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I. ÁÁÁ KKK

1. ��ê n ≥ 2.¦���¢ê λ = λ(n)¦�X
1≤i<j≤n

(ai + aj)

�
1

i
+

1

j

�
≥ λ

nX
i=1

ai
i

é?¿÷v a1 ≤ a2 ≤ · · · ≤ an��¢ê a1, · · · , an¤á.

(þ°¥Æ�2ÉøK)

2. Xã,ü� Γ1, Γ2��u: P, Q.L:Q��^��©O�� Γ1, Γ2u

: A, B,L: Q�,�^��©O�� Γ1, Γ2 u: C, D. ∠APC ��²©�

� AC u: E, ∠BPD��²©�� BDu: F.4AQC, 4BQD�S%©O

� I1, I2, �� EI1� FI2u: R. y²: PR²© ∠APD.
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(úô�W�½��¥Æ�²� øK)
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3. ��ê k ≥ 2. e��ê nU�¤k�u k
√
n���ê�Ø.y²: n�

ØÓ�Ïf��êØ�L 2k − 1.

(¥I<¬�ÆNá¥ÆÜà�øK)

4. ��ê n ≥ 2.¦���~êc = c(n)¦�Ø�ª
nX
k=1

(ak −Gn)2 ≤ c
nX
k=1

(ak − An)2

é?¿�K¢ê a1, · · · , anþ¤á,Ù¥ Gn = n
√
a1a2 · · · an, An = a1+···+an

n
.

(uÀ���ÆÛ�uøK)

5. ®�4ABC�	����O,:D, E©O3>AB, ACþ.L:B, C

����ã DE u: P,� Oþ�: Q÷v AQ, AP p�'u ∠BAC ���

�.L: D, E ��� OS�u: T ��,©O��ã AD, AE u: X, Y.y

²: XY, BC, QT �u�:.

Q

P

Y

E

X

D

O

T

B C

A

(3��ÆNá¥Æ�LzøK)

6. �½{üã GÚ��ê n.y²:ã¥�3ü�(�±�Ó)º: A,B,¦

�± A�å:, B�ª:��Ý� n�´»^ê�óê.

(uÀ���ÆÇ£´øK)
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K 1 ��ê n ≥ 2.¦���¢ê λ = λ(n)¦�X
1≤i<j≤n

(ai + aj)

�
1

i
+

1

j

�
≥ λ

nX
i=1

ai
i

é?¿÷v a1 ≤ a2 ≤ · · · ≤ an��¢ê a1, · · · , an¤á.

) λ(n)����� 2(n− 1).

��¡,� a1 = · · · = an = 1,k

λ(n)
nX
i=1

1

i
≤

X
1≤i<j≤n

2

�
1

i
+

1

j

�
= 2(n− 1)

nX
i=1

1

i
,

l λ(n) ≤ 2(n− 1).

,��¡,ey λ(n) = 2(n− 1)Ø�ª¤á.X
1≤i<j≤n

(ai + aj)

�
1

i
+

1

j

�
≥ 2(n− 1)

nX
i=1

ai
i

⇔ 2
X

1≤i<j≤n
(ai + aj)

�
1

i
+

1

j

�
+

nX
i=1

(ai + ai)
�

1

i
+

1

i

�
≥ 4n

nX
i=1

ai
i

⇔ 2
nX
i=1

ai

 
n

i
+

nX
i=1

1

i

!
≥ 4n

nX
i=1

ai
i

⇔
 

nX
i=1

ai

! 
nX
i=1

1

i

!
≥ n

nX
i=1

ai
i
.

5¿� a1 ≤ a2 ≤ · · · ≤ an, 1 > 1
2
> · · · > 1

n
,d�'ÈÅØ�ª�þª¤á. �

µ5 ù´��{ü��êK.� 85 %�Æ)�édK.5¿�Cþ���

���,2�·���êC/(Ü�'ÈÅØ�ª=�y�(Ø.

K 2 Xã,ü� Γ1, Γ2��u: P, Q.L: Q��^��©O�� Γ1, Γ2

u: A, B,L: Q�,�^��©O�� Γ1, Γ2 u: C, D. ∠APC ��²©

�� AC u: E, ∠BPD��²©�� BDu: F.4AQC, 4BQD�S%©

O� I1, I2, �� EI1� FI2u: R. y²: PR²© ∠APD..
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y² �øAC, øBD �¥:� U, V .du PE ²© ∠APC ,� P,E, U n:

��. aq�� P, F, V n:��, q5¿� ∠AQC � ∠BQD ´éº�, K

U, I1, Q, I2, V o:��.

du ∠PAB = ∠PCD,∠PBA = ∠PDC, � 4PAB ∼ 4PCD, @o

4PCA ∼ 4PDB,Kk

EA

EC
=
PA

PC
=
PB

PD
=
FB

FD
,
PE

PU
=
PF

PV
,

l4PEF ∼ 4PAB ∼ 4PCD,EF � UV .

é4PEF 9: R,d1��� Ceva½n,�

sin∠EPR
sin∠RPF

· sin∠PFR
sin∠RFE

· sin∠FER
sin∠REP

= 1. (∗)

d EF � UV � ∠REF = ∠EI1U ,¤±

sin∠FER
sin∠REP

=
sin∠EI1U
sin∠I1EU

=
EU

I1U
=
EU

AU
=
EC

PC
=

AC

PC + PA
.

Ón,
sin∠PFR
sin∠RFE

=
PD + PB

BD
.

(Ü4PCA ∼ 4PDB� AC
BD

= PA
PB

= PC
PD

= PA+PC
PB+PD

,l

sin∠FER
sin∠REP

· sin∠PFR
sin∠RFE

= 1,

�\ (∗),� sin∠EPR = sin∠FPR.� ∠EPR = ∠FPR. �

µ5 ù´��¥�JÝ�AÛK,� 62 %�Æ)�édK.|^/9½n

�AÛ(�,�S%Ú	��k'�¯K�ò��²©�����´g,�,l

ÄkéøAC, øBD�¥: U, V .��á=�±uyeZ|�qn�/,��^

�� Ceva½nO�ùü����u'�Ò�±y�(Ø.

K 3 ��ê k ≥ 2. e��ê nU�¤k�u k
√
n���ê�Ø.y²: n

�ØÓ�Ïf��êØ�L 2k − 1.

y² � n = pα1
1 p

α2
2 · · · pαl

l ,Ù¥ p1, p2, · · · , pl ´ØÓ��ê, α1, α2, · · · , αl
´��ê.

e l = 1,K l ≤ 2k − 1,·K¤á.

e l ≥ 2.é 1 ≤ i ≤ l,Ï� pαi+1
i ØU�Ø n,¤±dK¿, pαi+1

i ≥ k
√
n.d

αi´��ê,� 2αi ≥ αi + 1,¤±

p2αi
i ≥ k

√
n,
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é il 1� l¦È, ��

n2 = p2α1
1 p2α2

2 · · · p2αl
l ≥

�
k
√
n
�l

= n
l
k .

¿5¿� p2αi
i (i = 1, · · · , l)ØUÓ��u k

√
n,�

n2 > n
l
k ,

l 2 > l
k
,= l < 2k,� l ≤ 2k − 1,·K�y. �

µ5 dK´k�½JÝ�êØK,� 30 %�Æ)�édK.dK�'�ò

n�Ïê©),&Äz��Ïf��g� k
√
n���'X,2é�ê� ��(

Ø.

�K� k = 2�´²;�¯K, ·��±¦Ñ¤k÷v�¦� n. éu��

� k, �K�Ñ
 n��Ïf�ê�þ.,Ù?nÃã�äN� k�´ØÓ�.

K 4 ��ê n ≥ 2.¦���~êc = c(n)¦�Ø�ª
nX
k=1

(ak −Gn)2 ≤ c
nX
k=1

(ak − An)2

é?¿�K¢ê a1, · · · , anþ¤á,Ù¥ Gn = n
√
a1a2 · · · an, An = a1+···+an

n
.

) ��¡,- a1 = · · · = an−1 = 1, an = 0.K An = n−1
n
, Gn = 0.

nX
k=1

(ak −Gn)2 =
nX
k=1

a2k = n− 1,

nX
k=1

(ak − An)2 = (n− 1)
1

n2
+

(n− 1)2

n2
=
n− 1

n
.

�� n− 1 ≤ cn−1
n
.= c ≥ n.

,��¡,� c = n�, ·�y²Ø�ª¤á.=y
nX
k=1

(ak −Gn)2 ≤ n
nX
k=1

(ak − An)2. (∗)

(∗)m = n
nX
k=1

�
a2k − 2akAn + A2

n

�
= n

 
nX
k=1

a2k − 2An
nX
k=1

ak + nA2
n

!

= n

 
nX
k=1

a2k − nA2
n

!
= n

nX
k=1

a2k −
 

nX
k=1

ak

!2

=
X

1≤i<j≤n
(ai − aj)2 .

P f(t) =
nP
k=1

(ak − t)2. f ´'u t��g¼ê,m��þ.

Ø�� a1 ≤ a2 ≤ · · · ≤ an.d a1 ≤ Gn ≤ an,K f(Gn) ≤ max{f(a1), f(an)}.
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f(a1) =
nX
k=2

(ak − a1)2, f(an) =
n−1X
k=1

(ak − an)2.

k

f(a1) ≤
X

1≤i<j≤n
(ai − aj)2, f(an) ≤

X
1≤i<j≤n

(ai − aj)2.

K

max{f(a1), f(an)} ≤
X

1≤i<j≤n
(ai − aj)2.

nþ��, (∗)¤á. �

µ5 ù´��k�½JÝ��êK,� 27 %�Æ)�édK.dK5u

FigalliØ�ª,&?
 n��K¢ê~�AÛ²þ�²�Ú�þ.�O.��^

�´~��ü:©Ù,þã){r Gn w�Cþ t,|^�g¼ê�5���


(Ø.

K 5. ®� 4ABC �	��� � O,: D, E ©O3> AB, AC þ.L:

B, C ����ãDEu: P,� Oþ�: Q÷v AQ, AP p�'u ∠BAC �

���.L:D, E��� OS�u: T ��,©O��ã AD, AEu:X, Y.

y²: XY, BC, QT �u�:.

y² 1 ·�©nÚ�¤K8y².

(1) ky²: C,E, P, T o:��.

�L CEP ��� �O�u: T1 (Éu: C),K

∠BT1P = ∠BT1C − ∠PT1C = 180◦ − ∠BAC − ∠AEP = ∠ADP,

www.nsmath.cn 6



� T1, B,D, P o:��.

d ∠CT1E = ∠CPE = ∠CBP ��, �� T1E���BP ��:R3�O

þ. Ón, �� T1D��� CP ��: S�3 �Oþ. L T1� �O��� T1L,

K

∠LT1E = ∠LT1R = ∠LT1C + ∠CT1R

= ∠T1SC + ∠CPE

= ∠T1SC + ∠SPD = ∠T1DE,

dd��: T1L½�4T1DE 	�����. lk T1 = T . � C,E, P, T o:

��.

Ón��, B,D, P, T o:��.

(2) ©Oò� TX, TY � �OuM,N ,ey: MC,NB,XY,AQ�:.

�MC,NB �u: P ′,é�S�8>/ BACMTN A^ødk½n��:

X,P ′, Y n:��. ,��¡

∠TRC = ∠TAC,∠TY E = ∠TDE = ∠TBP = ∠TBR,

lk

∠TY A = 180◦ − ∠TY E = 180◦ − ∠TBR = ∠TCR,

Ïd ∠ATY = ∠CTR,� AN = CR. Ón, AM = BS.dd��:

∠BCP = ∠ACP ′,∠ABP ′ = ∠CBP.

ù`²: P, P ′p�'u4ABC ����Ý:,l: P ′3�� AQþ. �=:

MC,NB,XY,AQ�:u P ′.

(3) ��y² XY,BC,QT �u�:.

� BC,QT �u: Z. é�S�8>/ TQABCM , A^ødk½n�

�: X,P ′, Z n:��. q P ′ 3�� XY þ, ¤± Z 3�� XY þ, l

XY,BC,QT �u: Z. �

y² 2 ò� TD, TE � �O�u,�: S,R.� BR ∩ CS = P ′.

Ké�S�8>/ ABRTSC,dødk½n� D,P ′, E ��,5¿� T �

�O� � (TDE)�	 q¥%,¤± SR �DE.u´,

∠CP ′E = ∠DP ′S = ∠CSR = ∠CBP.

� � (BCP ′)� DE ��� P ′. � (BCP )� DE ��� P,¤± P ≡ P ′.u

7 êÆ#(�



Z1(Z2)

B1

C1

R

S

Q

P(P')

Y

E

X

D

O

T

B
C

A

´, B,P,R;C,P, S n:��.

� XY ∩BC = Z1, QT ∩BC = Z2.

é4ABC ��� XY Z1,dr¼½n,k

AX

XB
· BZ1

Z1C
· CY
Y A

= 1.

q
BZ2

Z2C
=
S4BQT
S4CQT

=
BQ ·BT
CQ · CT

.

¤±�y XY,BC,QT �:, �Iy:
BZ1

Z1C
=
BZ2

Z2C
,=

AX

BX
· CY
AY
· BQ
CQ
· BT
CT

= 1. (∗)

� BT,CT � � (DET ),��:©O� B1, C1.

Ï� B,B1;C,C1;T, T � �O� � (DET )�n|	 qéA:, ¤±

BB1

BT
=
CC1

CT
.

q BB1 ·BT = BD ·BX,CC1 · CT = CE · CY.¤±
BD ·BX
BT 2

=
CE · CY
CT 2

,

=
BT · CY
CT ·BX

=
CT ·BD
BT · CE

.

q
AX

AY
· BQ
CQ

=
AE

AD
· sin∠EAP

sin∠DAP
=
EP

DP
.

u´, (∗)⇔ CT

TB
· BD
DP
· PE
EC

= 1.

www.nsmath.cn 8



¯¢þ,

CT

TB
· BD
DP
· PE
EC

=
sin∠CBT
sin∠BCT

· sin∠BPD
sin∠PBD

· sin∠PCE
sin∠CPE

=
sin∠PSD
sin∠BSD

· sin∠BPD
sin∠PBD

· sin∠DBS
sin∠DPS

=
sin∠DSP
sin∠DPS

· sin∠DPB
sin∠DBP

· sin∠DBS
sin∠DSB

= 1

y.. �

y² 3 Óy² 1, �Ñ R, S. �� B,D, P, T ;C,E, P, T o:��. u´,

∠XBT = ∠EPT.q ∠BXT = ∠PET. � 4BTX ∼ 4PTE.Ón, 4CTY ∼

4PTD.�
BT

BX
=
PT

PE
,
CT

CY
=
PT

PD
.

Óy² 2, �Iy:

AX

AY
· CY
BX

· BQ
CQ
· BT
CT

= 1.

¯¢þ,

AX

AY
· BQ
CQ

=
AE

AD
· sin∠EAP

sin∠DAP
=
EP

DP
,
BT

BX
· CY
CT

=
PD

PE
,

�(Ø¤á. �

µ5 ù´��(J�AÛK,� 6 %�Æ)�édK.dK´�S��5

��í2,XJÙG�'AÛ5�Úy{é)û¯K´k�½�Ï�.C,E, P, T

Ú B,D, P, T þo:��´Ä��AÛ¯¢,{�Ì�ÏLødk½ny�(

Ø,{�Ú{nÏLO�'~y�(Ø.

K 6. �½{üã GÚ��ê n.y²:ã¥�3ü�(�±�Ó)º: A,B,

¦�± A�å:, B�ª:��Ý� n�´»^ê�óê.

y² 1 � G�º:8� V,>8� E.é v ∈ V,^ d(v)L«: v�Ýê.

é u, v ∈ V 9m ∈ N+,^ Fm(u, v)L«± u�å:, v�ª:���m�

´»ê8.w, Fm(u, v) = Fm(v, u).

�y{,b�(ØØ¤á,Ké?¿� u, v ∈ V,

Fn(u, v) ≡ 1 (mod 2). (∗)

¤á. é?¿ u, v ∈ V.

9 êÆ#(�



�Ä Fn+1(u, v).k

Fn+1(u, v) =
X
ω∈V
uω∈E

Fn(ω, v) ≡
X
ω∈V
uω∈E

1 ≡ d(u) (mod 2).

Ón

Fn+1(u, v) ≡ d(v) (mod 2).

�

d(u) ≡ d(v) (mod 2).

K G¥�º:Ý�Ûó5�Ó.

� |v| = t, t ∈ N+.

(1) t´Ûê,du
P
u∈V

d(u) ≡ 0 (mod 2),lG¥�º:Ý�óê.·�8

By² X
ω∈V

Fi(u, ω) ≡ 0 (mod 2)

é?¿ u ∈ V, i ∈ N+¤á.

i = 1�, X
ω∈V

Fi(u, ω) = d(u) ≡ 0 (mod 2),

(Ø¤á.

b� i�¤á, i+ 1�,d8Bb��,X
ω∈V

Fi+1(u, ω) =
X
v∈V
uv∈E

Fi(v, ω)=
X
v∈V
uv∈E

0 ≡ 0 (mod 2).

(Ø�y.AO/, X
ω∈V

Fn(u, ω) ≡ 0 (mod 2).

�db� X
ω∈V

Fn(u, ω) ≡
X
ω∈V

1 ≡ t ≡ 1 (mod 2),

gñ!

(2) t´óê.

(i) G¥º:Ý��Ûê.

� (1)aq8B´y:é?¿ u ∈ V, i ∈ N+,kX
ω∈V

Fi(u, ω) ≡ 1 (mod 2)

www.nsmath.cn 10



AO/, X
ω∈V

Fn(u, ω) ≡ 1 (mod 2)

ù� X
ω∈V

Fn(u, ω) ≡
X
ω∈V

1 ≡ t ≡ 0 (mod 2)

gñ.

(ii) G ¥º:Ý��óê. 8By²: Fi(u, u) ≡ 0 (mod 2) é?¿ u ∈

V, i ∈ N+¤á.

i = 1�, F1(u, u) = 0,¤á.

i = 2�, F2(u, u) =
P
ω∈V
uω∈E

1 = d(u) ≡ 0 (mod 2).

b� i�(Ø¤á, i+ 2�,� u� u1, · · · , us��,Ù¥s��Kóê.

s = 0�, Fi+2(u, u) = 0 ≡ 0 (mod 2).

s > 0�,

Fi+2(u, u) =
sX

k=1

sX
j=1

Fi(uk, uj)

=
sX

k=1

Fi(uk, uk) + 2
X

1≤k<j≤s
Fi(uk, uj)

≡
sX

k=1

Fi(uk, uk)

≡
sX

k=1

0 (8Bb�)

≡ 0 (mod 2).

(Ø¤á.AO/, Fn(u, u) ≡ 0 (mod 2)�b�gñ.

nþ¤ã,b�Ø¤á,��·K�y. �

y² 2 (���âââuuu¥¥¥���������ÆÆÆ111���NNNááá¥¥¥ÆÆÆ���"""ÓÓÓÆÆÆ)))������nnn) Pã G

�º:� v1, v2, · · · , vm, �Äã G���Ý
 A ∈ Mm(Z): e vi � vj ��,

K A� (i, j)�Ú (j, i)�� 1, ÄK� 0, AO/, A�é��þþ� 0(Ï� G

Ø¹�>). ´� A´é¡Ý
. � Ak ¥� (i, j)�� aij(k). 'u��Ý
, k

Xe�5�.

ÚÚÚnnn 1 é��ê k, Ak ¥� (i, j)� aij(k)Ò´ G¥ vi � vj ��Ý� k

�´»�ê.

Ún 1�y² é k8By². k = 1�(Øw,¤á. b� k�(Ø¤á,

11 êÆ#(�



�Ä k + 1�. él vi� vj ��Ý� k + 1�´»UÙ kÚ��¤3º: vl©

aO�, ��l vi� vj ��Ý� k + 1�´»�ê�
mX
l=1

ail(k)alj(1),

ù�´Ý
¦{ Ak · A� (i, j)�, = aij(k + 1).

ÚÚÚnnn 2 � X ∈ Mm(K), K ´?¿���, e X ´é¡Ý
, Ké?¿�

�ê k, Xk �´é¡Ý
; e X ´�é¡Ý
, Ké?¿Ûê k > 0, Xk �´

�é¡Ý
.

Ún 2�y² e X ´é¡Ý
, XT = X, Ké?¿��ê k, d=��

5��� (Xk)T = (XT )k = Xk, Ïd Xk �´é¡Ý
. e X ´�é¡Ý
,

XT = −X, KéÛê k > 0, d=�5���

(Xk)T = (XT )k = (−X)k = (−1)kXk = −Xk,

Ïd Xk �´�é¡Ý
.

e¡£��¯K, ·�I�y² An¥k���� aij(n)´óê.

Äk�Ä n´Ûê��/. ò A�é��e�� 1�ÜU� −1, ¤�Ý


P� B, K B ´�é¡Ý
, � A ≡ B (mod 2). ò A,B þw�¢ê�þÝ


, dÚn 2, Bn �´�é¡�, ¢ê�þ�é¡Ý
é����þ� 0, 2

d An ≡ Bn (mod 2)��, An�é����þ�óê.

e¡�Ä n´óê��/, yò Aw�� 2� F2þ�Ý
, A ∈ Mm(F2),

A´é��þ��þ� 0�é¡
. � n = 2a · k, k´Ûê, P C = Ak, þ¡®

²y²
 C �´é��þ��þ� 0�é¡
.

�y{, b� C2a �¤k��þ� 1, P�Ý
 J , Kdu C2a+1 = JC �é

����� 0, �� C �z��þkóê� 1, 2d C ´é¡
, C2� (i, i)�

� C � i1� i��éAê¦È�Ú, �u0, � C2´é���þ�0�é¡
.

� D = C2, K D2a−1
= J , Eþ¡�L§q�y² D2´é���þ� 0�é

¡
, UYù�L§, é t = 1, 2, · · · , a, �g�y² C2t é���þ� 0�é¡


, ù� C2a = J gñ.

Ïd�y{b�Ø¤á, An¥ok��´óê. �

µ5 ù´���~(J�|ÜK,©a�/�õ,k���E,Ý�|¥

¿ÃÆ)�ÑdK.){�|^�yb���z:�Ýêþ�Ó,2éº:êÚ

Ýê©a?Ø,|^8B{��(Ø.){�$^ã���Ý
 A�´»�ê
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�m�éX, æ^Ý
��{5y² An ¥7k����´óê. 3 n´Ûê

�, �ò A3� 2ew����é¡Ý
. 3 n´óê�, (Ü�y{, k=z

� n´ 2�����/, 28B/y² C2t þé���þ� 0.

�� a�Y�uP�é18K�){��
°%�?U.
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