p, yk+1 = q, zk+1 = 1) .

Ón,l a, b, cm©,��±é�aq��Gê,�±ü� 0,�� 1 �nê|(
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�(P� di, ei, fi (i = 1, 2, · · · , l + 2) ).5¿

0× 0 + 0× 1 + 1× 1 = 0× 0 + 1× 1 + 1× 0 = 1,

�e fl+2 = 1, ���òüGê± (0, 0, 1) é�. e el+2 = 1, 3 (0, 0, 1) �

(0, 1, 0)�m\\ (0, 1, 1)�é�.e dl+2 = 1,Ón.

nþ¤ã,·K�y. �

µ5 ù´��¥�JÝ�êØK,d^�g,�� Bezout ½n,|^ö�

N���{òÙ¥��Cþü� 0 =���y².

K 6. � n���ê, n > 1, S � {1, 2, · · · , 2n}� 1
2
Cn

2n� n�f8|¤

�8Ü.y²: �3 A, B ∈ S,¦� |A ∩B| ≤ 1.

y² (HHHðððººº!!!ééé���,,,) �y{.

b�é?¿ A, B ∈ S,k |A ∩B| > 1,= |A ∩B| 6= 0½ 1,P

U = {1, 2, · · · , 2n} ,

ò U � Cn
2n� n�f8©� 1

2
Cn

2n|,z�|�
{
A, {UA

}
.du A ∩ {UA = ∅,

�z�|Tk��8Üáu S,= A ∈ S �du {UA /∈ S.

Ø�� {1, 2, · · · , n} ∈ S,K {2, 3, · · · , n+ 1} ∈ S,ÄK

{1, n+ 2, n+ 3, · · · , 2n} ∈ S,


§� {1, 2, · · · , n}��8� {1} ,gñ.

dþã�{�±�daí�� {n+ 1, n+ 2, · · · , 2n} ∈ S,�´

{1, 2, · · · , n} ∩ {n+ 1, n+ 2, · · · , 2n} = ∅,

gñ.

�b�Ø¤á,�3 A, B ∈ S ÷v |A ∩B| ≤ 1. �

µ5 ù´��¥� ´�|ÜK,|^�y{,r U � n�f8|^Ö8

�é©|íÑgñ=�.

K 7. �¢ê x, y÷v∣∣∣∣∣∣∣∣ · · · ∣∣∣∣∣|x| − y∣∣− x∣∣∣ · · · − y∣∣∣∣− x∣∣∣∣ = ∣∣∣∣∣∣∣∣ · · · ∣∣∣∣∣|y| − x∣∣− y∣∣∣ · · · − x∣∣∣∣− y∣∣∣∣,
Ù¥�mü>�k 2019 �ýé�ÎÒ.¦ x

y
¤k�U��.

) (HHHðððººº!!!ööö²²²SSS)

1)� x = y�,�> = x = y =m>,¤á.
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2)� x > y�,∣∣∣∣∣∣∣∣|x| − y∣∣− x∣∣∣− y∣∣∣ = ∣∣|x− y − x| − y∣∣ = |y − y| = 0,

��> =
∣∣∣∣∣|x| − y∣∣− x∣∣∣ = y.

e x > 2y,K ∣∣∣∣∣∣∣∣∣∣∣∣∣|y| − x∣∣− y∣∣∣− x∣∣∣∣− y∣∣∣∣ = y,

q 2019 ≡ 3 (mod 4),��ëY¦^dª���ªm>=
∣∣∣∣∣|y|−x∣∣−y∣∣∣ = x−2y,

¤± x− 2y = y,= x
y
= 3.

e x ≤ 2y,du |a− b| < max{a, b}, (a, b > 0),¤±∣∣|y| − x∣∣ < x,
∣∣∣∣∣|y| − x∣∣− y∣∣∣ < x,

�daí��∣∣∣∣ · · · ∣∣∣∣∣|y| − x∣∣− y∣∣∣ · · · − x∣∣∣∣ < x, (�>¹k 2018�ýé�) (a)

∣∣∣∣∣∣∣∣ · · · ∣∣∣∣∣|y| − x∣∣− y∣∣∣ · · · − x∣∣∣∣− y∣∣∣∣ < x, (�>¹k 2017�ýé�) (b)

d (a) � ∣∣∣∣ · · · ∣∣∣∣∣|y| − x∣∣− y∣∣∣ · · · − x∣∣∣∣− y < x− y ≤ y,


��ªm> = y,�∣∣∣∣ · · · ∣∣∣∣∣|y| − x∣∣− y∣∣∣ · · · − x∣∣∣∣− y = −y,

= ∣∣∣∣ · · · ∣∣∣∣∣|y| − x∣∣− y∣∣∣ · · · − x∣∣∣∣ = 0, (�>¹k 2018�ýé�)

l
 ∣∣∣∣∣∣∣∣ · · · ∣∣∣∣∣|y| − x∣∣− y∣∣∣ · · · − x∣∣∣∣− y∣∣∣∣ = x, (�>¹k 2017�ýé�)

�ù� (b) gñ,d�Ã).

3)� x < y�,Ón�� x
y
= 1

3
.

nþ¤ã: x
y
�±� 1, 3, 1

3
. �

µ5 �K�mü>�¹k 2019�ýé�ÎÒ,N´��z{��ÿk�

U¬kaq±Ï5½¼êS��A:,ÏL©a?Ø,Øä|^ 5�ýé��ÿ

�ªf=�.
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K 8. Ø�>4ABC ¥, AD, BE, CF ©O��²©�,Ù¥: D, E, F

©O3 BC, CA, AB þ.M, N ©O� BC Ú EF �¥:.L:M � AD�²

1�,��� AN u: P.y²: : P 3 4ABC 	��þ�¿©7�^�´

DE = DF.

y² (HHHðððººº) �4ABC : A?�	�²©���� BC u: S.

1)e DE = DF,k B,D,C, S �NÚ:�.� AD,BE,CF �uS% I,

u´��o>/ AFBICE ¥, FE �ò��L: S. q ∠DNS = ∠DAS =

90◦, u´ A,N,D, S o:��. ò� AN � 4ABC 	��u: P ′, ë�

P ′B, P ′M, P ′C.

��� AN �4AFE �	���ØÓu A�,���:� T,K

∠TFE = ∠TAE = ∠P ′BC,

Ón ∠TEF = ∠P ′CB. ¤± 4BP ′C ∼ 4FTE, � M, N ��qéA:, �

P ′M � TN �Y��u FE � BC �Y�.u´

∠MP ′A = ∠MSN = ∠NAD,

��MP ′ � AD,l
 P ′� P ­Ü,=: P 34ABC 	��þ.

2)e: P 34ABC 	��þ,3 AN þ�: Q,÷v QN = NA,Ko>

/ AFQE �²1o>/,��

∠PBC = ∠PAC = ∠QAE, ∠PCB = ∠PAB = ∠AQE,

9 êÆ#(�



l
4AQE ∼ 4BCP,� N, M ��qéA:.¤±4ANE ∼ 4BMP,��

∠ANE = ∠BMP = ∠ADC.

u´A, N, D, So:��,�� ∠DNE = 90◦. N � EF ¥:,¤±DE = DF.

nþ¤ã,: P 34ABC 	��þ�¿©7�^�´ DE = DF. �

µ5 dK´���O|©�AÛK,·Kk�KAÛ��µ,|^�qé

A'XÚÓ�{�±��)�.dK��±^n�O�½ö�'5��¤y².

K 9. � p > 5��ê,y²: �3�ê n,±9�ê q, q < p,¦� p | n2−q.

y² (ooo������) ^�y{,b�é?¿��ê q < p,þØ÷v p | n2 − q,K

V4�ÎÒ
(

2
p

)
= −1,u´ p ≡ ±3 (mod 8).

(1)e p ≡ −3 (mod 8),dpd�gp�Æ�
(
p
q

)(
q
p

)
= 1,K

(
p
q

)
= −1,

·�� q� p−1�Û�Ïf, (Ï� p−1 ≡ −4 (mod 8),¤±� p ≥ 13�, p−1

7kÛ�Ïf,
 p < 13�,k p = 5,gñ.)K −1 =
(
p
q

)
=
(

1
q

)
= 1,gñ.

(2)e p ≡ 3 (mod 8),·�� q � (p+ 1)�Û�Ïf(aqþãy²� q

�3).

a)XJ q ≡ 1 (mod 4),dpd�gp�Æ�:
(
p
q

)(
q
p

)
= 1,u´

−1 =

(
p

q

)
=

(
−1
q

)
= (−1)

q−1
2 = 1,

gñ.

b)XJ q ≡ 3 (mod 4),dpd�gp�Æ�:
(
p
q

)(
q
p

)
= −1,u´

1 =

(
p

q

)
=

(
−1
q

)
= (−1)

q−1
2 = −1,

gñ.

nþ¤ã,�3�ê n,±9�ê q, q < p,¦� p | n2 − q. �

µ5 �K�y²I�é�g�{,pd�gp�Æ��ÙG,�ÄÛ�Ï
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f�´²;Ãã.

K 10. �½��ê n,é n���ê a1, a2, a3, · · · , an.� π �c n��

�ê���ü�, Sπ =
{
i | ai

π(i)
∈ Z

}
.� N L«� πH{c n���ê�¤k

ü��,���ØÓ Sπ ��ê.@o,� a1, a2, a3, · · · , an Cz�,¦ N ��

�� (^ nL«).

) (HHH���ººº) �Y´: 2n − n.

�Ý
 D = (dij) ,Ù¥

dij =

 1, i | aj

0, i - aj
,

é {1, 2, · · · , n}���f8 S,-Ý
DS �3D¥r¦ j /∈ S��� dij � 0

� 1 p�, = 0 → 1, 1 → 0. 5¿� S = Sπ ��=� (DS)π(i)i = 1 é i =

1, 2, · · · , nþ¤á.

ey: N ≤ 2n − n,�Äü«�¹.

(1)XJ D�¤k1üüØÓ,K�3 n�ØÓ� S ¦ DS �,�1��

0.ù�,w,Ø�3ü� π¦ Sπ = S,l
�õ�k 2n − n�ØÓ� Sπ.

(2)XJ�3 D�,ü1�Ó,·�� S0¦ DS0 kü1þ�� 0.d�,é

÷v� S0 �õ������� n + 1� S ��{, (=¦ |S M S0| = 0½ 1 �

n+1� S ),DS 3ùü1¥�õ�k 1��±Ñy 1,�Ø�3ü�3ùü1�

ØÓ�� 1.�éù
 S,�Ø�Uk Sπ = S.

l
 N ≤ 2n − n− 1,� N ≤ 2n − n�y.

e¡·�`²� aj = j, (j = 1, 2, · · · , n)�, N = 2n − n.�â¿�´�

½n,·��Iy²:

� DS vk�1�� 0,?� I = {i1, · · · , ik} ,þ�3�� k� j ��¦�

�3 i ∈ I ÷v (DS)ij = 1.

·�¡ù« j �“�1�”. Ø���5, � i1 < i2 < · · · < ik. 5¿�e

{dij | i ∈ I} = {0, 1} ,K j ´�1�.Ïd i1, · · · , ik−1 þ´�1�. (Ï�é

α < k, iα | iα,� ik Ø�Ø iα ),� ik Ø´�1�,@o�½ké ∀α < k, iα | ik.

d� k = 1��/´²��,Ï�vk�1�� 0 (=z1þk���� 1).

e k = 2,
{
(DS)i1i1 , (DS)i2i1

}
= {0, 1} ,@� 0¤3�@�17,�k�

� 1,=kü��1� j.

é k ≥ 3��/,5¿� i1 ≤ ik
3
,l
 ik − i1 /∈ I.� i1 | ik − i1, ik Ø�Ø

11 êÆ#(�



ik − i1,�qk���1� j.

�d,¤k�¹?Ø�..� aj = j, (j = 1, 2, · · · , n)�, N = 2n − n.

nþ¤ã, N ����� 2n − n. �

µ5 �Kk�½�JÝ,|^Ý
��x�ª±9�â¿�´�½n?1

�EÑk�½�E|5.
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