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!À
C�c�EËmAÛK,�Ñ)�ÚµÛ,F"éÖök¤³Ã.

I. ÁÁÁ KKK

1. �b�n�/ ABC �	%� O, 	��� Γ. �: D,E, F ©O�

BC,CA,AB�¥:.�M = OE ∩ AD, N = OF ∩ AD, P = CM ∩BN, X =

AO ∩ PE, Y = AP ∩OF, r� Γ3: A?���.y²: r, EF,XY n��:.

(2009c1 1K)

2. �4ABC �S%� I. ωA, ωB Ú ωC ©O�4BIC,4CIAÚ4AIB�

S��. T � ωA� BC ��:.y²: ωB � ωC Ø AI 	�,�^Sú��L:

T (e ωB � ωC 	�,Kù,�^	ú��EÀ� AI).

(2009c1 3K)

3. � 4ABC �	��� Γ,�løBC (Ø¹: A) þk^gü��o:

D,F,G,E,�÷v ∠BAD = ∠CAE,∠BAF = ∠CAG.� D′, F ′, G′, E ′ ©O�

AD,AF,AG,AE � BC ��:. � DF ′ � EG′ �u X, D′F � E ′G �u Y,

D′G� E ′F �u Z, DG′ � EF ′ �uW.y²: X, Y,An:��, Z,W,An:

��,� ∠BAX = ∠CAZ.

(2010c1 6K)

4. �o>/ ABCDS�u� Γ.� r, s� Γ�L: B,C ���, r, s©O

��� ADuM,N. E���BN � CM ��:, F ��� AE�BC��:,

?¾FÏ: 2020-02-23.
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L��ã BC �¥:.y²:4DLF �	��� Γ��.

(2011c1 4K)

5. �4ABC �b�n�/.�K,L©O� AC >þ�p�± AC ��»

���ü��:,Ù¥ K ' Ll B �C.aq�, X, Y ©O� AB >þ�p�

± AB ��»���ü��:, Ù¥ X ' Y l C �C.y²: XL� KY ��

:3 BC þ.

(2013c1 2K)

6. �b�n�/ 4ABC �	��� Γ. ∠BAC ��²©�� ΓuM( 6=

A).�^²1u BC ��� r� AC u X,� AB u Y.��MX,MY©O� Γ

u S, T (6= M).��� XY � ST �u: P.y²: PA� Γ���.

(2014c1 1K)

7. � Ω � Γ �ü��, Ù¥ Ω 3 Γ �SÜ. � P � Γ þ�:, L P �

PA, PB� Ω��,� Γu: A,B(6= P ).y²:� P 3 ΓþCz�,�� AB�

��½���.

(2016c1 4K)

8. �n�/4ABC �	��� Γ.� R, S©O�> AB,AC þ�:,÷v

BR = RS = SC, Γ3: A?������ RS u: P, I �4ARS �S%.y

²: PA = PI.

(2017c1 2K)

9. � 4ABC ´��Ø�>n�/,ÙS%� I,	%� O,	��� Γ.

4ABC �S���> BC,CA,AB þ��:©O� D,E, F.�� AI ©O�

EF � Γu: N 9:M( 6= A).��MD� Γu: L(6= M), IL� EF u:K.

±MN ��»��� Γu: P ( 6= M).y²: AK,PN,OI n��:.

(2018c1 2K)

10. � 4ABC �b�n�/, ÙS%� I, S��� ω. ω � BC,CA 9

AB �u: TA, TB, TC .� lA �L A�²1u BC ���,aq½Â lB, lC .�

PA = TBTC ∩ lA, aq½Â PB, PC . �SA = PBTB ∩ PCTC , aq½Â SB, SC .

P LA ��� AI � 4ABC 	���1���:, aq½n LB, LC . y²:

SALA, SBLB, SCLC n��:.

(2018c1 4K)

www.nsmath.cn 2



11. �4ABC �Ø�>b�n�/, D´4ABC �: A¤é�� ¥�

�4ABC 	���1���:. E � D'u BC �é¡:, C0 � E 'u AB

�é¡:, B0� E 'u AC �é¡:.y²:�� AD,BB0, CC0n��:��

=� ∠BAC = 60◦.

(2019c1 1K)

12. � Γ´��± O��%, R��»��.� X, Y ´ Γþ�ü:,÷v

XY < R.� I ´��÷v IX = IY � XY = OI �:.�^º5�ã�Ñ± Γ

�	��, I �S%, OX �î.��n�/.¿y²Tn�/´���.

(2019c1 3K)

13. � ω ´ 4ABC �	��.®� D ´ ∠ABC �²©�� AC ��:,

E ´ ∠ACB�²©�� AB��:.��DE � ωu F,G.y²: ω3 F,Gü

:?�ü^���´4ABC �: A¤é������.

(2020c1 3K)

///. )))������µµµ555

±e�K�)�Ì��ng1 603 IMO÷©7ý�yÌÓÆ��{,Ü

©)�ë�
þ°¥ÆA 8Ôèè
��{.

1. �b�n�/ ABC �	%� O, 	��� Γ. �: D,E, F ©O�

BC,CA,AB�¥:.�M = OE ∩ AD, N = OF ∩ AD, P = CM ∩BN, X =

AO ∩ PE, Y = AP ∩OF, r� Γ3: A?���.y²: r, EF,XY n��:.

y² � 4ABC �: A éA�� ¥�, d�� Γ uØ A ±	��:

Q, � AQ �¥:� P ′. K ABQC ´NÚo>/, dNÚo>/�AÛ5�
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� 4P ′AB ∼ 4P ′CA. q OE,OF ©O´�ã AC,AB �R�²©�, l


NA = NB,MA = MC,K ∠PBA = ∠DAB,∠PCA = ∠DAC.�k

∠P ′BA = ∠P ′AC = ∠DAB = ∠PBA, ∠P ′CA = ∠P ′AB = ∠DAC = ∠PCA.

¤± P = P ′.

d P ′ � AQ ¥:, � P �� AQ ¥:, � OP ⊥ AQ. 5¿� ∠AEO =

∠AFO = ∠APO = 90◦,K A,F, P,O,E Ê:��.

éòz��S�8>/ AAPEFO,d Pascal½n�: r� EF ��:, AP

� OF ��: Y , PE � OA��: X n:��.= r, EF,XY n��:. �

µ5 ù´��¥�JÝ�AÛK.k��x: P �AÛ �,|^NÚo

>/�5�¿(ÜÓ�{ØJ�Ñ P ´ AQ�¥:� A,F, P,O,E Ê:��,

2éòz��S�8>/ AAPEFOA^ Pascal½n=���(Ø.

2. �4ABC �S%� I. ωA, ωB Ú ωC ©O�4BIC,4CIAÚ4AIB�

S��. T � ωA� BC ��:.y²: ωB � ωC Ø AI 	�,�^Sú��L:

T (e ωB � ωC 	�,Kù,�^	ú��EÀ� AI).

y² 1 � ωB, ωC ��%©O� I1, I2.� I1I2� AI u P ,L P � ωB, ωC �

,�^Sú��,d��� ABu V ,� AC u U ,� BC u T ′.

e¡y²:
BT ′

CT ′
=

cot ∠ABC
4

cot ∠ACB
4

. (∗)

é4ABC ±9�� T ′V U ,dMenelaus½n�

BT ′

T ′C
· CU
UA
· AV
V B

= 1,
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l

BT ′

CT ′
=
AU

CU
· BV
AV

.

34AII1Ú4AII2¥,d�u½n�

AI

II1
=

sin∠AI1I
sin∠IAI1

,
AI

II2
=

sin∠AI2I
sin∠IAI2

,

5¿� ∠IAI2 = ∠IAI1,üª�Ø�

II2
II1

=
sin∠AI1I
sin∠AI2I

.

q ∠V BI2 = ∠ABC
4

,∠UCI1 = ∠ACB
4

, �

∠AI2I = 90◦ +
∠ABC

4
,∠AI1I = 90◦ +

∠ACB
4

,

l

cot ∠ACB

4

cot ∠ABC
4

=
sin∠V BI2
sin∠UCI1

· sin∠AI1I
sin∠AI2I

=
sin∠V BI2
sin∠UCI1

· II2
II1

.

@o

(∗)⇔ BT ′

CT ′
·

cot ∠ACB
4

cot ∠ABC
4

= 1

⇔ AU

CU
· BV
AV
· sin∠V BI2

sin∠UCI1
· II2
II1

= 1.

34II1I2¥,d�u½n�

II2
II1

=
sin∠II1I2
sin∠II2I1

=
sin∠II1P
sin∠II2P

.

34V I2B�4UI1C ¥,d�u½n�

BV

V I2
=

sin∠V I2B
sin∠V BI2

,
CU

UI1
=

sin∠UI1C
sin∠UCI1

,

=

BV · sin∠V BI2 = V I2 · sin∠V I2B,CU · sin∠UCI1 = UI1 · sin∠UI1C,

�
AU

CU
· BV
AV
· sin∠V BI2

sin∠UCI1
=
AU

UI1
· V I2
AV
· sin∠V I2B

sin∠UI1C
.

K

(∗)⇔ AU

UI1
· V I2
AV
· sin∠V I2B

sin∠UI1C
· sin∠II1P

sin∠II2P
= 1.

5¿� IPV B��	�o>/,K ∠V I2B +∠II2P = 180◦,Ón ∠UI1C +

∠II1P = 180◦.l


(∗)⇔ AU

UI1
· V I2
AV

= 1.
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34AUI1¥,d�u½n�

AU

UI1
=

sin∠AI1U
sin∠UAI1

,

q ∠AI1U = ∠I1AC − ∠I1UC = 1
2
(∠PAC − ∠PUC) = 1

2
∠APU,∠UAI1 =

180◦ − 1
4
∠BAC,K

AU

UI1
=

sin ∠APU
2

sin ∠BAC
4

,

Ón
V I2
AV

=
sin ∠BAC

4

sin ∠APV
2

.


 ∠APU = ∠APV ,¤±
AU

UI1
· V I2
AV

= 1.

� (∗)¤á,q BT
CT

=
cot ∠ABC

4

cot ∠ACB
4

,¤± T = T ′,�·K¼y! �

y² 2 (þþþ°°°¥¥¥ÆÆÆ


fffèèè) ky²Xe���·K.

ÚÚÚnnn I ´4ABC SÜ?¿�:,4ABI,4ACI �S��Ø AI 	,�^

Sú��� BC u D,K
BD

CD
=

cot ∠ABI
2

cot ∠ACI
2

.

Ún�y² Xã�,�^ú��©O� AI,AB,AC �uX, Y, Z,üS�
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�� AB,AI,AI,AC ��:©O� P,Q,R, S.

é�	�o>/ BYXI,d Newton½n� BX, Y I, PQ�u�:,��:

� T .Ón�� CX,ZI,RS �u�: U .

du BY
T
CZ = A, Y T

T
ZU = I, BT

T
CU = X, � A,X, I n:��,

é 4BY T � 4CZU d Desargues ½n_½n� BC, Y Z, TU n��:½

p�²1, ùpØ�Un�p�²1, ¤± BC, Y Z, TU n��:. 5¿�

BC
T
XY = D,¤± T, U,Dn:��.

é4BXC 9�� TUD,dMenelaus½n�

BD

DC
· CU
UX
· XT
TB

= 1, (1)

é4ABX 9�� PQT ,dMenelaus½n�

BP

PA
· AQ
QX
· XT
TB

= 1, (2)

é4ACX 9�� SUR,dMenelaus½n�

AS

SC
· CU
UX
· XR
RA

= 1. (3)

5¿� AP = AQ,AR = AS, (2)× (3)÷ (1)��

DC

BD
· BP
SC
· XR
QX

= 1,

=
BD

DC
=
BP

SC
· XR
QX

.

P r1, r2©O�4ABI,4ACI�S���»,@oBP = r1·cot ∠ABI
2
, SC =

r2 · cot ∠ACI
2

.
 X ´üS��S q¥%,K XR
QX

= r2
r1

.�k

BD

DC
=
r1 · cot ∠ABI

2

r2 · cot ∠ACI
2

· r2
r1

=
cot ∠ABI

2

cot ∠ACI
2

.

Ún¼y!

£££������KKK.�Ún¥� I �4ABC �S%,� ωB, ωC �,�^Sú���

BC u T ′,dÚn�
BT ′

CT ′
=

cot ∠ABI
2

cot ∠ACI
2

=
cot ∠CBI

2

cot ∠BCI
2

,

q
BT

CT
=

cot ∠CBI
2

cot ∠BCI
2

,

¤± T = T ′,�·K¼y! �

µ5 ù´���~(J�AÛK.�K�Malfatti¯K (�� [1] )���
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',§´AÛ�� Jakob SteineréMalfatti¯K�XAÛ){¥���'�Ú

½.ù�AÛK���J:3u ωB, ωC �,�^Sú��� BC ��: �Ø

Ð�x.kIÑù^Sú��� AI,AB,AC ��:.{�k^Menelaus½nr

BT ′

CT ′ =z¤
AU
CU
· BV
AV

,2Øä¦^�u½n��	�o>/�5����Ñ(Ø.

{�y²
'�K���Ún,Ún�y²¥�~|©/$^
�	�o>/

� Newton½n9 Desargues½n_½n�Ñ
 T, U,Dn:��,2¦^ng

Menelaus½n�Ñ
 BD
DC

,l
y�(Ø.

3. � 4ABC �	��� Γ,�løBC (Ø¹: A) þk^gü��o:

D,F,G,E,�÷v ∠BAD = ∠CAE,∠BAF = ∠CAG.� D′, F ′, G′, E ′ ©O�

AD,AF,AG,AE � BC ��:. � DF ′ � EG′ �u X, D′F � E ′G �u Y,

D′G� E ′F �u Z, DG′ � EF ′ �uW.y²: X, Y,An:��, Z,W,An:

��,� ∠BAX = ∠CAZ.

y² ë( DE ,¿��� AD,AE ©O��� FGu D′′, E ′′.

d ∠BAD = ∠CAE,∠BAF = ∠CAG� BC �DE � FG.

é4ADE 9: X,d��/ª� Ceva½n�

sin∠DAX
sin∠EAX

· sin∠AEX
sin∠DEX

· sin∠EDX
sin∠ADX

= 1,

l


sin∠DAX
sin∠EAX

=
sin∠DEX
sin∠AEX

· sin∠ADX
sin∠EDX

=
sin∠EG′E ′

sin∠E ′EG
· sin∠D′DF ′

sin∠DF ′D′

=
EE ′

E ′G′
· D

′F ′

DD′
=
EE ′

DD′
· D

′F ′

E ′G′
=
AE ′

AD′
· D

′F ′

E ′G′
.
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é4AD′E ′9: Y ,d��/ª� Ceva½n�

sin∠D′AY
sin∠E ′AY

· sin∠AE ′Y
sin∠D′E ′Y

· sin∠E ′D′Y
sin∠AD′Y

= 1,

l


sin∠D′AY
sin∠E ′AY

=
sin∠D′E ′Y
sin∠AE ′Y

· sin∠AD′Y
sin∠E ′D′Y

=
sin∠E ′GE ′′

sin∠E ′′E ′G
· sin∠D′′D′F

sin∠D′FD′′

=
E ′E ′′

E ′′G
· D

′′F

D′D′′
=
E ′E ′′

D′D′′
· D

′′F

E ′′G
=
AE ′

AD′
· D

′F ′

E ′G′
.

�
sin∠DAX
sin∠EAX

=
sin∠D′AY
sin∠E ′AY

,

K ∠DAX = ∠D′AY ,¤± X, Y,An:��.

Ón, Z,W,An:��,�k

sin∠D′AZ
sin∠E ′AZ

=
AE ′

AD′
· D

′G′

E ′F ′
.

|^Ù��(Ø,�

D′F ′

E ′F ′
=
AD′ · sin∠D′AF ′

AE ′ · sin∠E ′AF ′
,
D′G′

E ′G′
=
AD′ · sin∠D′AG′

AE ′ · sin∠E ′AG′
,

5¿� ∠D′AF ′ = ∠E ′AG′,∠D′AG′ = ∠E ′AF ′,þüª�¦�

D′F ′

E ′F ′
· D

′G′

E ′G′
=

�
AD′

AE ′

�2
,

= �
AE ′

AD′

�2
· D

′F ′

E ′G′
· D

′G′

E ′F ′
= 1,

l

sin∠DAX
sin∠EAX

· sin∠D′AZ
sin∠E ′AZ

= 1,

K ∠DAX = ∠E ′AZ,q ∠BAD = ∠CAE ′,¤± ∠BAX = ∠CAZ.�·K¼

y! �

µ5 ù´��'�(J�AÛK.þã){Ì�ÏL��/ª� Ceva½

nO��'���u'�5y²(Ø.

4. �o>/ ABCDS�u� Γ.� r, s� Γ�L: B,C ���, r, s©O

��� ADuM,N. E���BN � CM ��:, F ��� AE�BC��:,

L��ã BC �¥:.y²:4DLF �	��� Γ��.

y² � r� s�u: P , AB � CD�u: Q (eü��²1��vk�

:,K�À��u��þ�Ã¡�:,e¡�y²�,s�).Xã¤«,3� Γ

9 êÆ#(�



'u: D���þ�: X.

d�u½n�
sin∠CBN
sin∠NBQ

=
CN · sin∠NCB
NA · sin∠NAB

=
CD ·BC
CA ·BD

,

sin∠QCM
sin∠MCB

=
CA ·BD
AB ·BC

,

sin∠BQP
sin∠PQC

=
BP · sin∠PBQ
CP · sin∠PCQ

=
AB

CD
,

nª�¦�
sin∠CBN
sin∠NBQ

· sin∠BQP
sin∠PQC

· sin∠QCM
sin∠MCB

= 1,

é 4QBC 9�� BN,CM,QP , d��/ª� Ceva ½n_½n�: ��

BN,CM,QP �:u E.

é�� PBM 9�� CDQ,d Pappus½n�: PD� BC ��:, PQ�

CM ��: E 9 BQ� DM ��: An:��.= PD,BC,AE n��:,l


 F 3 PDþ,K DF �4BDC ¥: DéA�� ¥�.�k

∠FDX = ∠FDC + ∠CDX = ∠LDB + ∠DBL = ∠DLF,

¤± DX �4DLF �	����.=4DLF �	��� Γ��.

�·K¼y! �

µ5 ù´��'�(J�AÛK.þã){k^��/ª� Ceva½ny

²
 BN,CM,QP n��:,2|©/$^
 Pappus½n��
 F 3 DP þ
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= DF ´4DBC �� ¥�,��ÏL��y�
(Ø.

5. �4ABC �b�n�/.�K,L©O� AC >þ�p�± AC ��»

���ü��:,Ù¥ K ' Ll B �C.aq�, X, Y ©O� AB >þ�p�

± AB ��»���ü��:, Ù¥ X ' Y l C �C.y²: XL� KY ��

:3 BC þ.

y² �KY � XL�u P , KX � Y L�u Q. B3 AC þ�ÝK� E, C

3 ABþ�ÝK� F .

d�K½n¿(Ü 4ABE ∼ 4ACF , � AX2 = AY 2 = AF · AB =

AE · AC = AK2 = AL2,l
 AX = AY = AK = AL,K Y,K,X,Lo:��

��%� A,Pd�� Γ.

q BX ⊥ AX,BY ⊥ AY,CK ⊥ AK,CL ⊥ AL,� BX,BY,CK,CLþ�

Γ���.éòz��S�8>/ Y Y KXXL,d Pascal½n�: B,P,Qn:�

�.Ón, C,P,Qn:��.¤± B,P,C,Qo:��,l
 P 3 BC þ.�·K

¼y! �

µ5 ù´��¥�JÝ�AÛK.�K´��Ü¤K,c�Ü© Y,K,X,L

o:����%� A´®k�(Ø,��Ü© B,P,C,Qo:���´²;�

AÛ(�.

6. �b�n�/ 4ABC �	��� Γ. ∠BAC ��²©�� ΓuM( 6=

A).�^²1u BC ��� r� AC u X,� AB u Y.��MX,MY©O� Γ

u S, T (6= M).��� XY � ST �u: P.y²: PA� Γ���.

y² LM � Γ���,Xã¤«3��þ��: U .

d M �løBC �¥:�: MU � BC � XY , �k ∠Y XM = ∠XMU =

∠STY ,K X,S, T, Y o:��,Pd�� ω.
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�Ä Γ, ω94AXY �	��ùn��üü��¶,5¿� Γ�4AXY �

	����¶� Γ3: A?���, Γ� ω��¶´ ST , ω�4AXY �	�

���¶´ XY ,d�F½n�:ùn^�¶�:.¤± PA� Γ���,�·K

¼y! �

µ5 ù´��¥�JÝ�AÛK.�K�'�3uuy: P ´ Γ, ω 9

4AXY �	��ùn����%,l
�Ñ PA� Γ���.

7. � Ω � Γ �ü��, Ù¥ Ω 3 Γ �SÜ. � P � Γ þ�:, L P �

PA, PB� Ω��,� Γu: A,B(6= P ).y²:� P 3 ΓþCz�,�� AB�

��½���.

y² dK´Xe Poncelet4Ü½n�n�//ª�íØ:

���n�/�º:3�¶�|���½�þëY/£Ä,ü^>©O�

ù|�¥,ü��½��ëY/��,K1n^>�ù|�¥���½���

�. (∗)

XJ�^�� l��S�o>/ ABCD��|é>¤��,|^�S�o

>/��Ý'XØJ`² l�o>/ ABCD�n|é>þ¤��,���S�

o>/n|é>þ¤�����´�3�.·�I�^�±eÚn.

ÚÚÚnnn ��^�� l��S�o>/ ABCD�n|é>þ¤��,KL§

�z�|é>�ü��:������ùü^>��,¿�ù��n���®

���¶ (�S�o>/�é�� AC,BD�À��|é>).

Ún�y² P®��� ω.Ï��|é>��� l¤��,¤±�±���

�3�:?�ùü^>��.P¤��n��� ω1, ω2, ω3,^ ρ(T, ωi)L«: T

é� ωi��,�� l� ωi���ü>Y�� αi ( i = 1, 2, 3 ) .d�u½n�

ρ(A, ω1)

ρ(A, ω2)
=

sin2 α1

sin2 α2

,
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Ón B,C,D�k�Ó�5�,d Casey��½n� ω� ω1, ω2�¶.Ón, ω�

� ω2, ω3�¶.l
 ω, ω1, ω2, ω3ùo���¶.Ún¼y!

e¡£� (∗)�y².

�4A1A2A3,4B1B2B3�÷v�¦�� c�S�n�/, A1A2, B1B2��

c3��, A1A3, B1B3�� c2��.e¡y² A2A3, B2B3�Ó��¶�|¥,�

�½�� c1��.

�Äo>/ A1B1A2B2,5¿� A1A2� B1B2Ó� c3���S�u c,dÚ

n, A1B1 � A2B2 Ó�ù|�¥�����,�� c′.Ón A1B1 � A3B3 �X

d,�ÙéA�� c′′.� 4B1B2B3 ëY/C� 4A1A2A3 �, c′ � c′′ ëY/C

� c,
 A1B1 � A2B2 ©OC¤ c3 A1 � A2 ���. c3 A1 ����,��

ù�¶�|¥,��� c��, c� c3�¶�üý.� B1£� A1� ��,�

¶�¥ü�� A1B1����,��C�4� � c,,��C� c.� c′� c′′Ñ

C� c,
ØC� c,¤± c′ = c′′.

2dÚn, éo>/ A2B2A3B3, A2B2 � A3B3 þ� c′ ��, � A2A3 �

B2B3 þ�T�¶�|¥Ó����.q A2A3 �½��,� B2B3 ëYCÄ�,

B2B3=U����½����, (∗)�y!

AO/,�·K¼y! �

µ5 ù´���~(J�;,¯K.þã){ë�
 [2]¥� §119,y²


Poncelet4Ü½n�n�//ª.

8. �n�/4ABC �	��� Γ.� R, S©O�> AB,AC þ�:,÷v

BR = RS = SC, Γ3: A?������ RS u: P, I �4ARS �S%.y

²: PA = PI.
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y² 1 � AI � BC u D, RI � AS u E, PR � BC u F . 2� AS =

b, AR = c, BR = RS = SC = a.

5¿� RS = CS,Kk ∠RCS = 1
2
∠RSA = ∠ISA,l
 IS � RC.d�²

©�½n��� ES = ab
a+c

,�k

CR

IS
=
CE

ES
= 1 +

a
ab
a+c

=
a+ b+ c

b
.

q
FR

SP
=
FR

RS
· RS
SP

,




RS

SP
=
RP

SP
− 1 =

AR · sin∠RAP
AS · sin∠SAP

− 1 =
c(c+ a)

b(b+ a)
− 1 =

(c− b)(a+ b+ c)

b(b+ a)
,

é4ARS 9�� FBC,dMenelaus½n�

AB

BR
· RF
FS
· SC
CA

= 1,

@o

RS

FR
=
FS

FR
− 1 =

AB

AC
· SC
BR
− 1 =

AB

AC
− 1 =

c+ a

b+ a
− 1 =

c− b
b+ a

,

�
FR

SP
=
FR

RS
· RS
SP

=
b+ a

c− b
· (c− b)(a+ b+ c)

b(b+ a)
=
a+ b+ c

b
=
CR

IS
.

(Ü ∠CRF = ∠ISP �4FRC ∼ 4PSI,Kk ∠RFC = ∠SPI,= FC � PI.

� ∠PIA = ∠CDA = ∠PAI,l
 PA = PI.�·K¼y! �

y² 2 (þþþ°°°¥¥¥ÆÆÆ���ÂÂÂ>>>) ��� SI ��� AB�u:M ,��� RI �

�� AC �u: N .2��� RS,AP,AI ©O���MN �u: T,Q, U , �

�� AI ��� RS �u: V .

|^Ù��(Ø, R, S, V, T �NÚ:�, @o�� AR,AS,AV,AT ¤N

Ú�å, q AV ´ ∠RAS �S�²©�, K AT ´ ∠RAS �	�²©�, �
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∠TAV = 90◦.

d SC = SR�: ∠CRS = 1
2
∠ASR,
 SM ´ ∠ASR�S�²©�,@o

∠ASM = 1
2
∠ASR,K ∠CRS = ∠ASM ,� SM � CR,Ón�� RN � BS.l



AM

AR
=
AS

AC
,
AN

AS
=
AR

AB
,

þüª�Ø��
AM

AN
=
AB

AC
,

¤±MN �BC.

du AP ´ 4ABC �	��3: A ?���, K ∠PAM = 180◦ −

∠ACB = 180◦ − ∠ANM , � AP �´ 4AMN �	��3: A ?���.

l


∠QAU = ∠PAU = ∠PAM − ∠MAU = ∠QNA− ∠UAN = ∠AUQ,

K QA = QU .

e¡`² QU � PI.

d ∠TAU = 90◦¿(Ü QA = QU � Q´�ã TU �¥:.dÙ��(Ø,

A, I, U, V �¤NÚ:�,Kk

UI

IV
=
UA

AV
, (1)

é4TUV 9�� AQP ,dMenelaus½n�

TQ

QU
· UA
AV
· V P
PT

= 1,


 TQ = QU ,þªz�
UA

AV
=
TP

PV
, (2)
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(Ü (1),(2)��
TP

PV
=
UI

IV
,

� QU � PI.q QA = QU ,¤± PA = PI.�·K¼y! �

µ5 ù´��¥�JÝ�AÛK. {�Ì�ÏLO��ã�'~��

4FRC ∼ 4PSI,2d FC � PI y� PA = PI.{�k|^
NÚ:�9²1

��5�ò¯K=z�y² QU � PI,2|^NÚ:��5�9Menelaus½n

y�
(Ø.

9. � 4ABC ´��Ø�>n�/,ÙS%� I,	%� O,	��� Γ.

4ABC �S���> BC,CA,AB þ��:©O� D,E, F.�� AI ©O�

EF � Γu: N 9:M( 6= A).��MD� Γu: L(6= M), IL� EF u:K.

±MN ��»��� Γu: P (6= M).y²: AK,PN,OI n��:.

y² �lúBAC �¥:� Q,�� IO�: U .

Kd ∠NPM = 90◦ �: Q,N, P n:��, 5¿� Q,O,M n:���

QO = OM ,l
QU � IM �QU = IM .dNK ⊥ AI,QA ⊥ AI �NK �AQ,

q QU �NI,�

UI,QN,AKn��:⇔ NI

QU
=
NK

QA
⇔ NK

QA
=
NI

IM
⇔ NI

NK
=
IM

QA
. (1)

d LM ²© ∠BIC �

LB

LC
=
BD

DC
=
BF

EC
,
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(Ü∠LBF = ∠LCE�:4LBF ∼ 4LCE,�∠LFB = ∠LEC,KkA,F,E, L

Ê:��.q A,F, I, E o:��,¤± A,F, I, E, LÊ:��.

@o ∠ALI = ∠AEI = 90◦, k IL L A 'u Γ �é»: A′. q A′Q ⊥

AQ,AI ⊥ AQ,KA′Q�AI,�∠LIM = 180◦−∠LIA = 180◦−∠LA′Q = ∠LAQ,

q ∠LQA = ∠LMI,�4LQA ∼ 4LMI.K

NK

NI
= tan∠KIN = tan∠AIL =

AL

IL
=
AQ

IM
,

(Ü (1)�: UI,QN,AK n��:,= OI, PN,AK n��:.y.! �

µ5 ù´��'�(J�AÛK.þãy²ÏL QU � NI |©/r¯K

=z�y² (1)ª,2|^��Ún�/�qy²
 (1)ª.

10. � 4ABC �b�n�/, ÙS%� I, S��� ω. ω � BC,CA 9

AB �u: TA, TB, TC .� lA �L A�²1u BC ���,aq½Â lB, lC .�

PA = TBTC ∩ lA, aq½Â PB, PC . �SA = PBTB ∩ PCTC , aq½Â SB, SC .

P LA ��� AI � 4ABC 	���1���:, aq½n LB, LC . y²:

SALA, SBLB, SCLC n��:.

y² � ITA � TBTC u RA,aq½Â RB, RC .� NA � SALA �¥:,a

q½Â NB, NC .·�ky²: SB �4IAC �R%.

du

PATC
PATB

=
ATC · sin∠PAATC
ATB · sin∠PAATB

=
sin∠ABC
sin∠ACB

=
sin 1

2
∠ABC cos 1

2
∠ABC

sin 1
2
∠ACB cos 1

2
∠ACB

=
TATC sin∠RATATC
TATB sin∠RATATB

=
RATC
RATB

,

�PA, RA, TC , TB¤NÚ:�.(ÜTARA, TBRB, TCRCn��:u I�:PA, RB,

RC n:��.Ón, RA, RB, TC n:��.

é�� PATCRA 9�� PCTARC ,d Pappus½n�: PATA � PCTC ��

: SB! PARC � PCRA ��: RB! TCRC � TARA ��: I n:��, �

SB, RB, I, TB o:��.

d PA, RA, TC , TB ¤NÚ:���� TAPA, TARA, TATC , TATB ¤NÚ�å,

� SB, I, RB, TB ¤NÚ:�.

� AI,CI ©O� TATC u U, V , AV � CU u S ′B,Ù� AU ⊥ CU,AV ⊥

CV , @o S ′B � 4AIC �R%, l
 S ′B, I, RB, TB ¤NÚ:� (��o>/

AV S ′BUCI �é�� S ′BI �,ü^é��NÚ©�).Ïd SB = S ′B,= SB �

4AIC �R%.
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e¡^��/ª� Ceva½ny² SALA, SBLB, SCLC n��:.

d SB �4AIC �R%, LB �4AIC �	%� NB �4AIC �Ê:��

%.� LALB � CI u X, LBLC � AI u Y .K X, Y ©O� CI,AI �¥:.�

NB �4XTBY �	%.

5¿� ∠NBXLB = 90◦ − ∠NBXI = 90◦ − (∠TBXI − ∠NBXTB) = 90◦ −

[2 · 1
2
∠ACB − (90◦ − ∠XY TB)] = 180◦ − ∠ACB − 1

2
∠BAC = ∠ABLA,Ón

∠NBY LB = ∠CBLC .�k

sin∠LCLBSB

sin∠LALBSB

=
NBY · sin∠NBY LB

NBX · sin∠NBXLB

=
sin∠CBLC

sin∠ABLA

=
CLC

ALA

,

Ón,
sin∠LBLASA

sin∠LCLASA

=
BLB

CLC

,
sin∠LALCSC

sin∠LBLCSC

=
ALA

BLB

,

www.nsmath.cn 18



�
sin∠LCLBSB

sin∠LALBSB

· sin∠LBLASA

sin∠LCLASA

· sin∠LALCSC

sin∠LBLCSC

= 1.

d��/ª� Ceva½n_½n�: SALA, SBLB, SCLC n��:.y.! �

µ5 ù´���.E,!�~(J�AÛK.þã){knÜ$^
NÚ

:�! Pappus½n�(Øy²
 SB ´4AIC �R%,2^��/ª� Ceva

½ny²
 SALA, SBLB, SCLC n��:.

11. �4ABC �Ø�>b�n�/, D´4ABC �: A¤é�� ¥�

�4ABC 	���1���:. E � D'u BC �é¡:, C0 � E 'u AB

�é¡:, B0� E 'u AC �é¡:.y²:�� AD,BB0, CC0n��:��

=� ∠BAC = 60◦.

y² 1 � AD�¥:M (eã¥wþ� AD,BB0, CC0n��:uM ,ù

´I�y²�),du ABDC ´NÚo>/,l
 ∠MBA = ∠DBC = ∠EBC,

Ón ∠MCA = ∠ECB,�M,E�4ABC ��é���Ý:.l
 ∠MAB0 =

∠MAC + ∠CAB0 = ∠MAC + ∠CAE = ∠MAC + ∠MAB = ∠BAC,aq�

� ∠MAC0 = ∠BAC, K ∠MAB0 = ∠MAC0, (Ü AB0 = AE = AC0 ��

4MAB0
∼= 4MAC0,� AM ⊥ B0C0.

du BD = BE = BC0,K

sin∠BB0C0

sin∠BB0D
=
BC0 · sin∠BC0B0

BD · sin∠BDB0

=
sin∠BC0B0

sin∠BDB0

,




∠BC0B0 = ∠BC0E + ∠EC0B0 = 90◦ − ∠EBA+ ∠EAC

= 90◦ − ∠ABC + ∠EBC + ∠MAB = 90◦ − ∠ABC + ∠BAC,
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∠BDB0 = ∠BDC − ∠CDB0 = 180◦ − ∠BAC − (90◦ − 1

2
∠DCB0)

= 180◦ − ∠BAC − (90◦ − ∠ACB) = 90◦ − ∠BAC + ∠ACB.

P ∠BAC − ∠ABC = α,∠ACB − ∠BAC = β.Kk

sin∠BB0C0

sin∠BB0D
=

sin∠BC0B0

sin∠BDB0

=
sin(90◦ + α)

sin(90◦ + β)
=

cosα

cos β
,

aq/,

sin∠CC0D

sin∠CC0B0

=
sin∠CDC0

sin∠CB0C0

=
sin(∠ABC − ∠BAC + 90◦)

sin(∠BAC − ∠ABC + 90◦)
=

cosα

cos β
.

q

∠B0DA = ∠CDA− ∠CDB0 = ∠CDA− (90◦ − ∠ACB) = 90◦ − ∠BAC,

∠C0DA = ∠BDA− ∠BDC0 = 90◦ − ∠BAC,

�k

sin∠BB0C0

sin∠BB0D
· sin∠CC0D

sin∠CC0B0

· sin∠B0DA

sin∠ADC0

= 1⇔ cos2 α = cos2 β.

é4DB0C09�� DA,B0B,C0C,d��/ª� Ceva½n9Ù_½n�:

AD,BB0, CC0n��:⇔ cos2 α = cos2 β.


 α+ β = ∠ACB−∠ABC ∈ (−90◦, 90◦), α+ β 6= 0, α− β = 180◦− 3∠BAC ∈

(−90◦, 180◦).�

cos2 α = cos2 β ⇔ α = β ⇔ ∠BAC = 60◦.

�·K¼y! �

y² 2 (þþþ°°°¥¥¥ÆÆÆ ôôôAAAÊÊÊ) ��¡,e�� AD,BB0, CC0 n��:,�ù

n^���:u N .

�M ��ã AD�¥:.d ABDC �NÚo>/� ∠MBD = ∠ABC =

1
2
∠C0BD, q C0B = EB = DB, K 4DMB ∼= 4C0MB. Ónk 4DMC ∼=

4D0MC,l
MC0 = MD = MB0.

e M 6= N , dNÚo>/�5�� 4BMD ∼ 4DMC, l
 BM ·

MC = MD2 = MB0 · MC0. q ∠BMC0 = ∠BMD = ∠DMC = ∠CMB0,

K ∠BMB0 = ∠CMC0,¤± 4BMB0 ∼ 4C0MC.@o ∠MBN = ∠MC0N ,

K M,B,C0, N o:��,l
 ∠C0NB = ∠C0MB = ∠BMD = ∠BC0N ,�

BN = BC0 = BE,Ón�� CN = CB0 = CE,K N = E,@o AM ´ ∠BAC

�²©�,l
 AB = AC,ù�4ABC �Ø�>n�/gñ!
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¤± B,M,B0 n:��,@o 180◦ = ∠BMB0 = 3∠BMD = 3∠BAC,ù

`² ∠BAC = 60◦.

,��¡,e ∠BAC = 60◦,K ∠BMB0 = ∠BMD + ∠DMC + ∠CMB0 =

3∠BAC = 180◦,ù`²M3BB0þ,Ón��M�3CC0þ,l
BB0, CC0,

AD�:uM .

nþ��,�·K¼y! �

µ5 ù´��¥�JÝ�AÛK.{�|©/é4DB0C0^ Ceva½n)

û
¯K,��5¿�´XJé4ABC ^ Ceva½nK=z��¯K¿ØÐ)

û.{�©ü�¡5y,Ù¥7�5´{ü�,¿©5�y²¥¦^�y{
n

��:uM .

12. � Γ´��± O��%, R��»��.� X, Y ´ Γþ�ü:,÷v

XY < R.� I ´��÷v IX = IY � XY = OI �:.�^º5�ã�Ñ± Γ

�	��, I �S%, OX �î.��n�/.¿y²Tn�/´���.

) |^º5��: 1.�:��½���R�; 2.�½�ã�¥R�.��L

I � OX �R�,� OI �¥R�uM .

d IO ⊥ XY, IM ⊥ OX �: ∠MOI = ∠MIO = ∠OXY = ∠OYX. q

OI = Y X,l
4OIM ∼= 4Y XO,K OM = Y O, M 3 Γþ,ò�MI � Γu

,�: A.±M ��%, MI ��»��M ,� Γu B,C.

eyù����4ABC ÷v�¦.

5¿�M ´løBC �¥:�MI = MC = MB,d/9½n_½n� I �

4ABC �S%.

�OX��MuO�H.dAM ⊥ OX�:AM,OHp�²©.�AH�OM
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� AH = OM ,K AH ⊥ CB�

AH

CB
=
OM

CB
= cot∠COM = cot∠CAB,

� H � 4ABC �R%, OX � 4ABC � Euler�.q Γ� 4ABC �	��,

¤±4ABC ÷v�¦.

ey÷v�¦�4ABC ´���.

�4A′B′C ′�÷v�¦,�§�Ê:��%�N ′,S���»� r,dEuler

úª

r =
R2 −OI2

2R
,

d Feuerbach½n,4A′B′C ′�Ê:��S��S�,l
 N ′I = R
2
− r.�

N ′I =
OI2

2R
= OI · XY

2R
= OI · | cos∠XOI|,

K N ′ � I 3 OX þ��K.@o,4A′B′C ′ �R% H ′ � O'u N ′ �é¡:,

l
 H = H ′,K IO = IH ′.

q O,H ′´4A′B′C ′����Ý: (��n�/�	%�R%�¤�é�

��Ý:),� A′, B′, C ′¥?�ö X ′þ÷v:�o X ′3 OH ′�¥R� IN ′þ;

�o O, I,H ′, X ′ o:��.(Ü IN ′ =� IM , �(OIH ′)=� �M ( �M Ò´

�(OIH) )�

{A′, B′, C ′} ⊆ {A,B,C,M} .

q I�4A′B′C ′�S%�34A′B′C ′�SÜ,�A,MØÓ�3 {A′, B′, C ′}

¥,K B,C 3 {A′, B′, C ′}¥.q ∠CMA 6= ∠BMA (e ∠CMA = ∠BMA,K

AB = AC,@o AM ´ �O��»,l
 I 3�� OM þ,� OI ⊥ XY gñ),
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� {A′, B′, C ′} = {A,B,C} ,��5¼y!

nþ,·�^º5�Ñ
���÷v�¦�4ABC. �

µ5 ù´��'�(J�AÛ�ãK. þã){��ãÜ©k|^

4ABC ¥k�º: A÷v AI ⊥ OX ù^5�5½Ñ: A,2d/9½n_½

n½Ñ: B � C.��5Ü©k^ Eulerúª� Feuerbach½n�� 4A′B′C ′

�Ê:��% N ′ � I 3 OX þ��K,?
4A′B′C ′ �R% H ′ ��4ABC

�R% H ­Ü,��^	%�R%p����Ý:y�
��5.

13. � ω ´ 4ABC �	��.®� D ´ ∠ABC �²©�� AC ��:,

E ´ ∠ACB�²©�� AB��:.��DE � ωu F,G.y²: ω3 F,Gü

:?�ü^���´4ABC �: A¤é������.

y² �4ABC �: A,B,C éA��%� IA, IB, IC .ky² OIA ⊥ DE.

� BD � ω u MB, CE � ω u MC . K B, I,D,MB, IB ��, d/9½

n�: A, I, C, IB o:��, �T���%� MB. d��½n�: DI · DIB =

DA ·DC,DA ·DC = DF ·DG,@o DI ·DIB = DF ·DG,� F, I,G, IB o:

��,Ón F, I,G, IC o:��,l
 F, I,G, IC , IB Ê:��.

du 4ABC �	��´ 4IAIBIC �Ê:�,@o IAIB, IAIC �¥:þ3

4ABC�	��þ,
d/9½n� IIA�¥:�34ABC�	��þ.± IA

� q¥%, 1
2
� q'� qC�,K 4IIBIC �	��C�� 4ABC �	

��,l
ùü��ë%�²L IA,qùü��ú�u� FG,¤± OIA ⊥ FG,

= OIA ⊥ DE.

���MBMC 'u ω�4:´ T,�� DE 'u ω�4:´ X.

23 êÆ#(�



éòz��S�8>/ BAACMCMB,d Pascal½n�: ω3: A?��

� lA ���MBMC ��:3�� DE þ.=�� lA,MBMC , DE n��:.5

¿� A´ lA'u ω�4:, T ´MBMC 'u ω�4:, X ´ DE 'u ω�4

:.¤± A, T,X n:��.q OIA ⊥ DE,OX ⊥ DE,K IA, O,X n:��.�

X ´�� AT � OIA��:.

���	 qC�r 4ABC �	��C��: A éA����, d

TMB � AC, TMC � AB,K T → A,O → IA.¤± X Ò´ü��	 q¥%.d

XF,XG´ ω�����§�´� IA���.�·K¼y! �

µ5 ù´��'�(J�AÛK.ÄkI�y² OIA ⊥ DE,y²L§¥

Ñy� F, I,G, IC , IB Ê:��ù�(Ø3 2006c�ÛdêÆc��� 11c?

1oK¥�^�L (�� [3] ).��±^��½n©OO� D,E ü:é �O�

�IA ��,2^����5yR�.�e5y²�� FG'u �O�4: X Ò

´ü��	 q¥%,|^ Pascal½n(Ü4:4��5��� A, T,X n:

��,2d®y� OIA ⊥ DE �� IA, O,X n:��,��d qC��5�

�y� X Ò´ q¥%.

�� a�okLP�c["�
�©¿JÑ�?U¿�.
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