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1 1 K ��¢½k 2019�/cÕ.eZé/cÕ^��ë�.l?¿/c

Õ�±ÏL����Ù¦?¿/cÕ,½���OyeZ�/c�g:z��g

�¹eZ�ØÓ�/cÕ,�g^���ë (eZ�g�±�^�^��).z�

/cÕ7L��k���g,�
�a,ØU�L k��g,(J,½��OyØ

�1. k���´õ��,ù:�Uu)?

) k����� 1008.

ò�¯K^ãØ�óQã.

� G(V,E)´��ã,Ù¥º:8 V �¢½,üº:�më>��=�ùü

�¢½mk��,Kz�/c�g´�^´.

��¡,�Ä 2019�º:�ã,Ù¥�: u�Ù¦ 2018�º: v1, v2, · · · ,

v2018 þ�ë, vivj (1 ≤ i, j ≤ 2018)þØ�ë,duz^´�õ²L vi (1 ≤ i ≤

2018)¥�ü�,���k 1009^´,= k = 1008�,½��OyØ�1.

,��¡, ·�y²� k ≤ 1009 �, ½��Oy�½�1. �Iy²

k = 1009��1=� (� k > 1009�,õ{?�g?¿Sü).

?¾FÏ: 2020-01-23.
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du GëÏ,��� G���| ä T2019.

Äky²e¡�Ún:

ÚÚÚnnn � m´��ê, T2m+1 ´��ä,K�3Ø�L m^´,¦�z�º

:��k�^´²L.

y² ém?18B.

�m = 1�,w,¤á.

b�·Ké ≤ m¤á.e¡�Äm+ 1��¹.

du T ´ä,�7�3Ý� 1�º: u,� u� v �më>.�Äã H =

T − {v},K H 3��ëÏ©|�z�ëÏ©|Ø´�á:Ò´ä, H ��k�

��á: u,Ø
 u�	, H ���k��ëÏ©|�º:ê�Ûê,Ø���

H0,du T ëÏ,��3º: v0 ∈ V (H0),¦� v0� vë>.

�Äò T2m+1 í�ü^> uv, vv0 9: u����#ã T ′,K T ′ ´ü�ä

(½�á:)�¿,Ù¥��ä (½�á:)Ò´H0,§�º:ê�Ûê,K,��

ä (½�á:)�º:ê��Ûê.

d8Bb��m+ 1�·K¤á.

nþ��,Ún�y.

£��K,dÚn¥m = 1009��¹,�½��Oy�1.

nþ��, k����� 1008. �

µ5 ù´���{ü�|ÜK.=z�ãØ�ó�,�E��
4z^´

U²L¦þ��º:,N´��(ã.y²��Ñã�)¤ä¿?Ø§��fØ

J���±¦^8B{.

1 2 K c|æ3k¡þ�
äk/ª 1
n
�©ê,Ù¥ n� 6100 �¤k�

ê (�) 1Ú 6100��),¦òù
k¡Uì�½�^Sü�,,�¦�Ñ1�Ü

k¡þ�ê,1�ÜÚ1�Ük¡�ê�Ú,cnÜk¡�ê�Ú��,���

Ñ¤kk¡�ê�Ú.¯:ç�þ��¬kõ�«©1?

) 5¿�zÜk¡þ�ê 1
n
þ��¤ 1

n
= m

6100
�/ª�mT´ 6100��

N��ê. ��K�du:

� a1, a2, · · · , ak, k = τ(6100) = 1012 ´ 6100 �¤k��ê���ü�,

Si =
i∑

j=1

aj (1 ≤ i ≤ k),¯ gcd(Si, 6
100) (1 ≤ i ≤ k)��kõ�«ØÓ���?

ky²:��k 2�ØÓ���.
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b�(ØØ¤á,K=k�«��,�� d,5¿�

Sk = a(6100) = (1 + 21 + · · ·+ 2100)(1 + 31 + · · ·+ 3100)

= (2101 − 1) · 3
101 − 1

2
,

� gcd(Sk, 6
100) = 1,= d = 1.

ù�¦,é?¿ 1 ≤ i ≤ k, 2 - Si,= S1 ≡ S2 ≡ · · · ≡ Sk ≡ 1 (mod 2),¤±

é?¿ 2 ≤ i ≤ k, ai = Si − Si−1 = 0 (mod 2),� 6100k 101�ÛÏê,gñ!

¤± gcd(Si, 6
100)��k 2ØÓ���.

2y²:�±=kü«ØÓ���.

- a1 = 1, a2i = 22i (1 ≤ i ≤ 50), a2i−1 = 22i−1 (1 ≤ i ≤ 50), aj+101 = 3j (1 ≤

j ≤ 100), a202, · · · , ak ´ 6100��ê��ê�?�ü�.

·�y²: gcd(Si, 6
100)=k 1,2ü«��.

�d,=Iy²:é?¿ 1 ≤ i ≤ k, 3 - Si, 4 - Si.

ky² 3 - Si (1 ≤ i ≤ k).

5¿� 22i ≡ 1 (mod 3), 22i−1 ≡ 2 (mod 3),¤±

S2i−1 ≡ 1 (mod 3) (1 ≤ i ≤ 51), S2i ≡ 2(mod3) (1 ≤ i ≤ 50),

q5¿�é?¿ j > 101, 3 | aj,�

Si ≡ S101 ≡ 1(mod3) (i > 101),

= 3 - Si.

2y² 4 - Si(1 ≤ i ≤ k).

5¿� a1 = 1, a2 = 4, a3 = 2,� 4 ≤ i ≤ 101�, 4 | ai,¤±

S1 = 1, S2 ≡ 1 (mod 4), S101 ≡ S100 ≡ · · ·S3 ≡ 3 (mod 4).

5¿� 32i−1 ≡ 3 (mod 4), 32i ≡ 1 (mod 4),¤±

S2i+100 ≡ 2 (mod 4) (1 ≤ i ≤ 50), S2i+101 ≡ 3 (mod 4) (1 ≤ i ≤ 50),

AO/ S201 ≡ 1 (mod 2),q5¿�é?¿ j > 201, 2 | aj,� Si ≡ S201 ≡ 1

(mod 2).= 4 - Si.

nþ��,¤¦���� 2. �

µ5 ù´��{ü�|ÜK,uy�Y´ 2�,kò©êz¤�Ð?n�

�ê,��y²ØU´ 1´²��,�E�k?nK¤k 2��Ú 3����z

\��ê� 6ØC,|^d5�é¯B��¤�E.
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1 3 K k 2019��f�¤��,z��fpk�¬�s,*�Ú�g?1


��iZ.zgö�,*�ÀJ�¬�s¿(² 1� 16¥���êm.�gò

T�s^��½_��£Äm��f (zg��d�gÀJ).*�F",��

ÿ,��fp��k k¬�s,
�g�{�¦,éu�o����� k,*�

oU¤õ?

) (±±±ÖÖÖººº) k����� 32.

Äky²:*��±4���fp��k 32¬�s. (1)

�d·�=Iy²:*��±¦�k 64��fpk�s (ù�dÄT�n

Òk���fp��k d2019
64
e = 32¬�s).

±?¿ �m©,^����fIþê 0, 1, · · · , 2018.

äó:*��±4�k?Ò� 32��ê��fk�s (0, 1, · · · , 2018¥T

k 64�32��ê).

1�Ú.4¤k�s8¥� 0 ∼ 2016Ò�fþ.=Ié 2017,2018Ò�f�

(² 2=�.

1�Ú.4¤k�s8¥�óêÒ�fþ.=Ié¤k?3ÛêÒ�f��

s�(² 1=�.

1nÚ.4¤k�s8¥� 4��ê��fþ.=Ié¤k?3� 4{ 2�

�f��s (5¿ 2018Ò�fÃ�s)�(² 2=�.

1oÚ.4¤k�s8¥� 8��êÒ�fþ.=Ié¤k?3� 8{ 4�

�f��s�(² 4=�.

1ÊÚ.4¤k�s8¥� 16��êÒ�fþ.=Ié¤k?3� 16{ 8

��f��s�(² 8=�.

18Ú.4¤k�s8¥� 32��êÒ�fþ.=Ié¤k?3� 32{ 16

��f��s�(² 16=�.

¤±nþ�� (1)¤á.

2y²:�g�±4z��f�õk 32¬�s. (2)

·�El?¿ �m©,^����fIþê 0, 1, · · · , 2018,Ó���s�

Iþê 0, 1, · · · , 2018,¦�z��s¤I�ê�¦Ð© ���f?Ò�Ó.

äó: e���s?Ò� a,�g�±4§¤?��f�?Ò©ªáu

{a− 15, a− 14, · · · , b+ 16}. (3)

¯¢þ,·�éö�gê8B.

Ð©�÷v.
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b�1 kgö�c÷v,e¡�Ä1 kgö�.

Ø��*�ÀJ
�s a (ÄK®¤á),¿(²ê x,�1 kgö�c a3

�f a+ i (−15 ≤ i ≤ 16)?.

(i)e i ≥ 1,�gÀJ_��£Ä;

(ii)e i ≤ 0,�gÀJ^��£Ä.

d��s a¤?��f?ÒEáu {a − 15, a − 14, · · · , a + 16}.�d8B

{� (2)¤á.

5¿�,e�g�y (3)ð¤á,@oéu?¿���f b,§p¡��s�

?Ò�½áu {b− 16, b− 15, · · · , b + 15},¤±§p¡��s�õ 32¬.= (3)

¤á.

nþ��, k����� 32. �

µ5 ù´�� J�|ÜK.�±kÏL����¹ßÑ�Y�����

(32½ 33).*��ö��ég,,Ù��Ò´ØäO\�s¤3�f?Ò¹k 2

��g,
�g�ö�I��½�(a,ØUüX�ò 2019��f©¤eZã,

�g�yzgö�ÑØò�s£Ø§¤3�ã (du 2019Ø´ 32��ê,ù�

�U�� 33),
�æ�þã�{.

1 4 K ©p©Zæ� n�¢½¥�?¿ü�Ñdü[Ê�úi��$E

Ê�.|±�ä�
¬��¦�[Ê�úi$E�� k ^Ê�.�
��ù:,

zU�À?¿n�¢½,ò§�üü�m�Ê�U�d,�[Ê�úi$E.¦

��� k,¦�ÃØ�m©No©�,�
¬Ñ�±ÏLeZgN���8I?

) 1 (±±±ÖÖÖººº) k����:

kmax =


(n−1)2

2
, n�Ûê;

n(n−1)
2
− bn

4
c, n�óê.

^ãØ�ó£ã�¯K:�ã G,ò¢½�� G�º:.

eü�¢½�m�Ê�dÊ�úi A$E,ò§�éA½:�ë�/�ù

Ú;eü�¢½�m�Ê�dÊ�úi B $E,ò§�éA½:�ë�/�7

Ú.

�¯K¥�
¬�zgö�ÑÀJ��n�/,òÙn>þCÚ.

é G��^>�ù7�/Ú ϕ,é G�?�º: v,^ Rϕ(v)L«º: vë

Ñ�ù>^ê, Bϕ(v)L« vëÑ�7>^ê,Ké?¿ v ∈ V (G),k

Rϕ(v) +Bϕ(v) = n− 1.
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Äky²e¡�Ún.

éuÓ��ã G�ü�ù7�/Ú ϕ1, ϕ2,§��±ÏLk�gö���

⇔é?�º: v,k Rϕ1(v) ≡ Rϕ2(v)(mod2) (½ Bϕ1(v) ≡ Bϕ2(v)(mod2).)

y² 7�5: Ï�zgö�þUC
z�:óê^>�ôÚ (0½ 2),¤

± Rϕ(v)Ûó5ØC,�

Rϕ1(v) ≡ Rϕ2(v)(mod2).

¿©5: é |V (G)|8B.

|V (G)| = 1�,w,¤á;

b� |V (G)| = n− 1�,e¡�Ä |V (G)| = n��¹:

duö�´�_�,��Iy²ÏLö�Ul ϕ1C� ϕ2,é?¿ v ∈ V (G),

� u1, u2, · · · , ut´¤k÷v> vui (1 ≤ i ≤ t)3 ϕ1, ϕ2¥ØÓÚ�>.

du Rϕ1(v) = Rϕ2(v), K t ´óê, � t = 2l, é 4vu2i−1u2i (1 ≤ i ≤ l)

�ö��g,�� ϕ′1,Ké?¿ 1 ≤ i ≤ t, vui þUCôÚ,@d� v ëÑ�

>�ôÚ�¹®� ϕ2 ¥�Ó,qzgö� Rϕ(v)�Ûó5ØC,¤±é?¿

u ∈ V (G) \ {v},

Rϕ(u) ≡ Rϕ1(u) ≡ Rϕ2(u)(mod2).

�Ä G′ = G − {v}9 ϕ1, ϕ2 3 G′ þ�p�/Ú ϕ̃′1, ϕ̃
′
2,Kdu3 G¥, v

ëÑ�>3 ϕ′1, ϕ
′
2¥/Ú�¹�Ó,¤±,é?¿ u ∈ V (G′),

R
ϕ̃′1
(u) ≡ R

ϕ̃′2
(u)(mod2).

d8Bb�, ϕ̃′1�±ö��� ϕ̃2,qdL§¥ vØÉK� (Ï�vkö� v

ëÑ�>),¤± ϕ1�ö��� ϕ2,= |V (G)| = n�¤á.

nþ��,¿©5¤á.

£��K.

(1)e n´Ûê.�Äã G : G¥ n − 1�:�ùÝ� 1, 1�:�ùÝ� 0

(n−1
2
�ù��),K�3 n− 1�:,§��ùÝ,7Ýþ�Ûê,dÚn,ÃØN

�ö�,ù n− 1�:�ùÝ,7Ýþ�Ûê,¤±

k ≤ n(n− 1)

2
− n− 1

2
=

(n− 1)2

2
.

,��¡,duùÝ�Ûê�:7kóê�,� v1, v2, · · · , v2t �ùÝ�Û

ê,�Ä ϕ∗ : v2i−1v2i,/ù (1 ≤ i ≤ t),Ù{/7,d�7>k

n(n− 1)

2
− t ≥ n(n− 1)

2
− n− 1

2
=

(n− 1)2

2
.
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¤± kmax =
(n−1)2

2
.

(2)e n�óê.�Äã G : 2bn
4
c�:�ùÝ� 1, 2dn

4
e�:�ùÝ´ 0

(bn
4
c�ù��),Kk 2bn

4
c�:�ùÝ�Ûê, 2dn

4
e�:�7Ý�Ûê,¤±Ã

ØN�ö�,ù>��k bn
4
c^,7>��k dn

4
e^,� k ≤ n(n−1)

2
− bn

4
c.

,��¡,dué?¿ v ∈ V (G), Rϕ(v) + Bϕ(v) = n − 1 ≡ 1( mod 2),�

Rϕ(v), Bϕ(v)�Û�ó.Ø�� Rϕ(v)¥Ûê��,q Rϕ(v)´Ûê�º: vk

óê�,Ø��� v1, v2, · · · , v2t,K t ≤ bn
4
c.

�Ä ϕ∗ : v2i−1v2i /ù (1 ≤ i ≤ t),Ù{/7,dÚn, ϕ�ÏLö���

ϕ∗,d�7>k
n(n− 1)

2
− t ≥ n(n− 1)

2
− bn

4
c.

¤± kmax =
n(n−1)

4
− bn

4
c.

nþ��,

kmax =


(n−1)2

2
, n�Ûê

n(n−1)
4
− bn

4
c, n�óê.

�

) 2 (oooººº���)

éuk�{üã G,½Â�g“ö�”Xe:e G¥n�º:üü�m��

ë
ü^>,K�UCùn�:�müü�ë>�¹ (ë>C�Øë,ØëC�

ë>).=

·�y²XeÚn:

eG¥Tk k�:�Ý�Ûê.K�±ÏLk�gö�¦G¥�k k
2
^>.

y² ·�é G�E?1ö�.duzgö�¦ G¥�>êî�~�,�ö

��½¬Ê�,d�Ã{é G?1ö�,�7k G¥z�:�ÝØ�L 1 (ÄK

�3 ,ÃØë¤½Øë¤Ñ�éùn:ö�).

7 êÆ#(�



5¿�zgö�ØUC?¿º:Ý�Ûó5,��ªG�e G¥Ek k�

:Ý�Û,Ïdd� GTk k�:Ý� 1,�{:Ý� 0,l
 Gk k
2
^>.

Ún�y.

£��K.ïáã G,H,Ùº:Ñ´�½� n�¢½. G¥�>éA Aúi

$E�Ê�, H ¥�>éA B úi$E�Ê�,K G� H p�Öã.±e© n

Ûó5�¹?Ø:

(1) n´Ûê.duG¥�õ n− 1�º:Ý�Ûê,dÚn���
¬�±

3eZgö��¦ G¥�õk n−1
2
^>.d�k��

(
n
2

)
− n−1

2
=
(
n−1
2

)2
^Ê

�d Búi$E.�`²ù����,·��ÄXeÐ©�¹:

Gd���á:�Ù{:üü�é|¤. H � G�Öã.d� GÚ H ¥Ñ

Tk n−1
2
�º:Ý�Ûê.=�
¬ÃØÀ=[úi,ÑØ�U¦,�[úi�

Ê�ê�u n−1
2
^,l
�äúi$E�Ê�êØ�L

(
n
2

)
− n−1

2
=
(
n−1
2

)2
^.

(2) n´óê.du��º:3 G¥Ý�Ûê��=�Ù3 H ¥Ý�óê,

��
¬m©��ÀJG½H (=úi Aúi B),¦ã¥�õk n
2
�º:Ý�

Ûê.d�dÚn���
¬ÏLk�gö�¦ã¥�õ�k
[
n
4

]
^>.l
,

�[úi$E��
(
n
2

)
−
[
n
4

]
^Ê�.�y²ù´�`�,�ÄXeÐ©�¹:

G�
[
n
4

]
é�é�

(
n− 2 ·

[
n
4

])
��á:. H � G�Öã.

d� G¥k 2 ·
[
n
4

]
�º:Ý�Ûê, H ¥k

(
n− 2 · [n

4
]
)
�º:Ý�Ûê,

Ù¥ n− 2 · [n
4
] ≥ 2[n

4
].�ÃØ�
¬À� G½ H.ÑØ�U¦,�ã¥>ê�

u [n
4
].

nþ¤ã,�
¬�¦�y¦Ù¥�[úi$E�Ê�ê�����
(
n−1
2

)2
, n�Ûê;(

n
2

)
−
[
n
4

]
, n�óê.

�

µ5 ù´��¥�JÝ�|ÜK,N´uyö��ØCþ´º:ù7>ê

�Ûó5,��y²ù´���ØCþ=�.=�y²��z�º:ù7>êÛ

ó5ØC,ÒUÏLö���.�
y²ù�N´��é:ê8B.
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1 5 K ���k 25¶Æ),P���O� N ¬0JÞ�¿m,¿Uì¤

1©�0J (©ê�Ó���Óê8�0J,©ê�����0J��,�±´

0¬).é�o����� N,�±ù�©�0J,ÃØ¿mkõ�K8,±9Æ

)��K�¹XÛ?

) 1 (±±±ÖÖÖººº) N ����� 600.

ky²: N ≥ 600.

5¿�e 25 <¤1þ�Ó, 7L�z<�Óêþ�0J, = 25 | N, �

N = 25k (k ∈ N∗).

2�Ä 1�<� 0©, 24 �<� 1©��¹,d^��3 x > y ≥ 0 (x, y ∈

Z),¦� 24x + y = N = 25k.d²þ��n,k x > k > y,� x ≥ k + 1,¤±

k − y = 24(x− k) ≥ 24,u´ k ≥ 24 + y ≥ 24,K N = 25k ≥ 600.

2y²:� N = 600�,�½�±Ün©�0J.

·�y²:é?¿��ê n,k n¶Æ)Ú n(n − 1)¬0J,�½�±Ün

©�0J,�z<0Jê < 2n.

é n8B.

� n = 1�,w,¤á.

b�·Ké�u nþ¤á,e¡�Ä n��¹:

�k n− k�<Ó��p© (0 ≤ k ≤ n− 1).

e k = 0,Kz<k n− 1¬0,·K¤á.

e 1 ≤ k ≤ n− 1,k8Bb��±ò k(k − 1)¬0JÜn©��Ø´�p

©� k�<,�z<0Jê < 2k,��e

n(n− 1)− k(k − 1) = (n− k)(n+ k − 1)

¬0J,� n− k��p©z<u n+ k− 1¬0J.5¿� 2k ≤ n+ k− 1 < 2n,

¤±ù´Ün�©��ª�z<0Jê < 2n,= n�·K¤á.

AO/,� n = 25��¯K¤á.

nþ,¤¦� N ����� 600. �

) 2 (oooººº���) Äk�Ä 25¶Æ)©ê�Ó��¹.duù
Æ)©�0

Jê�Ó,� 25 | N,� N = 25k.

,��ÄÙ¥ 24<Ó©�pu,	�<��¹.

����<� x�0J,Ù{ 24<�� (x+ y)�.d^� y > 0,�

24(x+ y) + x = 25k ⇒ 24y = 25k − 25x.

9 êÆ#(�



m>´ 25 ��ê, �>��, � 25 | y ⇒ y ≥ 25. u´ 25k = 25x + 24y ≥

24× 25 = 600.= N ≥ 600.

ey N = 600ÎÜ^�.

�Æ)��©�¹k l«ØÓ���,eI� 1, 2, · · · , l (l ≤ 25).P Si��

©Ø�u i�Æ)<ê. (i = 1, 2, · · · , l).l
 Si = 25.

·�y²�3�ê x2, x3, · · · , xl ≥ 1Ú x1 ≥ 0¦�ª

x1S1 + x2S2 + · · ·+ xlSl = 600 ¤á (∗)

l
�©� 1�Æ)© x1�0J,�©� 2�Æ)© x1+x2�, · · · ,�©� l�

Æ)© (x1+x2+· · ·+xl)�.dC��¦Úúª�k x1S1+x2S2+· · ·+xlSl = 600

�0J.ÎÜ�¦.

du x1S1 + · · · + xlSl = 600 ��=� (x1 + 1)S1 + x2S2 + · · · + xlSl =

625. (5¿� S1 = 25) � x1 + 1 ≥ 1.�Iy² x1S1 + · · · + xlSl = 625k��

ê) (x1, · · · , xl).

e¡8By²:éu�½��ê S1 > S2 > · · · > SlÚ�ê u ≥ 0,�§

S1x1 + S2x2 + · · ·+ xlSl = S1(S1 + u)

k��ê) (x1, x2, · · · , xl).

l = 1�� x1 = S1 + u=�.

e(Øé l − 1¤á,é l�� x1 = u+ S1 − S2 > 0,K�§

S2x2 + S3x3 + · · ·+ Slxl = S1(S1 + u)− S1(u+ S1 − S2) = S1S2

k��ê) (x2, x3, · · · , xl).�(Øé l�¤á.

nþ��, N = 600ÎÜ^�. �

µ5 ù´��¥�JÝ�|ÜK.){ 1¥k�ÄAÏ�¹: 25<�©þ

�ÓÚ 24<�©p 1<�©$��¹,(Üüö�±é¯�� N ≥ 600.�E

�æ�8B�E,�Ñ�p©é�e�<^8B{,'��ß (�����E).

){ 2²}ÁßÑ�Y�,N´��òz��Ó©ê�<ê�Ñ,����y²

��Ø½�§k��ê),
ù^8B{=�y².�Ký��J:3ußÑ�

Y,vk�(�(J,éJÏLy²���Y.

1 6 K UÄòÃ¡����Ú�p�z��ÑW\����ê (z�ê�

W�g),¦�é?¿ n,z� n× n���/p�¤kê�Ú´ n��ê.

) (±±±ÖÖÖººº) U.
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Äky²: é?¿��ê m,�3�� (2m − 1) × (2m − 1)êL Am ÷v

e¡n�5�:

(1) {1, 2, · · · ,m}þÑy3 Am¥,� Am¥�êpØ�Ó;

(2) é?¿��ê n ≤ 2m− 1, Am¥�?¿ n× nêL¥�ê�ÚÑ´ n

��ê;

(3) Am+1�K>.þ� 8m�ê�T� Am.

ém?18B.

�m = 1�,- A1 = 1 =�.

b�m�¤á,e¡�Äm+ 1��¹:

Xþã,ò Am ±����êP� a1, a2, · · · , a8m,·�8B/�E ai (1 ≤ i ≤

8m)±�� Am+1.

em+ 13 Am¥Ñy, a1?�,eÄ,- a1 = m+ 1 (ù¿Ø¬��gñ).

yb� a1, a2, · · · , ai−1 þ®(½,e¡�E ai (i ≥ 2),�I4 ai ÷v±e

ü�5�:

� ai� Am¥�ê9 a1, a2, · · · , ai−1þØÓ (5¿�m+ 1®²Ñy
).

� é?¿ n ≤ 2m− 1,?¿���¹ ai�Ø�¹?¿�� aj (i < j ≤ 8m)

� n× nêL¥ê�Ú´ n��ê.

^����u ai�÷veZ�Óu�§

ai + ck ≡ 0(modk) (1 ≤ k ≤ l)

l´��=� i� �k'�ê.

·�=Iy²Ó{�§|

ai + ck ≡ (modk) (1 ≤ k ≤ l)

11 êÆ#(�



k�ê)=�.Ï�dd��,dÓ{�§|kÃ¡õ���ê),?
�ÀÑ

���ÑL�ê�� ai,@o��÷v.

e l = 1®¤á,e� l > 1.

P K = {k ∈ [l] | k = pα, p´�ê, α ∈ N∗, � pk > l},K K 6= ∅,� K ¥

?¿üêp�.

k�ÄÓ{�§|

ai + ck ≡ 0(modk) (k ∈ K).

d¥I�{½n,d�§|k) x0.e¡y²: x0�´�Ó{�§|�).

b�(ØØ¤á,K�3 k0 ∈ [l],¦� k0 - x0 + Ck0 ,@o�3�ê p9

β ∈ N∗,¦� pβ|k0,�

pβ - (x0 + ck0) . (1)

d pβ|k0,� pβ ≤ k0 ≤ l,��3 k ∈ K,¦� pβ|k,@od k|x0 + ck �

pβ| (x0 + ck) . (2)

'� (1),(2)�

pβ - (ck − ck0) .

�,��¡, |ck − ck0 |´eZ� pβ × pβ ���/¥�ê�Ú�Ú.

d8Bb� (ü�),ù
 pβ × pβ ���/¥�ê�Ú´ pβ ��ê,�ù


Ú�Ú�´ pβ ��ê,�

pβ | |ck − ck0 |.

gñ!
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¤±b�Ø¤á,� ai �U�E.Ïd,d8B{� a1, a2, · · · , a8m þU�

E,=�3 Am+1÷v�¦,�d8B{�(Øé?¿��êmÑ¤¤á.

�g,·��±�EÃ¡��êL,z�êþÑy 1g (d (1)),�z� n×n

���/¥�ê�Ú´ n��ê (d (2)). �

µ5 ù´���N´/|ÜK.'�N´���Y´�3�,Ï�·�A

�vk�{�y²ù��Ã�Ú�´Ø�3�.�E��{´�EÃ�¯K�

~�Ãã,Q�yz�Úkê�W,q�yz�êÑ3k�ÚSÑy.

1 7 K ê�âÚk�Ü�m©k 2019 × 2019������/|�å.z

�Ú,ê�âr�{|�å¥��¬÷X���©¤n¬Ý/|�å,,�k�

ÜÀJ�¬¯K,Ã{UY?1�iZ(å.d�,XJ?1�Úê�óê,Kê

�â¼�;�ÛêKk�Ü¼�.Xk7�üÑ?

) k�Ük7�üÑ.

·�y²:é�¬m× n�|�å,k�ÜU�y?1Ûêgö��¿�^

�´m+ n ≥ 4.

ém+ n8B,�m+ n = 4�¤á.

b�m+ n ≤ t− 1 (t ≥ 5)�·K¤á,e¡�Äm+ n = t��¹:

�ê�âòm× n�|�å©¤n¬:m1 × n1, m2 × n2, m3 × n3.dÄT

�n,m1 + n1, m2 + n2, m3 + n3¥7küêÓ� ≥ 4½Ó� ≤ 3.

e m1 + n1, m2 + n2 þ ≤ 3,@ok�Ü¯K m3 × n3,d�êâ�Ã{?

1ö�,@o�?1
�gö�.ed�m1 + n1,m2 + n2þ ≥ 4,k�Ü�¯K

m3 × n3,d�d8Bb�,k�ÜU�yé�eü¬©O?1Ûêgö�,@o

�?1
 1+Ûê +Ûêê =Ûêgö�,=m+ n = t�,·K¤á.

nþ��,¿©5¤á.

5¿� 2019 + 2019 > 4,�k�Ük7�üÑ. �

µ5 ù´��N´�|ÜK,ÏL©Û�uyk�ÜA�7�.38B�

�N´uy��/�^�¿vk���^,¤±�U¤��/?18B,ù�8

B��^|�¤LÞ.

1 8 K DFÍÜIùk�|§è,�k 100«ØÓ��þ,þ��ê,z«

�þ�§èk 2100�.IùÒ¡XJÀ�z«�þ�§è���,Kù
{è�

�þ�Ú�u 21010,�T�þØU^ù|§è±Ù¦�ª|¤,Iù¤`�U
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Äý¢?

) Iù¤`��±´ý¢�.

Äky²e¡�Ún:

� n´�½���ê,e��ê x1, x2, · · · , xk (Ø7ØÓ)÷v?¿ 1 ≤ i ≤

k,�3 αi ∈ N,¦� xi ≡ 2αi(mod2n)� x1 + x2 + · · ·+ xk ≡ 2n− 1(mod2n),K

k ≥ n,�e k = n,K xi 6≡ xj(mod2n),Ù¥ 1 ≤ i 6= j ≤ k.

y² 5¿�÷v^�� k´�3� ('X k = 2n − 1, xi ≡ 1(mod2n),)�

�� k0´�����ê,¦� k = k0�,�3��ê x1, x2, · · · , xk ÷v�¦.

� αi ∈ N,¦� xi ≡ 2αi(mod2n).

e�3 1 ≤ i ≤ k,¦� αi ≥ n,í� xi,�e� k − 1���ê�÷v�¦,

ù� k0���5gñ!

e�3 1 ≤ i 6= j ≤ k,¦� αi = αj,^ 2αi+1 �O xixj,Ù{ k − 2�êØ

C,ù�� k − 1�ê�÷v�¦,ù� k0���5gñ!

� αi÷v 0 ≤ αi ≤ n− 1� αipØ�Ó. (∗)

du

2n − 1 ≡ x1 + x2 + · · ·+ xk ≡ 2α1 + 2α2 + · · ·+ 2αk (mod2n)

9 2α1 + 2α2 + · · ·+ 2αk > 0,¤± 2α1 + 2α2 + · · ·+ 2αk ≥ 2n − 1.

qd (∗)�

2α1 + 2α2 + · · ·+ 2αk ≤
n−1∑
i=0

2i = 2n − 1,

u´dþ¡üª� α1, α2, · · · , αk´ 0, 1, · · · , n−1���ü�.¤± k0 = k = n,

= k ≥ nð¤á,�d (∗)� k = n�, xi� 2npØ�Ó.

£��K.

�Äe¡� 1000�ØÓ�þ�§è: 21000 +2i (0 ≤ i ≤ 999, i ∈ N).§��

Ú´
999∑
i=0

(21000+2i) = 1000× 21000 + 21000 − 1 = 1001× 21000 − 1 < 21010.

,	,e�
§è�þ�Ú�u 1001× 21000 − 1,�

x1 + x2 + · · ·+ xk = 1001× 21000 − 1 (xi ∈ {21000 + 2i | 0 ≤ j ≤ 999, j ∈ N}).

��¡, du 1001 × 21000 − 1 < 1001 × 21000 9 21000 + 1 > 21000, ¤±

k < 1001,= k ≤ 1000.

,��¡ x1 + x2 + · · ·+ xk ≡ 21000 − 1 (mod21000)�é?¿ 1 ≤ j ≤ k,�
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3 αj ∈ N,¦� xj ≡ 2αj(mod21000).¤±,dÚn� k ≥ 1000.

� k = 1000.dÚn� xi� 21000pØ�Ó.¤± {x1, x2, · · · , xk} = {21000+

2i | 0 ≤ i ≤ 999},=L«�{��.

nþ��,Iù¤`��±´ý¢�. �

µ5 ù´���N´�|ÜK.ÄkI�@£��Y´U.ùa¯K�E

�N´���´� 2���'�,Ún´���~��(Ø,ùpy²æ^�´

4à�n¿©Ûz� xi�5�,Ñ���pÉ,?
2'����Ñ��5.

1 9 K b�3¢½ A,B,C,D�mk�´ AB,CD,�´vk BC,AD,K

�±?1U�,ò�´ AB Ú CD� �´ BC Ú AD.�m©,I[keZ¢

½,k
¢½�mk�´�ë,z�¢½ëÑ 100^�´.Ü�x
�Ü#��

´ã,Ù¥z�¢½Ó�ëÑ 100^�´ (vkü�¢½ëk�L�^�´).y

²:#�´�±ÏLeZgU���.

) 1 (±±±ÖÖÖººº) ò�´ãÀ�ã.Ù¥¢½�º:,ü�¢½mk�´Kë

>,Kü�ãÑ´ 100−�K{üã.

�gU�Ò´:eo�º: a, b, c, d÷v: a ∼ b, c ∼ d,� b 6∼ c, a 6∼ d,K

�ò> ab, cd�� bc, ad,¡��g>��.

�y�¯K,=�Iy:?Ûü�º::8�Ó� 100−�K{üãþ�²

L>����.

·�y²�r�(Ø: � G,H Ñ´ [n] þ�ü�{üã, �é?¿ v ∈

[n], degG(v) = degH(v),K G�²L>���� H.

é n?18B.

� n = 1, 2�,(Ø¤á.

b� n− 1�,(Ø¤á,e¡�Ä n��¹:

5¿�>��ØUCz�º.�Ý,¤±^8Bb�,�Iy²�3 [n]þ

�ã G∗, H∗,¦� G�±ÏL>���� G∗, H∗�±ÏL>���� H,��

3 v ∈ [n],¦�

NG∗(v) = NH∗(v)

(= v3 G∗, H∗¥��:8�Ó.) 1©

é?¿ v ∈ [n],P degG(v) = degH(v) = dv,?¿ u ∈ [n],P du = d.

� v1, v2, · · · , vd ´ [n] \ {u}¥Ý��� d�: (Ï�z�:3 GH ¥�Ý

15 êÆ#(�



�Ó,�y{vkÜÂ).u´é?¿ v ∈ [n] \ {u}, v 6= vi (i = 1, 2, . . . , d),K

dv ≤ dvj (j = 1, 2, · · · , d).

ky²: G�ÏL>���� G∗,Ù¥ G∗¥ u� v1, · · · , vd�ë. 2©

� G¥ u� u1, u2, · · · , ud�ë,Ø�� u1, u2, · · · , ud, v1, v2, · · · , vdpØ�

Ó (ÄK���Ag).d vi�½Â,é?¿ 1 ≤ i ≤ d,k

dui ≤ dvi 3©

du u ∼ ui,� u 6∼ vi,(Ü 3©��3�: x ∈ [n],¦� ui 6∼ x, vi 6∼ x.é

uuixviö��gC� u 6∼ ui, u ∼ vi.

¤±²L (�õ) dg>���� G∗,� 2©¤á.

Ón, H �ÏL>���� H∗,Ù¥ H∗¥ u� v1, v2, · · · , vd�ë.

d>����_5� H∗��ÏL>���� H,q

NG∗(u) = {v1, v2, · · · , vd} = NH∗(u),

¤± G∗, H∗÷v 1©.

nþ��,�¯K�y. �

) 2 (ôôôAAAÊÊÊ) ·�y²Xe(Ø: eü�ã G,H ÷v (1) V (G) =

V (H) (= V ); (2)éz� v ∈ V, degG(v) = degH(V ).

K�±ÏLk�g “2-N�”ö�¦ GC� H.Ù¥ “2-N�”ö�½ÂX

e:

eo�º: a, b, c, d ∈ V,�> ab, cd ∈ E(G), ac, bd 6∈ E(G),K�ò ab, cd

í�¿\þ ac, bd,¦ GC� G′.

y²�üÑXe: (5¿� “2-N�”ØUCz�º:�Ý).

·�ké GÚ H ©O?1eZg “2-N�”ö�.zg¦ G� H Ó��3

�>êO\,��ØUö��� (du GÚ H �Ó�>êk��ö��½¬Ê

�),¿y²d�7k G = H.l
 GÚH Ñ�±ÏLk�gö�����¥m

�,duö��_, G��±ÏLö��� H.

·��Ä?¿é GÚ H �>?1 “2-N�”ö�ÑÃ{¦ |E(G) ∩ E(H)|

O�� GÚ H AT÷v�^�.�d,ïáã G4H,½ÂXe:
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(1) V (G4H) = V ;

(2) é u, v ∈ V, e uv ∈ E(G) \ E(H), K uv � G4H ¥��^7Ú>;

e uv ∈ E(H) \ E(G), K uv � G4H ��^ùÚ>, e�ùü«�¹, K

uv 6∈ E(G4H). ~X:

K

Ù¥¢��ù>,J��7>.

�Ä G4H ¥o�: A,B,C,D,e AB,CD�7, BC �ù,=

�Ä AD.

1© AD ∈ E(G) ∩ E(H),K3 H ¥¦ BC,AD�� AB,CD,�¦ |E(G) ∩

E(H)|O�.�b�gñ!

2© AD 6∈ E(G) ∪ E(H),K3 G¥¦ AB,CD�� BC,AD,�¦ |E(G) ∩

E(H)|O�,gñ!

3© AD ∈ E(H) \E(G),= AD�ù>,K3G¥ò AB,CD�� AD,BC,

�¦ |E(G) ∩ E(H)|O�,gñ!

Ïd,��U AD ∈ E(G) \ E(H).= AD�7>.�

Ón,
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e¡y²��Ún:

��{üã G (E(G) 6= ∅)�>�/�ù7üÚ,�z�:�ùÝ�u7Ý,

K�±é��^ù7�m�4ÜÏ´ (º:Ú>þ�­E).

y² duz�:�ù7Ýê��,·��±òz�:ÚÑ�ù>�7>�

��é,,�?¿À��^> uv ∈ E(G),Ø��ù,3 u?é�� uv�é�7

> vw,2é3 w?� vw�é�ù> wx,�daí.5¿�ù«À��ªØ�)

­E>.

du²L,^>����º:��ù^>éA�ÉÚ>�½��ÀL,Ø

�ù^ÉÚ>¦Ð©> uv,�Ø²L­E>�Ï´�k��,�eZÚ�7£

� u,��ª�� u�´7>.ù�·�Òé�
�^ù7�m�4ÜÏ´.

Ún�y!

£��K.

duz�º: vk

degg(v) = degH(v).

� E(G)4E(H)¥z�:�ù7Ýê��.

eG 6= H,KG4H k>,dÚn·��±ÀJ�^�Ý�á�ù7�m�

4ÜÏ´

v1v2 · · · v2kv1.

w, 2k > 2,� 2k ≥ 4.

�Ä vivi+1vi+2vi+3.w, vi 6= vi+2,e vi 6= vi+3,Ø�� vivi+1, vi+2vi+3 �

ù, vi+1vi+2�7.

d�c�?Ø�� vivi+3 7�ù>,Ïd v1v2 · · · vivi+3vi+4 · · · v2kv1 �´�

^ù7�m�4ÜÏ´,���5gñ!�7k vi = vi+3.

du i´?¿�,� v1v2 · · · v2k ¥�õk 3�ØÓº:,���n�/¥Ø

�U/¤ù7�m�4ÜÏ´:

e ABù, BC 7, CAù,e�ÚÃ?�r.

Ïdù��4ÜÏ´Ø�U�3,l
7k E (G4H) = ∅.= G = H.

nþ���y�(Ø¤á. �
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µ5 ù´�� J��|ÜK.�,)�Ø�,�ØN´��.y{ 1¥�

ÿ/�K�Kù�^��,��é:ê8B,�dI�ö�¦���½:3üã

¥��Ø�Ó.ùp²L}Áuy4§�Ý���A�º:�ë�U´���

1���d8���{.y{ 2òK¥ 100-�Kã�^�¢SþU��f�é

A:Ý��,N´���I3 G¥ö�¦ G��CH ½3H ¥ö�¦H ��

C G,ùÒp¦·��©Û G� H �é¡�,�±�� E(G)4E(H)�ér�

5�.d�$^ãØ¥�²;Ã{——��á�,B�)ÑdK.
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