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I. ÁÁÁ KKK

1. ¦¤k���êé (m, n) ,¦� n2+1
2m

,
√

2n−1 +m+ 4þ��ê.

2. 3n�/ ABC ¥, BC < AB, BC < AC.�ã AB þ�: D Ú�ã

AC þ�: E ÷v BD = CE = BC.�� BE � CD �u: P,n�/ ABE

�	���n�/ ACD�	��2g�u: Q.¦y: PQ⊥BC.

3. ¦¤k�¼ê f : Z+ → Z+,¦�é¤k���êm, n,þk

m2 + f(n)2 + (m− f(n))2 ≥ f(m)2 + n2

¤á.

4. ��ê n ≥ 2,3�±þk 3n�ØÓ�:, �f��õ(é§�?1

Xeö�:Äk, �f?ÀÙmvkë�ã�ü:^�^�ãë�å5,��,

�õ(?À��vk��LÚf�:,3þ¡���Úf,±þP���£Ü.

�y²:ÃØ�õ(Noö�, �f�±�y,3 n£Ü��,Tk�àkÚf

��ã�^êØ�u n−1
6
.

5. ¦¤k���êê� {an}n≥1,¦��3~ê c,é ∀m, n ∈ N+,k

gcd (am + n, an +m) > c (m+ n) .

?¾FÏ: 2020-02-25.
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K 1 ¦¤k���êé (m, n) ,¦� n2+1
2m

,
√

2n−1 +m+ 4þ��ê.

) du n2+1
2m
∈ Z,� 2 | n2 + 1,¤± n�Ûê.

� n = 2k + 1(k ∈ N),5¿�
√

22k +m+ 4 ∈ Z,¤±

22k +m+ 4 ≥
(
2k + 1

)2
,

=m+ 4 ≥ 2k+1 + 1. 2m ≤ (2k + 1)2 + 1,=m ≤ 2k2 + 2k + 1,¤±

2k2 + 2k + 4 ≥ 2k+1.

e¡^êÆ8B{y²: � k ≥ 6�k

2k+1 > 2k2 + 2k + 4. (∗)

� k = 6�, 2k+1 = 128 > 88 = 2k2 + 2k + 4 ,(Ø¤á.

b� k = i (i ≥ 6)�·K¤á,� k = i+ 1�

2i+2 = 2 · 2i+1 > 2 ·
(
2i2 + 2i+ 4

)
= 4i2 + 4i+ 8 > 2i2 + 6i+ 8

= 2(i+ 1)2 + 2 (i+ 1) + 4

¤á.

�d8B�n,�(∗)é¤k k ≥ 6¤á.¤± k ≤ 5.

Å�?Ø=��K¤¦��ê)�: (1, 3) , (61, 11) . �

µ5 �K´��{ü�êØ¯K.d^�“ n2+1
2m
��ê”�Ñ n�Ûê9

2m ≤ n2 + 1;éu^�“
√

2n−1 +m+ 4��ê”,·�|^Ù�ê5�,d��

²�ê�lÑ5?1Ø�ª�O,?�Ñ n�þ.;��?n²��¹=�.

K 2 34ABC ¥, BC < AB, BC < AC.�ã AB þ�: DÚ�ã AC

þ�: E ÷v BD = CE = BC.�� BE � CD�u: P, 4ABE �	��

�4ACD�	��2g�u: Q.¦y: PQ⊥BC.

y² ë( AQ, BQ, CQ, DQ, EQ.d AQCD, ABQE o:��,�

∠QEC = ∠QBD, ∠QDB = ∠QCA.

qÏ� BD = CE,¤± ∆QBD ∼= ∆QEC.u´ QC = QD.qÏ� BC = BD,

¤± BQ⊥CD.Ón�y CQ⊥BE.¤± Q�∆BCP �R%,u´ PQ⊥BC. �
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µ5 �K´��{ü�AÛ¯K.luy: Q�5�\Ã:§´ 4ABC

�S%,½´��o>/ ADBPCE ����:.ù��5�¡�?nC�g

,:/Ï���Ñ�Ý��,U���'n�/��;2$^��ò�'X=

z�>'X;���¤: QÒ´4PBC �R%�y².

K 3 ¦¤k�¼ê f : Z+ → Z+,¦�é¤k���êm, n,þk

m2 + f(n)2 + (m− f(n))2 ≥ f(m)2 + n2 (1)

¤á.

) 1 (���$$$) ¤¦� f(x) = x.P

fn(x) = f (fn−1(x)) , f1(x) = f(x)
(
n ≥ 2, n ∈ Z+

)
,

3 (1) ¥�m = f(n),��: 2f(n)2 ≥ f2(n)2 + n2,=

(f(n)− f2(n)) · (f(n) + f2(n)) ≥ (n− f(n)) · (n+ f(n)) (2)

e�3 n ∈ Z+¦� n > f(n),Kd (2) ª�� f(n) > f2(n).±daí���3

i ∈ Z+,¦� fi(n) > 0 ≥ fi+1(n),������ê8gñ.� f(n) ≥ né¤k�

�ê n¤á.e f(n)− n > 0,K

f2(n) + f(n) > f(n) + n,

�\ (2) ª�

f2(n)− f(n) < f(n)− n.

Ón��e fi+1(n)− fi(n) < 0,K

fi+2(n)− fi+1(n) < fi+1(n)− fi(n).

(Ü f(n) ≥ n,�d�7�3 i ∈ Z+¦� fi+1(n)− fi(n) = 0.��½�3��
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ê l¦� f (l) = l.

23þ¡�Ú½¥� n > l,��3��ê j ¦�

fj+1(n) = fj(n) ≥ n > l.

��3Ã¡õ���ê l¦� f (l) = l.

d��I`²e f (k) = k,K f (k − 1) = k− 1,Ò�±4íÑ f(x) = x.3

(1) ¥�m = k − 1, n = k�

f(k − 1)2 ≤ (k − 1)2 + 1,

= f (k − 1) ≤ k− 1.qd f (k − 1) ≥ k− 1,� f (k − 1) = k− 1.¤± f (x) = x

é?¿��ê¤á. �

) 2 (±±±øøø���) dþ¡�){� f(n) ≥ n,3 (1) ¥�m = f(n),��

2f(n)2 ≥ f2(n)2 + n2 (3)

ò f(n) ≥ n�\ (3) ª,(Üþ�Ø�ª��

f(n)2 ≥ n2

2
+
f2(n)2

2
≥
(
n+ f2(n)

2

)2

⇔ f(n)− n ≥ f2(n)− f(n).

du f(n) ≥ n,¤±

f(n)− n ≥ f2(n)− f(n) ≥ · · · ≥ fi+1(n)− fi(n) ≥ · · · (4)

�� i¿©��,k

fi+1(n)− fi(n) = fi+2(n)− fi+1(n).

(Üþ�Ø�ª����

fi(n) = fi+1(n) = fi+2(n) = · · ·

e (4) ¥�3Ø�Òî�¤á,�ÑÙ¥��� k¦

fk+1(n)− fk(n) > fk+2(n)− fk+1(n).

P fk(n) = t,K

f(t)− t > f2(t)− f(t) = 0.

?íÑ f(t) > t.

3 (1) ª¥�m = t, n = f(t),(Ü f2(t) = f(t),��

t2 + f(t)2 + (t− f(t))2 ≥ 2f(t)2.
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?íÑ f(t) ≤ t.��gñ�

�éu?¿��ê n,k f(n) = n. �

µ5 ù´��¥�JÝ��êK.�Y´N´ß��.{ 1Ú{ 2þ?1


S�,�E��Ã¡S�,^ nO� f(n),ù´)ûù�K�'�.��Ü©

�?n�{�kØÓ,{ 1´aqu�Ü8B��{(�,��±��l k í

k + 1Ú k − 1 ); { 2K´ÏL©Û��^�����
)�.�K�J:3

ué�ð�^��$^.

K 4 ��ê n ≥ 2,3�±þk 3n�ØÓ�:, �f��õ(é§�?

1Xeö�:Äk, �f?ÀÙmvkë�ã�ü:^�^�ãë�å5,�

�,�õ(?À��vk��LÚf�:,3þ¡���Úf,±þP���£

Ü.�y²:ÃØ�õ(Noö�, �f�±�y,3 n£Ü��,Tk�àk

Úf��ã�^êØ�u n−1
6
.

y² 1 (ÛÛÛ°°°BBB, oooddd###) �
�BQã,·�½Â: “K�”´���:�

�
Úf½ökëÑ��ã;ü^�ã“pØZ6”��=�§�vkú���

��Úf�à:;�g“�Ø”´�ò�^Tk�àkÚf��ã�,�à:�

���Úf.

·�k)û� n = 6k + 2 (k = 0, 1, 2, · · · )���¹,2?nÙ¦�¹.

� n = 6k + 2 (k = 0, 1, 2, · · · )�, �f�üÑ´:3c 4k + 1�£Ü¥

ë� 4k + 1éüüvkú�:�:é,du�õ(=�� 4k + 1�Úf,d�

¬�eeZ��ë�þÃÚf�:é,�Ùk x�.

� x ≤ 2k�,·��31 4k + 1�£Ü(å�,�k y^Tk�àkÚf

��ã,�k z^üàþkÚf��ã,@okx+ y + z = 4k + 1,

y + 2z ≤ 4k + 1,

u´ y ≥ 4k− 2x+ 1,�d���¬�3 4k− 2x+ 1�Tk�àkÚf��ã.

� x > 2k �, �f�±�ï�u 2k + 1�@Ü©�üàþÃÚf��

ã,òÙ�� x = 2k + 15?n.�d��±þk x (x ≤ 2k)�üàþÃÚf�

�ã9 4k − 2x + 1�Tk�àkÚf��ã,½ 2k + 1�üàþÃÚf��

ã(d� x = 2k + 1 ).

�e5 x�£Ü, �f?���kÚf�:,ò x��ë�þÃÚf�:
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é¥��:�ù�kÚf�:�ë.

(1)� x ≤ 2k �: 3ù x �£Ü¥, �õ(=�� x �Úf, �±þ�

3“pØZ6”� x��ë�þÃÚf�:é���kÚf�:�ë�n�|9

4k − 2x+ 1�Tk�àkÚf��ã.

duö��k�ØK�(J,·��±b��õ(3 �fö����2

ö�.d�éu�õ(ó,cö¦7L^ü�ÚfâU“�Ø”¤¦�ã,�

ö�I^��Úf.�¦d���ZüÑ´k“�Ø”�ö,2“�Ø”cö.

1e x < 4k− 2x+ 1 ,= 3x < 4k+ 1�,�õ(�“�Ø”��ö,d��e

x+ 4k − 2x+ 1− x = 4k − 2x+ 1 ≥ k + 1

^¤¦�ã.

1e x ≥ 4k− 2x+ 1 ,= 3x ≥ 4k+ 1�,�õ(“�Ø”�
�ö,d��e

x−
[
x− (4k − 2x+ 1)

2

]
= x−

[
3x− 1

2

]
+ 2k ≥ k + 1

^¤¦�ã.

�d,·��� 4k + 1 + x�£ÜL�,�±þ���e k + 1^“pØZ

6”�¤¦�ã.

qÏ��õ(z£Ü“K�” 1 �:,  �fz£Ü“K�” 2 �:, 

n + 2n ≤ 3n.¤± �f?Û��oUé���vk�“K�”�:���kÚ

f�:ë�,#O\1 ^¤¦�ã.

�õ(z£Ü�õ“�Ø”�K 1 ^¤¦�ã,u´, n£Ü�¤¦�ã^

ê ≥ k + 1 .

(2)� x = 2k + 1�:du�õ(I� 2 �Úfâ�“�Ø”�K 1 ^¤¦�

ã,¤± n�£Ü��e�¤¦�ã^ê ≥ 2k + 1−
[
2k+1
2

]
= k + 1 .

nÜ (1)(2) ü«�¹, n = 6k + 2 (k = 0, 1, 2, · · · )��¹�y.

·��±^Ó���{y²Ù¦�¹:� n = 6k+2+s�(Ù¥ s = 1, 2, 3,

4, 5, k = 0, 1, 2, · · · ),c 6k + 2�£Ü�ìþãö������ k + 1^¤¦

�ã;� s�£Ü�ìþãL§�� n− (4k + 1 + x)�£Ü¥��{ö�,��

� 6k + 2 + s�£Ü�¤¦�ã^êE,��� k + 1.

ù�,�·K�y. �

y² 2 (±±±øøø���) ·�¡ �f�`,�õ(�¯,T�àkÚf��ã

�“Ð�”.ky²ü�Ún:

ÚÚÚnnn 1 �Ä 2k + 1�:: A, B1, B2, · · · , Bk, C1, C2, · · · , Ck,� Bi Ó
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�� A, Ci�ë i = 1, 2, · · · , k (Xeã¤«).e¯3 A?��
Úf,3Ù{

2k�:¥�� s�Úf,Kã¥��k k −
[
s
2

]
^“Ð�”�ã.

y² 5¿�e�3 i¦ BiþÃÚ Ci¥kÚKòÚ£� Biþ,K3d

ã¥“Ð�”�ã^ê~� 1.y��ã BiCi (1 ≤ i ≤ k)¥,=3 Bi þkÚ�k

x^,3 Bi, CiþÑkÚ�k y^, Bi, CiþþÃÚ�k z^,Kkx+ y + z = k,

x+ 2y = s.

u´“Ð�”�ã^ê�

x+ z = k − y ≥ k −
[s

2

]
.

Ún 1�y.

ÚÚÚnnn 2 3,���e®²Ñy
m^“Ð�”�ã,�ù
�ãvk��

Ú�º:pØ�Ó,K`�±�y3iZ(å�Ekm^“Ð�”�ã.

y² 5¿�Ø1 n�£Ü	,z£Ü7,Ñ¬�e�ë>�ÃÚf�:,

�e¯3,^“Ð�”�ã��Ú�º: X �Ú,`ÀJþ¡¤`�?Û��º

: Y 3 X, Y �më>=��y“Ð�”�ã^êØ~.u´Ún 2 �y.

£££������KKK.P
[
n−1
6

]
= k + 1,Ø�� k ≥ 1 (k < 1 (Ø²�).

`UXe�ªö�:Øä/ë�ü�ÃÚf���Ñ>�:,��1M Ó.

·��d�ã¥®²Ñy
 t^ü�à:þÃÚf��ã, u^“Ð�”�ã.Ù

¥z�)�^“Ð�”�ã��I�“�Ñ”��£Ü,aqÚn1�y²,·�k

M − u
2

≤ t ≤M,

5¿�z�£ÜM � t�O\þ�õ� 1,��3 t ∈ [n−M − 1, n−M ] .·

����� t¦�§÷vþª.

(1) e t < 2k,Kk n−M − 1 < 2k.d�`ÀJ��®²��
Úf�º

: A,òcM Ó��� t^üàÃÚf��ã BiCi�º: Bi� A�ë.

XJ t = n−M,Kö���`®Ã{ö�,d�¯��qö�
 tg.dÚ

n 1,ã¥“Ð�”�ãoê ≥ u+ t−
[
t
2

]
= u+

⌈
t
2

⌉
≥ n

2
− t ≥ k + 1.
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XJ t = n−M − 1,K�¤þãö��`2����ë>�ÃÚf�º:

D� A�ë.aq�,ã¥“Ð�”�ãoê ≥ u+
⌈
t
2

⌉
≥ n

2
− 1− t ≥ k + 1.

(Ø¤á.

(2) e t ≥ 2k,·�À�,����M ¦� t ≥ 2k.K`ÀJ��®²�

�Úf�º: A,òù 2k ^üàÚf��ã BiCi �º: Bi � A�ë,2À

J�����Úf�Ã�ã�º: D� A�ë.dÚn 1,ã¥“Ð�”�ãê

≥ 2k + 1−
[
2k+1
2

]
≥ k + 1,�e5dÚn 2,(Ø¤á.

nþ,·K�y. �

µ5 ù´���J�|Ü¯K.éudaö�¯K,�Ä�
5�ûÐ�

(�´~^�{,~X{ 1¥�n�|ÚTk�àkÚf��ã,{ 2¥Ún 1

�(�.ù
(���Ñ  uÁ&��¹,ïÄA~.��B�±^Yí

°�¤y².,	,�Ðù�K�)�L§¿ØN´.

K 5. ¦¤k���êê� {an}n≥1,¦��3~ê c,é ∀m, n ∈ N+,k

gcd (am + n, an +m) > c (m+ n) .

) (ÚÚÚdddRRR,±±±øøø���) ky²��Ún.

ÚÚÚnnn é ∀m ∈ N+9�ê p,�3~ê Cp, m (� pk')÷vé ∀α ≥ βp =⌈
logp

2
c

⌉
� k ≥ Cp, mk p | apαk−am +m.

y² ^�y{.e(ØØ¤á,K� n = pαk − am.

d^��

gcd (am + n, an +m) = gcd (an +m, pαk) > c (m+ n) > 2k − c · am.

du p - an +m,¤±

gcd (am + n, an +m) ≤ k,

� k > 2k − cam,ùéu¿©����ê kØ¤á.���Ø¤á.Ún�y.

£££������KKK.P

S1 =

{
p|p��ê,�p ≤ 2

c

}
, S2 =

{
p|p��ê,�p >

2

c

}
.

(1) ·�ky |am+1 − am|k..

e ∃p ∈ S1�

vp (|am+1 − am|) ≥ βp,
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dÚn�

p | apβpk−am +m

é?¿¿©�� k¤á,

apβpk−am+1
+m+ 1 = apβp l−am +m+ 1

½U� p �Ø, ùp l = k − am+1 − am
pβp

∈ Z+. dþ�� p | 1, gñ�¤±,

∀p ∈ S1,

vp
(
|am+1 − am|

)
≤ βp − 1.

e ∃p ∈ S2� p | (|am+1 − am|) ,�þaq�±�Ñgñ.

¤±, ∀p ∈ S2, p - |am+1 − am| .�

|am+1 − am| ≤
∏
p∈S1

pβp−1 = M

k..

(2) 2�e5y²:é¿©��m,k am+1 − am = 1.

e am+1 − am 6= 1.3K8^�¥� n = m+ 1,k

gcd (am +m+ 1, am+1 +m) > c (2m+ 1) ,

=

gcd (am+1 − am − 1, am +m+ 1) > c (2m+ 1) .

�

M + 1 ≥ |am+1 − am − 1| > gcd (am+1 − am − 1, am +m+ 1) > c (2m+ 1) .

ù� m¿©��Ø¤á.�é¿©�� mk am+1 − am = 1.= am = m + t

é¿©��mþ¤á.

(3) ��·�y² an = n+ té ∀n ∈ N+¤á.

�m = q − an,Ù¥ q�v
���ê,K

gcd (am + n, an +m) > 1.

¤± q | q + t + n − an, = q | n + t − an é?¿¿©���ê¤á, u´

an = n+ t (t ∈ Z) .e t < 0 ,K� n = 1�=�K¿gñ,� t ≥ 0 ,d�� c < 1

=�.

nþ,�U���êê�� an = n+ t (t ∈ N) . �
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µ5 ù´���J�êØ¯K.ÄkN´ß��Y��U´ an = n+ t,�

�|^�ê9�ê�ò��ú�êz��Ø5�,¿(ÜK¥Ø�ª^�=z

���ü����k.5,��ÏL�êÃã¦�8IS�.
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