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1. ��ê p, q,9��ê n÷v p+n
qr
, q+n

rp
9 r+n

pq
þ��ê.y²: p = q = r.

2. 3��k�½k��^r����äp,z��^rPkdÙ¦^r|

¤��½�J�ö8Ü.z��^rPk���Ð���ê�?©(Ø�½¤k

�^rþ�Ó).zUÌ�,òz ^r��?©\þ3T��c¦�¤kJ�

ö�?©�Ú��¦#��?©.�m���ê.� ØáuT�ä�ç�,F

"¦�¤k^r��?©þ�� m�Ø.z�U,¦�±ÀJ� ^r¿òT

^r��?©\ 1,½ö�o�Ø�.y²: ²LeZU�,Tç��±¢y¦�
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3. ��>4ABC ¥, I �S%, O�	%.L I ��� sR�u IO.�� l

���BC'u sé¡,¿�AB, AC©O��u: P, Q(P, QþØ� A­Ü).

y²:4APQ�	% u�� IOþ.

4. k 100�Æ)ë\,��Á (¤1�k“ÏL”½“ØÏL”ü«).d��

�Ç�g¡Áz��Æ),�éz��Æ),¦�k��¯K:“3T�Á(å

�,ù 100�Æ)¥kõ�<�¤1´“ÏL”?”z�Æ)��Y7L´���

ê,��TÆ)�Ñ¦��Y,�Çá=úm\ÙTÆ)�¤1´“ÏL”½“Ø

ÏL”.

3¤kÆ)Ñ��gC�¤1�,di	
u�´ÄkÆ)�,�(£�


�Á¤1�“ÏL”�<ê,�¦�¤1��Ç\Ù�“ØÏL”.XJ���3

��ù��Æ),KI-�ÇÊ�,¿�¤kÆ)�¤1þU�“ÏL”:XJØ

�3ù��Æ),K�¤1Ø�?ÛUÄ.

¯ù
Æ)UÄ�Ñ��üÑ,(�z�<���¤1þ�“ÏL”?

5. �½��º:� O, .¡� ABCD �àocI, �TocIkS�

¥(=3ÙSÜ¿��¡þ���¥).÷c OA, OB, OC, OD òTocI}

m,¿òý¡OAB, OBC, OCD, ODA�	�=�²¡ ABCDS,/¤õ>/

AKBLCMDN .y²:K, L, M , N o:��.

6. � p��ê, f(x)��Xê dgõ�ª.®�� f(1), f(2), · · · , f(p)�

p Ø�,Tk k�pØ�Ó�{ê,Ù¥ 1 < k < p.y²:

p− 1

d
≤ k − 1 ≤ (p− 1)

(
1− 1

d

)
.

///. )))������µµµÛÛÛ

1. ��ê p, q,9��ê n÷v p+n
qr
, q+n

rp
9 r+n

pq
þ��ê.y²: p = q = r.

y² Ø�� p ≤ q ≤ r. dK� r | p+ n, r | q + n, � r|q − p.


r ≥ q > q − p ≥ 0,

� p− q = 0, = p = q. qdu pq | r + n, pr | q + n, �� p | r − q.

�Ä� p = q,k p | r.du r��ê,Ïd p = r.

nþ�� p = q = r. �

µ5 ù´��{üK,�Ié^�?1�d©Û=��y.
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2. 3��k�½k��^r����äp,z��^rPkdÙ¦^r|

¤��½�J�ö8Ü.z��^rPk���Ð���ê�?©(Ø�½¤k

�^rþ�Ó).zUÌ�,òz ^r��?©\þ3T��c¦�¤kJ�

ö�?©�Ú��¦#��?©.�m���ê.� ØáuT�ä�ç�,F

"¦�¤k^r��?©þ�� m�Ø.z�U,¦�±ÀJ� ^r¿òT

^r��?©\ 1,½ö�o�Ø�.y²: ²LeZU�,Tç��±¢y¦�

8I.

y² ò n�<?Ò� 1, 2, · · · , n.½ÂÝ
 An×n,Ù¥�� aij ½ÂXe:

aij =

1, j � i�J�ö½ j = i,

0, j Ø� i�J�ö.

- i1mU��?©� h
(m)
i (Ð©G�À�1 0 U),eØ�Äç�,K

h
(m+1)
i =

n∑
j=1

aijh
(m)
j .

l
 
a11 a12 . . . a1n

a21 a22 . . . a2n
...

...
...

an1 an2 . . . ann




h
(m)
1

h
(m)
2

...

h
(m)
n

 =


h
(m+1)
1

h
(m+1)
2

...

h
(m+1)
n

 .

òþª^Ý
L«,P

A =


a11 a12 . . . a1n

a21 a22 . . . a2n
...

...
...

an1 an2 . . . ann

 , X(m) =


h
(m)
1

h
(m)
2

...

h
(m)
n

 .

k X(m+1) = AX(m).

- I(k) = (0, 0, · · · , 0, 1︸ ︷︷ ︸
k

, 0, · · · , 0)T �1 k � 1 Ù{þ�"�Ý
,K

ç���^��u3,�g� X(m) \þ
,� I(k).l
�Iy�3,��

M ,9 i1, i2, · · · , iu, k1, k2, · · · ku¦�

AMX(0) + AM−i1I(k1) + AM−i2I(k2) + · · ·+ AM−iuI(ku)

�z� þ�m��ê.

½Âü�Ý
 A ≡ B(modm)�

A ≡ B (mod m)⇔ A, B�z� �m�Ó.
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N´�y,e A ≡ B (mod m), C ≡ D (mod m),K

(i) A+ C ≡ B +D (mod m);

(ii) AC ≡ BD (mod m).

u´ké k1, k2, · · · , ku¦�

X(0) + I(k1) + I(k2) + · · ·+ I(ku) ≡ 0 (mod m).

ùw,�±��,e¡�I4 AM ≡ AM−i1 ≡ AM−i2 ≡ · · · ≡ AM−iu (mod m)

¤á=�.
 AX(X = 1, 2, · · · )3�m¿Âe�õmn2
«��.Ïd7½�3

Ã¡õ� X,§�éA� AX �m�Ó.

�K�y! �

µ5 )ö@�ù�K�J,JÝ' 3 ��.'��?3uÝ
�g�,ØÙ

GÝ
�<�ù�K¬'�5Ã.�K�¢�Ò´é“�?©Ý
”�¦��“C

�Ý
”,òeZU��G�^²(�L�ªLãÑ5,�¡ÒC�'�{ü
,

)���±Ø^Ý
^C�5�.
��K�N´�\ém�Ïf©)½4í

��{¥,��15�$.

3. ��>4ABC ¥, I �S%, O�	%.L I ��� sR�u IO.�� l

���BC'u sé¡,¿�AB, AC©O��u: P, Q(P, QþØ� A­Ü).

y²:4APQ�	% u�� IOþ.

y² Ø�b� AB > AC.� I 'u BC �é¡: I ′, A'u OI �é¡:

A′,P AI � �OuM , AM � BC �u U , PQ� BC �uK.

d A, A′'u OI é¡,�

∠OIA′ + ∠OIM = ∠OIA+ ∠OIM = 180◦.

q OM = OA′,� O, I, A′, M ��.dî.½n,��

IA · IM = 2OA · r = OA · II ′,

Ù¥ r�4ABC �S���».q

∠MII ′ = 90◦ − ∠IUC = 90◦ − ∠ABC − ∠IAC

= ∠OAC − ∠IAC = ∠OAI.

�4IAO ∼ 4I ′IM, ¤±

∠IMA′ = ∠A′OI = ∠AOI = ∠AMI ′.
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�M, I ′, A′n:��.d I, I ′'u BC é¡,�� ∠IKB = ∠I ′KB. �

](IK, I ′K) = 2](IK, BC) = 2(](OI, BC)− 90◦)

= 2](OI, OM) = 2](A′I, A′I ′).

ÏdK �4A′I ′I �	%.�

](PB, A′B)− ](PK, A′K)

=](AO, OI)− ](IK, CK) + 2](MA′, II ′)− 180◦

=](AO, OI)− ](IK, BC)− 2](BC, MA′)

=](AO, OI) + 90◦ − ](OI, BC)− 2](BC, AI) + 2](OI, AO)

=− ](BC, AO) + 90◦ − 2](BC, AI)

=− ](AO, AI) + 90◦ − ](BC, AI)

= 0.

� ](PB, A′B) = ](PK, A′K).Ïd PBKA′��.�Ä� ABA′C ��,d�

�½n� APA′Q��.¤±4APQ�	%3 AA′¥R�þ,=3 OI þ. �

µ5 N´�Ñ A'u OI é¡: A′,���y APA′C ��=�.d��

½n,��y A′BPK ��.ù�du ∠A′KP = ∠A′BP ,��I(½ A′K ��

�=�.)ö3ùp�Ñ
'u I 'u BC �é¡: I ′,ÏLy² K �4II ′A

��%5(½ I ′K ��()ö�cyLM, I ′, A′ n:��,��±�Ñ),��

�L§�I��=�.

4. k 100�Æ)ë\,��Á (¤1�k“ÏL”½“ØÏL”ü«).d��

�Ç�g¡Áz��Æ),�éz��Æ),¦�k��¯K:“3T�Á(å

�,ù 100�Æ)¥kõ�<�¤1´“ÏL”?”z�Æ)��Y7L´���

5 êÆ#(�



ê,��TÆ)�Ñ¦��Y,�Çá=úm\ÙTÆ)�¤1´“ÏL”½“Ø

ÏL”.

3¤kÆ)Ñ��gC�¤1�,di	
u�´ÄkÆ)�,�(£�


�Á¤1�“ÏL”�<ê,�¦�¤1��Ç\Ù�“ØÏL”.XJ���3

��ù��Æ),KI-�ÇÊ�,¿�¤kÆ)�¤1þU�“ÏL”:XJØ

�3ù��Æ),K�¤1Ø�?ÛUÄ.

¯ù
Æ)UÄ�Ñ��üÑ,(�z�<���¤1þ�“ÏL”?

) �±����(�z�<���¤1þ�“ÏL”�üÑ.

� 100�Æ)IÒ� 1, 2, · · · , 100,�1 i�Æ)�Ñ��Y� ai.�½

a1 = 99,Ù{<�YUìXe5K�Ñ

ai+1 =

ai (iÏL)

ai − 1 (i�ÏL)

.

e�Ç� 100�<ÏL,K�y. eØ,��Ç����� i “�ÏL”,d� ai�

99~�c i− 1 Æ)¥�ÏL�<ê,= 100~�c i�Æ)¥�ÏL�<ê,

�Ò´ÏL�<ê.ÏdTÆ)�£��(,dK¿�d��ÇÊ�,¿�¤k

Æ)�¤1þU�“ÏL”. �

µ5 �K´��{üK,´uy a1 �U�u 99,ÄK�Ç� 1ØÏL,�

99�<ÏL=�.d�,e�Ç� 1ØÏL,Ón a2 �U�u 98,e 1ÏL, a2

�U�u 99.aq�qÞA���é�5Æ.

5. �½��º:� O, .¡� ABCD �àocI, �TocIkS�

¥(=3ÙSÜ¿��¡þ���¥).÷c OA, OB, OC, OD òTocI}

m,¿òý¡OAB, OBC, OCD, ODA�	�=�²¡ ABCDS,/¤õ>/

AKBLCMDN .y²:K, L, M , N o:��.

y² PTocI�S�¥¥%�O1,S�¥�»� d.�¥O2,¦O,O1, O2

n:��,� OO1

OO2
= d

d′
,Ù¥ d′�¥ O2��».7�3 O2,¦¥ O2�¡ ABCD

��,� O2 6= O1,d�¥ O2�¡ OAB,¡ OBC,¡ OCD,¡ OAD�Ñ��.

P O23²¡ ABK �ÝK� O′2, O23²¡ OAB �ÝK� O′′2 .Ï�¥ O2�²

¡ OAB Ú²¡ ABK þ��,�k O2�²¡ OAB �²¡ ABK �ål��,

= O2O
′
2 = O2O

′′
2 . �Ä�

O′2A =
√
O2A2 −O2O′22 =

√
O2A2 −O2O′′22 = O′′2A,
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O′2B =
√
O2B2 −O2O′22 =

√
O2B2 −O2O′′22 = O′′2B.

(Ü AB = AB.��

4ABO′′2 ∼= 4ABO′2.

2(Ü4ABK ∼= 4OAB, �o>/KABO′2�o>/ OBAO′′2 ��,�

O′′2O = O′2K.

(Ü O2O
′
2 = O2O

′′
2 ,9 O2O2⊥²¡ABK, O2O

′′
2⊥²¡OAB��

O2K =
√
O′2K

2 +O2O′22 =
√
O′′2O

2 +O2O′′22 = OO2.

Ón��

O2L = OO2, O2M = OO2, O2N = OO2.

�

O′2K =
√
O2K2 −O2O′22 =

√
O2L2 −O2O′22 = O′2L.

Ón��

O′2K = O′2L = O′2M = O′2N,

=K, L, M , N o:��. �

µ5 )ö�Ð��{´��éÑ K, L, M, N 	���%,l
y²o:

��.�´T�{J±$^K¥^�,u´B�ï.�5)öuy�K � Oål

�Ó�:¤�¤�²¡�N´�x,?
��´Ä�±�Ñ O, K, L, M, N �

¥%l
y²��(N´uy K, L, M, N ��� O, K, L, M, N �¥�d).

Ïd��y²�3: T ,¦²¡ TAB� O1ABR�,²¡ TBC � O1BC R�,

²¡ TDC � O1DC R�,²¡ TDA� O1DAR�.)ö�m©��
���

ê�y²,��5uy O, K, L, M, N ���¥¥%��ÎÜù
^�,u´

7 êÆ#(�



��y²��¥�3,
ù´w,�.

6. � p��ê, f(x)��Xê dgõ�ª.®�� f(1), f(2), · · · , f(p)�

p Ø�,Tk k�pØ�Ó�{ê,Ù¥ 1 < k < p.y²:

p− 1

d
≤ k − 1 ≤ (p− 1)

(
1− 1

d

)
.

y² ·�I�Xe�Ún.

ÚÚÚnnn e 1 ≤ n ≤ p− 2,K p | 1n + · · ·+ (p− 1)n + pn.

Ún�y² �� p��� a.d (a, p) = 1�� a, 2a, · · · , pa�¤� p�

X.�

1n + · · ·+ pn ≡ an + · · ·+ (pa)n(mod p),

=

(an − 1)(1n + · · ·+ pn) ≡ 0 (mod p).

Ïd (an − 1)(1n + · · ·+ pn) ≡ 0 (mod p),Ún�y.

£££������KKK. f(x)�gê� d, f(x)� pk k��,Ù¥ 2 ≤ k ≤ p− 1.� f(x)

mod p� k���¤�8Ü� {S1, S2, · · · , Sk}.

P f(x) =
d∑

j=0

ajx
j, (f(x))n =

nd∑
j=0

an,jx
j.� nd ≤ p− 2 �,k

p∑
i=1

(f(i))n ≡
p∑

i=1

nd∑
j=0

an,ji
j ≡

nd∑
j=0

an,j

p∑
i=1

ij ≡ 0 (mod p). (∗)

e (k − 1)d ≤ p− 2,K
p∑

i=1

(f(i)− S1) · · · (f(i)− Sk−1)

=

p∑
i=1

k−1∑
l=0

(−1)k−1−lf(i)l
∑

1≤i1<···<ik−1−l≤k−1

Si1 · · ·Sik−1−l

=
k−1∑
l=0

(−1)k−1−l
∑

1≤i1<···<ik−1−l≤k−1

Si1 · · ·Sik−1−l

p∑
i=1

f(i)l

≡0 (mod p).

P αk � f(x) ≡ Sk ��ê,k
p∑

i=1

(f(i)− s1) · · · (f(i)− sk−1) = αk(Sk − S1) · · · (Sk − Sk−1) 6≡ 0 (mod p),

gñ.
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�

(k − 1)d ≥ p− 1, (k − 1) ≥ p− 1

d
.

� f(x) ≡ Si (mod p)�k αi�).� t′1, · · · , t′p−k,¦ t′1, · · · , t′p−k¥Tk

αi − 1� Si. � t1, · · · , tp−k,¦ t1, · · · , tp−k, S1, · · · , Sk ´� p��X.

d (∗)ª,� nd ≤ p− 2�,k

0 ≡
p∑

i=1

(f(i))n ≡
p∑

i=1

(f(i))n − (1n + · · ·+ pn)

≡ (t′1)
n + · · ·+ (t′p−k)

n − (tn1 + · · ·+ tnp−k) (mod p).

e (p− k)d ≤ p− 2,Ké?¿ 0 ≤ n ≤ p− kÑk

(t′1)
n + · · ·+ (t′p−k)

n ≡ tn1 + · · ·+ tnp−k (mod p). (∗∗)

¤á.

P

g(x) = (x− t1) · · · (x− tp−k) =
p−k∑
i=0

εix
p−k−i,

g′(x) = (x− t′1) · · · (x− t′p−k) =
p−k∑
i=0

ε′ix
p−k−i.

e¡8By² εi ≡ ε′i (mod p).

i = 0�, εi = ε′i = 1.

i = 1�,�du (∗∗)ª¥ n = 1��¹.

8Bb��u i�(Ø¤á.dÚî�Úúª

ti1 + · · ·+ tip−k =− (t1 + · · ·+ tp−k)εi−1 − (t21 + · · ·+ t2p−k)εi−2 − · · ·

− (ti−11 + · · ·+ ti−1p−k)ε1 − iεi,

(t′1)
i + · · ·+ (t′p−k)

i =− (t′1 + · · ·+ t′p−k)ε
′
i−1 −

(
(t′1)

2 + · · ·+ (t′p−k)
2
)
ε′i−2 − · · ·

−
(
(t′1)

i−1 + · · ·+ (t′p−k)
i−1)ε′1 − iε′i.

üª�~,2(Ü (∗∗)ª98Bb��: iεi ≡ iε′i (mod p).q i ≤ p−k,� εi ≡ ε′i

(mod p),(Ø¤á.

dd� g(x) ≡ g′(x) (mod p),


0 ≡ g(t1) ≡ g′(t1) 6≡ 0 (mod p)

gñ.Ïd (p− k)d ≥ p− 1,C/=��

k − 1 ≤ (p− 1)(1− 1

d
).
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·K�y! �

µ5 w��ªN´��.�KF½n,�Ã{�Ñ�>�(J.��)ö

q��
|^ p | 1k + · · ·+ pk �� p | f(1)k + · · ·+ f(p)k,?�Ú��

p |
p∑

i=1

g(f(i)) (deg g ≤ p− 2

d
).

ù��ªÄ�Ò)û
.mª�k
JÝ,e���Ä S = {f(x) mod p}Ø�

�B,���Ä S ��N´(�Où�Ú=z¬'�(J).���ö�Ñ�©g

,,é�
Uå�p�ÓÆATvk¯K.

000. oooµµµ

�g�Á1�K,1oK�éN´,A�ém1�KJÝ.1�K��{¥

�^�Ý
,éÝ
ØÙG�U¬E¤(J.1ÊK±áNAÛ�1N,3IS

¿m¥Ø~�.��Ø¶K�n!8üKý�JÝ¿vk@op.�N
ó,ù

´�@JÝÑ$uÁ-E�K.
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