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I. ÁÁÁ KKK

1. f ´½Â3��êþ������ê�¼ê,Á¦¤k� f , ÷v:é?

¿���ê aÚ b,¦ a2 + f(a)f(b)U� f(a) + b�Ø.

2. m´��ê, ê� an½ÂXe

an+1 =

 a2n + 2m � an < 2m

an
2

� an ≥ 2m
,

Ù¥ a1 ´��ê. Á¦¤k� a1, ¦�ê� an�¤k�Ñ´�ê.

3. n^>�Ø��� 4ABC S�u� Γ. BC �¥:�M , P : (Ä:)

3�ã AM þ. �(BPM) � �(CPM) ©O2g�� Γ �u: D Ú: E. �

� DP 2g� �(CPM) u X, �� EP 2g� �(BPM) u Y . y²:Ø�6

u P �À�, ∆AXY �	��²LÉu: A��½: T .

4. éu 2018 × 2019 ���,z��fp�X���ê, éuz��f, �

§kú�>�O��f¡��Ø, �Äe¡�ö�: ?¿ÀJA��f, O�Ñ

�f��Ø�ê�²þ�, ,�òù
�O�?�f. UÄ��: Ø+�Ð��

¹XÛ, oU3k�gö��, ¦�¤k�fp�êÑ��?

?¾FÏ: 2019-10-13.
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5. f ´½Â3¢êþ����¢ê�¼ê, ¦¤k� f , ¦�:é?¿¢ê

x Ú y, ÷v

f(x2 + f(y)) = f(f(x)) + f(y2) + 2f(xy).

///. )))������µµµ555

1. f ´½Â3��êþ������ê�¼ê,Á¦¤k� f , ÷v:é?

¿���ê aÚ b,¦ a2 + f(a)f(b)U� f(a) + b�Ø.

y{� Äk·�- a = 1, b = 1,k f(1) + 1 | 1 + f(1)2,��Uk f(1) = 1.

·�2- a = 1, k

f(1) + b | 1 + f(1)f(b)⇒ 1 + b | 1 + f(b),

� 1 + f(b) ≥ 1 + b,= f(b) ≥ b.

·�2- b = 1,k

f(a) + 1 | a2 + f(a)f(1)⇒ f(a) + 1 | a2 + f(a)⇒ f(a) + 1 | a2 − 1,

� f(a) + 1 ≤ a2 − 1 = f(a) ≤ a2 − 2(a ≥ 2).

·�2- p �?¿Û�ê,- a = p, b = f(p), Kk 2f(p) | p2 + f(p)f(f(p)),

�7Lk f(p) | p2,¤±��U� 1½ p½ p2, q p ≤ f(p) ≤ p2− 2, � f(p) = p.

2- a = p, k

f(p) + b | p2 + f(p)f(b)⇒ p+ b | p2 + pf(b)⇒ p+ b | p(f(b)− b).

Ï��é?¿ b¤á, ·�� (b, p) = 1, K7Lk p+ b | f(b) − b, ·��±�

¿©�� p, � f(b)− b = 0, = f(b) = b. �

y{� ·�uy f(x) = x´��),e¡y²ù´��).k- a = b = 1,

Kk

f(1) + 1 | f(1)2 + 1⇔ f(1) + 1 | f(1)2 + 1− (f(1) + 1)(f(1)− 1) = 2,

q� f : N+ → N+, � f(1) + 1 ≥ 2, q f(1) + 1 ≤ 2,� f(1) = 1.

e(Øéu x¤á, K- (a, b) = (x, x+ 1), k

f(x) + x+ 1 | f(x)f(x+ 1) + x2 ⇔ 2x+ 1 | xf(x+ 1) + x2.

´� (x, 2x+ 1) = 1, lk

2x+ 1 | f(x+ 1) + x. (1)
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2- (a, b) = (x+ 1, x), k

f(x+ 1) + x | f(x+ 1)f(x) + (x+ 1)2 ⇔ f(x+ 1) + x | xf(x+ 1) + (x+ 1)2.

lk f(x+ 1) + x | xf(x+ 1) + (x+ 1)2 − x(f(x+ 1) + x) = 2x+ 1. =

f(x+ 1) + x | 2x+ 1. (2)

d(1)(2)üª�� f(x + 1) = x + 1, �(Øéu x + 1�¤á, �(Øéu¤k

��ê¤á. �

µ5 ��1�K,ù�Ké~5�é{ü. y{�Ì�´k5½Ñ�þe

.,l^�Ø'X��(Ø. y{��´g,�8B{, 3é a, b©O?1�

��BØJ��(Ø.

2. m´��ê, ê� an½ÂXe

an+1 =

 a2n + 2m � an < 2m

an
2

� an ≥ 2m
,

Ù¥ a1 ´��ê. Á¦¤k� a1, ¦�ê� an�¤k�Ñ´�ê.

){� ·�5y²m = 2 ´¦÷vK¿����,d� a1 = 2l (l ≥ 1) ´

��).

éu�êm � a1,�ê��z�����ê. P ai = bi2
ci ,Ù¥ bi � ai �

��ÛÏf, ci ��K�ê.

ÚÚÚnnn 1 2m ´ê� b1, b2, · · · �þ..

y² b�Ø�3þ.,�¦ ci ��� bi > 2m �eI,du ai ≥ bi > 2m ,

·�k ai+1 = ai
2

,Ïd bi+1 = bi > 2m � ci+1 = ci − 1 < ci ,� ci ��gñ.

ÚÚÚnnn 2 b1, b2, · · · ��4~ê�.

y² e ai ≥ 2m,·�k ai+1 = ai
2

,Ïd bi+1 = bi.

e ai < 2m,

ai+1 = a2i + 2m = b2i 2
2ci + 2m,

Kk±en«�¹:

�e 2ci > m K ai+1 = 2m (b2i 2
2ci−m + 1),Ïd bi+1 = b2i 2

2ci−m + 1 > bi.

�e 2ci < m,K ai+1 = 22ci (b2i + 2m−2ci),Ïd bi+1 = b2i + 2m−2ci > bi.

� e 2ci = m, K ai+1 = 2m+1 · b2i+1

2
, qÏ� b2i + 1 ≡ 2 (mod 4), Ïd

bi+1 =
b2i+1

2
≥ bi.

(Üü�Ún,�� b1, b2, · · · 3GØceZ�k�����~êê�. �
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½eI j ÷véu¤k k ≥ j k bk = bj,du an ≥ 2m � an 4~�
an
2

,Kê�

¥�3Ã¡õ��u 2m. Ïd,·��À��eI i > j ÷v ai < 2m. dÚn 2

�y², ai < 2m� bi+1 = biÓ�¤á��=� 2ci = m� bi+1 = bi = 1 .�âÚ

n 2, b1, b2, · · · z��þ� 1� a1, a2, · · · þ� 2�g�. ± ai = 2ci = 2
m
2 < 2m

å©ºY�e����,

2
m
2 → 2m+1 → 2m → 2m−1 → 22m−2 + 2m.

5¿������ 2����=� 2m− 2 = m,=m�U�u 2. �m = 2 �

a1 = 2l (l ≥ 1),ê���± 2, 8, 4, 2, · · · Ì�;�m = 2 � a1 = 1,ê��cA�

� 1, 5, 5
2
,Ø÷vK¿. �

){� m = 2 �, a1 �±� 2s, ∀s ∈ N+;

m 6= 2 �, Ø�3ÎÜ�¦�. ndXe:

b�é n �3ù�� a1 ,K·��TÎÜ^��S� {an},k: é ∀n ∈ N+,

½Â¼ê α (n) ��?�L«��$ê , � β (n) �?�L«��pê (¯

¢þ, α (n) = v2 (n), β (n) �÷v 2t ≤ n < 2t+1 ����ê t).

½Â θ (n) = β (n)− α (n).·�ky²Xe 4�Ún:

ÚÚÚnnn 1 {an} ¥ÃÛê�.

y² e�3 n ∈ N+, ¦ an ≡ 1 (mod 2). e an ≥ 2m ⇒ an+1 = an
2
/∈ N+,

gñ!

e an < 2m ⇒ an+1 = a2n + 2m ≡ 1 (mod 2)⇒ an+2 = an
2
/∈ N+, gñ!

lÚn 1¤á.

ÚÚÚnnn 2 é ∀n ∈ N+, α (n2) = 2α (n), β (n2) = 2β (n) + 1 ½ 2β (n).

y² α (n2) = v2 (n2) = 2v2 (n) = 2α (n) .

� β (n) = t, K 2t ≤ n < 2t+1. ⇒ 22t ≤ n2 < 22t+2 ⇒ 22t ≤ n2 < 22t+1 ½

22t+1 ≤ n2 < 22t+2 ⇒ β (n2) = 2t ½ 2t+ 1. �Ún 2�y.

ÚÚÚnnn 3 é ∀n ∈ N+, θ (n) = θ (2n).

y² k

α (2n) = v2 (2n) = v2 (n) + 1 = α (n) + 1. �

� β (n) = t⇒ 2t ≤ n < 2t+1 ⇒ 2t+1 ≤ 2n < 2t+2. K

β (2n) = t+ 1 = β (n) + 1. �

��üª�~,��: θ (2n) = β (2n) − α (2n) = β (n) − α (n) = θ (n). �Ún 3

�y.
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ÚÚÚnnn 4 ∀m,n ∈ N+, n < 2m, θ (n2 + 2m) ≥ 2θ (n)− 1.

y² e n2, 2m ��?�\{eØ�)? (= n2 1m  � 0).

⇒ θ
(
n2 + 2m

)
≥ θ

(
n2
)

= β
(
n2
)
−α

(
n2
)
≥ 2β (n)−2α (n) = 2θ (n) > 2θ (n)−1.

(Ø¤á.

e n2, 2m ��?�\{�)? , d�7k α (n2) ≤ m.

(I) α (n2) < m ⇒ α (n2 + 2m) = v2 (n2 + 2m) = min {v2 (n2) , v2 (2m)} =

v2 (n2) = α (n2).

β (n2 + 2m) ≥ β (n2)⇒ θ (n2 + 2m) = β (n2 + 2m)−α (n2 + 2m) ≥ β (n2)−

α (n2) ≥ 2β (n)− 2α (n) = 2θ (n) > 2θ (n)− 1. �(Ø¤á.

(II) α (n2) = m. ·�5y²: n2, 2m �\{�õ?�g .

� α (n) = s, Km = 2α (n) = 2s. � n′ = n
2s

.

⇒ α
(
n′2
)

= α

(
n2

22s

)
= α

(
n2
)
− 2s = 0.

Ù¥ n′2´ n2 �K"�eZ� 0/¤�ê.

e n2 + 2m ��?�\{?
üg ,K n′2 + 1 �?
üg . ⇒ n′2

1 0  !1 1  þ� 1 ⇒ n′2 ≡ 1 + 2 ≡ −1 (mod 4), gñ(dé ∀n ∈ N+,

n2 ≡ 0, 1 (mod 4))! l n2 + 2m ��?�\{�õ?�g ⇒ α (n2 + 2m) ≤

α (n2) + 1. ⇒ θ (n2 + 2m) = β (n2 + 2m)− α (n2 + 2m) ≥ β (n2)− α (n2)− 1 =

2θ (n)− 1.

�(Ø¤á. Ún 4�y.

£££������KKK. dÚn 1, é ∀n ∈ N+,α (an) ≥ 1. òê� {an} ¥¤k÷v

an < 2m ��^g�Ñ|¤ê� {bn}+∞n=1. Ké ∀n ∈ N+,

θ (bn) = β (bn)− α (bn) < m− 1. �

� bn éA�S� {an} ¥��� an′ . Ké ∀n0
′ + 1 ≤ n ≤ (n0 + 1)′,

θ (an) = θ (an+1)(Ï� an+1 = 2an, dÚn 3 ��). ⇒ θ (bn+1) = θ
(
a(n+1)′

)
=

θ (an′+1) = θ (a2n′ + 2m) ≥ 2θ (an′)− 1 = 2θ (bn)− 1(dÚn 4).

e ∃N ∈ N+, ¦ θ (bN) > 1⇒ θ (bN+1) ≥ 2θ (bN)− 1 > θ (bN) > 1.

8B´�:é ∀n ≥ N þk: θ (bn+1) > θ (bn).

d�ê�lÑ5�: θ (bN+m−1) > m, ��gñ! �é ∀n ∈ N+, θ (bn) ≤

1⇒é ∀n ∈ N+, θ (an) ≤ 1. (∗)

e�3��� bn ¦: θ (bn) = 1⇒ θ (an′) = 1.
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� an′ = 2t−1 + 2t, t ∈ N+.

⇒ an′+1 =
(
2t−1 + 2t

)2
+ 2m = 22t+1 + 22t−2 + 2m.

em = 2t−2,K: θ (an′+1) = θ (22t−1 + 22t+1) = 2.em 6= 2m−2,K: θ (an′+1) ≥

(2t+ 1)− (2t− 2) = 3.þ� (∗)gñ!

�é ∀n ∈ N+, θ (bn) = 0⇒ ∀n ∈ N+, θ (an) = 0.

� bn = 2s, s < m ⇒ an′ = 2s ⇒ an′+1 = 22s + 2m.d θ (an′+1) = 0 ⇒ 2s =

m ⇒ an′+1 = 2m+1 ≥ 2m ⇒ an′+2 = 2m ≥ 2m ⇒ an′+3 = 2m−1 < 2m ⇒ an′+4 =

22m−2 + 2m.

d θ (an′+4) = 0⇒ 2m− 2 = m⇒ m = 2.

ùL²,em 6= 2,KØ�3÷v�¦�ê� {an},�Ø�3ÎÜ�¦� a1.

em = 2, dþã, a1 �U� 2s,∀s ∈ N+. Ó�� a1 = 2s,∀s ∈ N+ �, �±

��: an = 2s+1−n,∀1 ≤ n ≤ s , n ≥ s+ 1 �, {an} /¤ 2, 4�Ì�S�.

nþ, m = 2 �, a1�±� 2s,∀s ∈ N+; m 6= 2�,Ø�3ÎÜ�¦� a1. �

µ5 ùK�)��,é�, �´JÝ¿Øp, y{�´(��)�, y{

��	 an ��?�L«, 5¿� α (n) , β (n) , θ (n) � an 4íCzéX�5Æ

5, KéN´�Ñ)�.

3. n^>�Ø��� 4ABC S�u� Γ. BC �¥:�M , P : (Ä:)

3�ã AM þ. �(BPM) � �(CPM) ©O2g�� Γ �u: D Ú: E. �

� DP 2g� �(CPM) u X, �� EP 2g� �(BPM) u Y . y²:Ø�6

u P �À�, ∆AXY �	��²LÉu: A��½: T .

y{� (<<<ÐÐÐ°°°)

ò� DP Ú EP � Γ u F Ú G ,� GF � BC �u Q. � �(AXY ) � Γ

�u: T , e¡·�y² T ´½:.

Äkk ∠CFD = ∠CBD = ∠DPM , � PM � CF . Ón, BG � PM . d

∠XCB = ∠DPM = ∠DFC, � QF � �(BY G) ��. Ón, QF � �(BY G)

��. qd ∠QGB = ∠QCF = ∠QBG, � QF � �(BY G) ��. Ón, QF �

�(CFX) ��.

� Q � �(BY G) � �(CFX) �	 q¥%. ´� �(BY G) � �(CFX)

�½�, �Q�½:. Ï�BG�PM �CF ,BM = CM , ¤± AM ��(BY G)

� �(CFX) ��¶. u´k PY · PG = PX · PF , � FGY X o:��.
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Ï� AM �´ �(BPM) � �(CPM) ��¶,�é �(BY G),�(BPM),

�(CFX) Ú �(BPM),�(CPM),�(CFX) ©O¦^�F½n� BY, PM,CX

�:.

�T:� H. �k HY ·HB = HP ·HM = HX ·HC, u´ BCXY o:

��. 2é �(GFX),�(BCY ),Γ ^�F½n� GF,BC,XY �:.

�Q,X, Y ��. 2é�(AXY ),�(BCX),Γ ^�F½n� AT,XY,BC �

:. � AT ²L½: Q, � T ´��½:. �

y{� (êêêxxxóóó)

Äkk ∠BDP = ∠PMC = ∠CXP , � BD � CX. Ón, BY � CE.

ò� BD � CE u P1, CX � BY u P2, d�F½n� P1 3 AM þ,Ó

�´�o>/ P1BP2C �²1o>/. l�� P1,M, P2 n:��, ½=

P1,M, P2, A, P Ê:��.

u´k P2X · P2C = P2M · P2P = P2Y · P2B , �B,C,X, Y o:��. u

´qd�F½n, � AT,XY,BC �u�:, �T:� S. ��Iy S ´½:,�

Ò´y² XY � BC u�½: S.

2� EP � Γ uK, K�ây{�¥�(Øk BK �AM . Ón, é C��

Ñù��: N . 5¿� KN Ú BC ��:w,´½:,�d�F½n��Iy

KYNX ��.
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ò� BY � Γ u S1, CX � Γ u S2.k

∠CS2S1 = 180◦ − ∠Y BM = 180◦ − ∠Y XS2,

� S1S2 �XY . dcã�l DS1 �ul ES2, u´ S1S2 �DE, � DE �XY .

¤±k ∠KND = ∠KED = ∠EYX, �k ∠Y KN = ∠Y XN , � KYNX

��. ¤±KN,BC,AT �u�½: S, � AT L½: S, � T �½:. �

µ5 )ö@�TK´���J�AÛK,1�Ú�J:3uxã,ã¥� D

� E XJ P : �À�Ø�KéJ3ãþ�Ñ.½:��N´é�,é�®�

½: A �'�:  ´�ùaK�~�@´,�e5�9éu T ��x,ù�

Ú��F½nØJ��,,�·KÒ=z�y² BCXY ��.�âxãØJu

yDX Ú EY � Γ ��: F , G Ñ´½:, ���^ùü�:é�% Q ?1�

x. �Ñ �(BY G) � �(CFX) �ù�Úq´��J:, ��Ñ��±ò¥:

�^�=z��¶, ¿��±uy Q �ùü���	 q¥%, ù�Ò�¤


éu Q ��x,�e5�Ú½éuÙG���ÓÆØJ�¤.

y{�¥k��^´��ü|²1lò¥:�^�=z�²1o>

/,2d�%�5�Ò�±y² BCXY ��, ?�ÀJ
�F½né T ?1

�x. �¡�I�uy DX Ú EY � Γ ��:Ñ´½:,,�ÀJ^y²��.

,	, Ü�ó�N¥�Úd�ÓÆ3XAÛjpJÑ
,�«'u�%

Q(S) ��x, I�^�XeÚn, k,��ÖöØ��Á:
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� �O1 � �O2 �	 q¥%� P , �^	ú��� AB, C 6= A 3 �O1

þ, D 6= B 3 �O2 þ, AC � BD u Q , K±en�(Ø�d:

(1) Q 3�¶þ;(2) C,D�_éA:;(3) ∆QCD �	��� �O1,�O2 þ

��.

4. éu 2018× 2019 ���, z��fp�X���ê, éuz��f, �

§kú�>�O��f¡��Ø,�Äe¡�ö�: ?¿ÀJA��f,O�Ñ�

f��Ø�ê�²þ�, ,�òù
�O�?�f. UÄ��: Ø+�Ð��¹

XÛ, oU3k�gö��, ¦�¤k�fp�êÑ��?

) 3�E��L�c, ·�k5½Â©ê a
b
, Ù¥ b ØU� 5 �Ø,

(a, b) = 1.

du b ØU� 5 �Ø, � b 3 mod 5 ¿Âe7kêØ�ê b′. ·�½Â

a
b
≡ a · b′ (mod 5). ·��ÑXe�E:

du 2 | 2018, 3 | 2019, �·��±òù���Ly©� 2018
2
× 2019

3
���

L, P1 i11 j ����L�L (i, j).

·�3L (2k, j) , k ∈
[
1, 2018

4

]
, j ∈

[
1, 2019

3

]
, k ∈ N, j ∈ N SW\

 020

313

,

3L (2k − 1, j) , k ∈
[
1, 2020

4

]
, j ∈

[
1, 2019

3

]
, k ∈ N, j ∈ N SW\

 313

020

.

e¡·�y², ù���LS�z�ê3 mod 5 ¿Âe�±ØC. � i²

ö�L��ê�Mi.

(I) ��LS� 0.

Uì��L�½Â,Ù�Ø��U�: {0, 0, 2, 3} , {0, 2, 3} , {2, 3}.
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éu1�«�/,ö���ê:

M0 ≡
0 + 0 + 2 + 3

4
≡ 5 · 4−1 ≡ 0 (mod 5) .

éu1�«�/,ö���ê:

M0 ≡
0 + 2 + 3

3
≡ 5 · 3−1 ≡ 0 (mod 5) .

éu1n«�/,ö���ê:

M0 ≡
2 + 3

2
≡ 5 · 2−1 ≡ 0 (mod 5) .

l²Lö��� 03¿Âe�êE´ 0�±ØC.

(II) ��LS� 1.

Uì��L�½Â, Ù�Ø��U�: {1, 2, 3, 3} , {2, 3, 3}.

éu1�«�/,ö���ê:

M0 ≡
1 + 2 + 3 + 3

4
≡ 9 · 4−1 ≡ 1 (mod 5) .

éu1�«�/,ö���ê:

M0 ≡
2 + 3 + 3

3
≡ 8 · 3−1 ≡ 1 (mod 5) .

l²Lö��� 13 mod 5 ¿Âe�±ØC.

(III) ��LS� 3.

Uì��L�½Â,Ù�Ø��U�: {3, 3, 1, 0} , {0, 1, 3} , {0, 1}.

éu1�«�/,ö���ê:

M0 ≡
3 + 3 + 1 + 0

4
≡ 7 · 4−1 ≡ 3 (mod 5) .

éu1�«�/,ö���ê:

M0 =
3 + 1 + 0

3
≡ 4 · 3−1 ≡ 3 (mod 5) .

éu1n«�/,ö���ê:

M0 ≡
0 + 1

2
≡ 1 · 2−1 ≡ 3 (mod 5) .

l²Lö��� 33 mod 5 ¿Âe�±ØC.

(IV) ��LS� 2.

Uì��L�½Â,Ù�Ø��U�: {0, 0, 1, 2} , {0, 0, 1}.

éu1�«�/,ö���ê:

M0 ≡
0 + 0 + 1 + 2

4
≡ 3 · 4−1 ≡ 2 (mod 5) .

éu1�«�/,ö���ê:

M0 =
0 + 0 + 1

3
≡ 1 · 3−1 ≡ 2 (mod 5) .

www.nsmath.cn 10



l²Lö��� 23 mod 5 ¿Âe�±ØC.

nÜþã 4«�¹, ��LS�z�êþ3 mod 5 ¿Âe�±ØC. du

a 6≡ b (mod 5) ⇒ a 6= b, �T��LØ�U3k�Úö���z�êþC��

Ó�ê,��Y´Ä½�. �

µ5 �K´Ê�KS�(J���K, �|Ã<�Ñ£�|=k��<

�©, �� 1©¤. du��L�ö�L§¥¬Ñy©ê, ¤±éN´4<Äû

êØ��{, �Ä�
�ê©Û��{, ù���{3ù�/�¦^w�

Lu��, Ï�^�vkJø�A�&E. e�3�|þ�ÑdK, ÒI�êþ

¿£��^êØ��{?ndK, ¿'5��UÑy�XêêØþ�A�(©1

��Ïf��U� 2,3), 9����E¿Âe���L�E (p ≥ 2, 3). ù�

�{qw��~�ÿ, kdÿ£Ø´�N´�¯�.

5. f ´½Â3¢êþ����¢ê�¼ê, ¦¤k� f , ¦�:é?¿¢ê

x Ú y, ÷v

f(x2 + f(y)) = f(f(x)) + f(y2) + 2f(xy).

) (êêêxxxóóó)

- x = y = 0,k f(f(0)) = f(f(0)) + f(0) + 2f(0)�� f(0) = 0.

- x = 0,k

f(f(y)) = f(y2). �

���§�z�:

f(x2 + f(y)) = f(x2) + f(y2) + 2f(xy). �

��ª� P (x, y),�Ä P (y, x)��±��: f(y2 + f(x)) = f(x2 + f(y)).ò x�

� −xN´��ù�¼ê�ó¼ê. e¡·�©ü«�¹?Ø:

���/// 1. f �3Ø 0±	�":,�� t,K- y = t,k:

f(x2) = f(x2 + f(t)) = f(f(x)) + f(t2) + 2f(xt).

�k f(t2) + 2f(xt) = 0. d�- x = 0 N´�� f(t2) = 0, �£þª��

f(xt) = 0.du t 6= 0,� xtH{ R,�d� f(x) = 0.

���/// 2. f =k 0��":. ·�ky²A�(Ø:

(Ø 1: f(xf(1)) = f(x). (∗1)
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3�ª¥- y = 1k:

f(f(1)) = f(1) �

- y = f(1)k

f(f(1)2) = f(f(f(1))) = f(f(1)) = f(1). �

�Ä P (x, 1),k:

f(x2 + f(1)) = f(x2) + f(1) + 2f(x). �

�Ä P (x, f(1)),k:

f(x2 + f(f(1))) = f(x2) + f(f(1)2) + 2f(xf(1)).

d�,�üª, Tª�z�:

f(x2 + f(1)) = f(x2) + f(1) + 2f(xf(1)). �

�,�üªé'��: f(xf(1)) = f(x).

(Ø 2: f(x2 + f(1)) = f(x2f(1) + 1) (∗2)

�Ä P (x, 1),k:

f(x2 + f(1)) = f(x2) + f(1) + 2f(x).

�Ä P (xf(1), 1),k:

f(x2f(1)2 + f(1)) = f(x2f(1)2) + f(1) + 2f(xf(1))

= f(x2) + f(1) + 2f(x) = f(x2 + f(1)))

Ó�d(Ø 1, f(x2f(1)2 + f(1)) = f(x2f(1) + 1),l(Ø 2¤á.

(Ø 3:é?¿ x 6= 0, f(x) > 0.

ky² f(1) > 0. �y{:b� f(1) < 0,3 (∗2)ª¥- x =
√
−f(1),Kk

f(−f(1)2 + 1) = f(−f(1) + f(1)) = 0.

du 0� f ���":,� −f(1)2 + 1 = 0,(Ü f(1) < 0k f(1) = −1.

�Ä P (1, 1)k

f(1 + f(1)) = 4f(1). �

ò f(1) = −1�\þª� f(1) = 0,gñ. l f(1) > 0.

dó¼ê5�·�Ø���3 s > 0, ¦ f(s) < 0. Ón, ·��Ä

P (f(1)
√
−f(s), s), P (

√
−f(s), s)=��

−f(1)2f(s) + f(s) = 0,
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�� f(1) = 1.e¡·�5y² f 3 R+þ´ü�.

�y{:b��3 u > v > 0,¦� f(u) = f(v),@odu

4f(u2) = f(u2 + f(u)) = f(u2 + f(v)) = f(v2 + f(u)) = f(v2 + f(v)) = 4f(v2),

�í� f(u2) = f(v2).

�Ä P (x, u), P (x, v),N´��: f(xu) = f(xv).

- a = u
v
> 1,Kþã^�L² f(x) = f(ax).

Ø�� a >
√

2,Ï�e a <
√

2,�±�¿©�� k¦ ak >
√

2,¿^ ak �

� a.

- x = 1k f(a) = f(1) = 1,- x = ak f(a2) = f(a) = 1.

�Ä P (x, 1), P (ax, 1)N´�� f(x2 + 1) = f(a2x2 + 1) = f(x2 + 1
a2

).-

x =
√
a2 − 2k:

f(a2 − 1) = f(a2 − 2 +
1

a2
) = f(a4 − 2a2 + 1) = f((a2 − 1)2). �

�Ä P (x, 1), P (x
a
, 1)N´��

f(x2 + 1) = f(
x2

a2
+ 1) = f(x2 + a2).

- x = a2 − 1 k: f((a − 1)2 + 1) = f((a2 − 1)2 + a2) = f(a4 − a2 + 1). -

x =
√
a4 − a2 k:

f(a4 − a2 + 1) = f(a4 − a2 + a2) = f(a4) = f(a3) = f(a2) = f(a) = 1.

l f((a− 1)2 + 1) = 1.

2�Ä P (a2 − 1, 1),k:

1 = f((a− 1)2 + 1) = f((a2 − 1)2) + f(1) + 2f(a2 − 1),

� f((a− 1)2) + 2f(a2 − 1) = 0.

ò�ª�\�: f(a2− 1) = 0,l a2− 1 = 0, a = −1½ 1,� a > 1gñ�

� f 3 R+þ´ü�.

(Ü f(f(x)) = f(x2), k f(−f(s)) = f(f(s)) = f(s). du f(s) < 0, k

−f(s) > 0, du s2 > 0, (Üþãü�(Øk f(s) = −s2. �Ä P (s, s) k:

0 = f(s2 − s2) = 4f(s2),l f(s2) = 0,� s = 0,gñ�nþ(Ø 3�y�

£££������KKK, ·�25y² f 3 R+þ´ü�.

d(Ø 3, x 6= 0 �

f(x2 + f(y)) = f(x2) + f(y2) + 2f(xy) > f(y2) = f(f(y)). �

b��3 u > v > 0, f(u) = f(v),�(Ø 3¥�y²Ón,�� f(xu) = f(xv),
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?� s > 0,K f(s) > 0,� x = f(s)
v

,��

f(
uf(s)

v
) = f(f(s)). �

,3�ª¥- x =
√

((u
v
− 1)f(s)), y = s,��� f(uf(s)

v
) > f(f(s)),ù��

ªgñ�

l f 3 R+þ´ü�,du x > 0�,

f(f(x)) = f(x2), f(x) > 0, x2 > 0,

l f(x) = x2,dó¼ê5�Ú f(0) = 0,ØJ�y x ≤ 0��k f(x) = x2. l

T�/e�)� f(x) = x2.

nþ¤ã,÷v^�� f kü�: f(x) = 0Ú f(x) = x2. �

µ5 �K´��'�~5(¥ J)�¼ê�§K, 3ÏL�
{ü�D

���N´ßÑ�Y, 2^�
~��¼�E|��}Á('Xùp3��

f(f(x)) = f(x2) ���±ßÿùpI�|^ü��(Ø), g�ó^'��, �

�N�´�g,�.

�� a�ô��Ó#P��Ñ�K8�È. a�½½1�¥Æ��RÓ

ÆÚS��¥�î®>ÓÆ, ¦�@ý"�
�v¿JÑ
�B�?U¿�.

ë�©z

[1] APMO (�: http://www.apmo-official.org/problems.

[2] XAÛj: http://tieba.baidu.com/p/6086618605?share=9105&fr=share&uni-

que=5C4F3AA741F0F5CA89C84AD31706B960&st=1565421299&clienttype

=1&client version=10.2.6&sfc=copy
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