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2. ÁÁÁ KKK

2.1 ûûûmmm

KKK 8-1. ��± AB,CD�.�F/S�u �O.3 A:��� AP,AQ©

O�4CDO�	��u P,Q.¦y:4APQ�	��²L AB�¥:.

KKK 8-2. :M  u 4ABC S,� AM = AB
2
, CM = BC

2
.: C0 Ú A0 ©O

3 ABÚ CBþ,� BC0 : AC0 = BA0 : CA0 = 3.¦y: MC0 = MA0.

KKK 8-3. ¦^�¬��/�����n�/. (\�±¦^��/�3ål

Ø�uT��/>��ü:m����,�±l�:��ÙålØ�LT��

ÝvFÏ: 2019-10-11.
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/>���^���R�,��±3®�Ñ���þ��Ý�uT��/>�

½é����ã.)

KKK 8-4. b� 4ABC �	%ÚR%©O� O,H,� AB < AC. K ´ AH

�¥:. OK L K �R�� AB u X, � 4ABC L A ����u Y . ¦y:

∠XOY = ∠AOB.

KKK 8-5. ��k 45◦��n�/®3��/��¥�Ñ,¦Ù¦��Ýê.

KKK 8-6. :H  u�Ê>/ ABCDE �> ABþ,±HE ��»� �H ©

O��ã DE,CDu G,F .®� DG = AH.¦y: CF = AH.

KKK 8-7. �M,N ©O u4ABC�> ABÚ BCþ,�MN ‖ AC.:M ′

Ú N ′ ©O�M Ú N 'u BC Ú AB �é¡:. M ′A� BC �u X,N ′C �

AB�u Y .¦y: A,C,X, Y ��.

KKK 8-8. ¦�����ê k, ¦�3z�à 1001>/¥,?¿ k^é��

�Ý�Ú�u�u�e�é���Ý�Ú.

KKK 9-1. 3��± O�º:���SÜk�4OAB,� ∠A = 90◦.L A�

4OAB�p¿ò§��ò�,� ∠OuM . M Ú B� ∠O,�^>�ål©O

�u 2Ú 1.¦ OA��Ý.

KKK 9-2. : P 34ABC�	��þ.: A1�4PBC�R%'u BCR�

²©��é¡:.aq/½Â: B1Ú C1.¦y: A1, B1, C1��.

KKK 9-3. �S�o>/ ABCD¥ AD = BD = AC.: P ´ ABCD	��

ωþ���Ä:.�� AP ÚDP ©O� CDÚ ABu E,F .�� BEÚ CF �

u: Q.¦ Q�;,.

KKK 9-4. �}EÁã3ÒU�W. E
�Ø��°W���. ¦�3��

��þw����©,¦�����©�ålØ�L 10úp (Ø��(��å

l).l�©�°W�ål�u 10úp.�©�ÿ���,¤±EØU�C§.

KEUÄ3Ê1Ø�L 75úp�^�e�W? (°W´�^��, E7L3Ê1
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m©c�Ñ´�,,�gÄf¨¤�â´�Ê1.)

KKK 9-5. �	�o>/ ABCDS����»� R. h1Ú h2©O� A� BC

Ú CD�ål. h3Ú h4©O� C � ABÚ AD�ål. ¦y:

h1 + h2 − 2R

h1h2
=
h3 + h4 − 2R

h3h4
.

KKK 9-6. ���àõ>/¥zn�ëYº:þ��¤����n�/. K

ù�õ>/´Äok����u 90◦½ 270◦?

KKK 9-7. � 4ABC �S�� ω ©O� AC Ú AB u E Ú F . X, Y  u�

þ,�‘∠BXC = ∠BY C = 90◦¦y: EF Ú XY �u4ABC ��^¥ �þ.

KKK 9-8. 8>/ A1A2A3A4A5A6 ?¿o�º:þØ��, �é��

A1A4, A2A5, A3A6 �:. li �� AiAi−1Ai+2 Ú� AiAi+1Ai−2 ��¶ (Ai =�

Ai+6). ¦y: li�:, i = 1, · · · , 6.

KKK 10-1. �½4ABC,� ∠A = 45◦. A′�4ABC	��þ: A�é»:.

E Ú F ©O3�ã AB Ú ACþ,� AB = BE, A′C = CF . K �4AEF �	

��Ú4ABC �,��:. ¦y: EF ²© A′K.

KKK 10-2. � A1, B1, C1 ©O�4ABC > BC,AC,AB �¥:. AK �§

�p, ÙS�� γ�BC�u L.4LKB1�	��Ú4A1LC1�	�����

B1C1�,��:©O�X Ú Y , � γ��� B1C1u ZÚ T .¦y:XZ = Y T .

KKK 10-3. � P Ú Q�4ABC S����Ý:. 4ABC �	��� ω.�

A1 � ω �øBC þ�:, � ∠BA1P = ∠CA1Q.aq/½Â: B1 Ú C1.¦y:

AA1, BB1, CC1�:.

KKK 10-4. ¦y: ?¿ü^ Nagel��Ý�Ú�uTn�/��±�. (n�

/º:�éA>�����:ë���ã� Nagel�.)

KKK 10-5. � AA1, BB1, CC1 ©O� 4ABC �n^p. A0 Ú C0 ©O�

4A1BC1	�����A1B1Ú C1B1��:. ¦y: AA0Ú CC0�u4ABC

��^¥�þ, ½Ñ²1u§.

KKK 10-6. b�4ABC ¥, AC > AB,� AK Ú AT ©O�§��²©�

Ú¥�. �� AT � 4ABC �	��u D. : F ´ K 'u T �é¡:.®�

4ABC �S���, ¦ ∠FDA���.

KKK 10-7. � P � 4ABC �> BC þ?¿�:. K � 4PAB �S%.
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4PAC �S��� BC u F .: G3 CKþ,� FG � PK.¦ G�;,.

KKK 10-8. 3�m¥�½A�:Ú²¡. ®�éu?¿ü�:, ÑTÐkü

�²¡�¹X§�, ¿�z�²¡�¹X��o��½�:. K´Ä¤k�½

�:Ñ��?

2.2 ÏÏÏÕÕÕmmm

KKK 11-1. ü � �O¥S�
�b�4A1A2A3. n^�ã AiO�é>u

Bi(i = 1, 2, 3).

(a)¦ BiO ¥���ã�Ý����;

(b)¦ BiO ¥�á�ã�Ý����.

KKK 11-2. �4ABC �> AC ©O�ÙS��ÚéA���u K Ú L. �

P � 4ABC S%3 AC R�²©�þ�ÝK. ®� 4BKL	��L K Ú L

�ü^���:34ABC �	��þ. ¦y: �� AB Ú BC Ñ�4PKL�

	����.

KKK 11-3. �4ABC �S�� ω©O�> BC,CA,ABu: D,E, F . L E

�DF R�� BC u:X, L F �DER�� BC u: Y . �ã AD� ω�,

��:�: Z. ¦y4XY Z �	��� ω��.

KKK 11-4. � AH1 Ú BH2 ©O� 4ABC �p; �Ù	��L A ���

� BC u S1, L B ���� AC u S2;T1 Ú T2 ©O� AS1 Ú BS2 �¥:. ¦

y:T1T2, AB,H1H2�:.

KKK 11-5. �½n�� ω1, ω2, ω3.ω1 Ú ω2 �u A0 Ú A1,ω2 Ú ω3 �u B0

Ú B1,ω3 Ú ω1 �u C0 Ú C1. � Oi,j,k � 4AiBjCk �	%. ¦y: kX

Oi,j,kO1−j,1−i,1−k /ª�o^��:½²1.

KKK 11-6. o>/ ABCD	�u �I. � ABCDé>Ø²1, �>þØ�

�. �K,L,M,N ©O´ AB,BC,CD,DA�¥:. ®� AB ·CD = 4IK · IM .

¦y:BC · AD = 4IL · IN .

KKK 11-7. � ALa, BLb, CLc � 4ABC �n^�²©�. L B :Ú C

:� 4ABC 	�����u: Ka, aq/½Â: Kb, Kc. ¦y: ��

KaLa, KbLb, KcLc�:.

KKK 11-8. � O � 4ABC �	%,H �§�R%.M � AB �¥:, ��
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MH �L O� AB ²1�u K, � K  u4ABC �	��þ. � P � K 3

AC þ�ÝK. ¦y:PH �BC.

KKK 11-9. �½��ý� Γ9�^�½�u AB. ¦S�u Γ�4ABC R

%�;,.

KKK 11-10. �� 4ABC(AB = AC)�p´ AA0, ± AA0 �¥:��%�

� γ � AB Ú AC ��.X ��� BC þ?¿�:. ¦y: L: X � γ ��ü

^��3�� ABÚ AC þ¤���ã��.

KKK 11-11. 3�²¡S, k a, b�ü^µ4ò� (�Ug�)� K,L,M,N

o�:.a, b�º:�: K,L,M,N � �'X´²�� (=ù
:Qvkn

:��, �vk±§��à:���3SÜ�:).KLÚMN � aþkóê�

�:,LM Ú NK � aþkÛê��:. ��,KLÚ MN � bþkÛê��

:,LM Ú NK � bþkóê��:. ¦y:aÚ b��.

KKK 11-12. ü�ü ��N�¥%�Ó. ´ÄoUòz���N�º:l 1

� 8?Ò, ¦�z�é?Ò�Ó�º:målØ�L 4
5
? UÄØ�L 13

16
Q?

3. )))������µµµ555

KKK 8-1. ��± AB,CD�.�F/S�u �O.3 A:��� AP,AQ©

O�4CDO�	��u P,Q.¦y:4APQ�	��²L AB�¥:.

))) 8-1 ([d�)

�M� AB�¥:. K·��I�y² ∠AMO′ = 90◦, � O′´ 4CDO�

	%. w,,OO′ ⊥ CD, Kd AB ‖ CD�� OO′ ⊥ AB. 5¿� OM ⊥ AB, K

O′M ⊥ AB. �

KKK 8-2. :M  u4ABC S, � AM = AB
2
, CM = BC

2
. : C0Ú A0©O

3 ABÚ CBþ, � BC0 : AC0 = BA0 : CA0 = 3. ¦y: MC0 = MA0.

))) 8-2 ({�: [d�)

5¿�

AM2 = AC0 · AB,4AMC0 ∼ 4ABM,

K

MC0 =
1

2
BM,
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Ón

MA0 =
1

2
BM,

K

MC0 = MA0.

�

({�: Ü)�)

é4AMB ¦^ Stewart ½n, ��

AM2 ·BC0 +BM2 · AC0 − C0M
2 · AB = AC0 ·BC0 · AB,

3AM2 +BM2 − 4C0M
2 = 12AC2

0 .

q

AM =
AB

2
= 2AC0,

K

C0M =
BM

2
.

aq/é4BMC ¦^ Stewart ½n, �� A0M = BM
2

, K A0M = C0M . �

KKK 8-3. ¦^�¬��/�����n�/. (\�±¦^��/�3ål

Ø�uT��/>��ü:m����, �±l�:��ÙålØ�LT��

/>���^���R�, ��±3®�Ñ���þ��Ý�uT��/>�

½é����ã.)

))) 8-3 (�r�)

X�ã, ^��/�(ã¥���/)�Ñ��>��§������/(ã

¥\o����/). Xmã, �^���/�Ñ��>����/�>���
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>n�/. (5: �ãk�Ñ¥m���/, 2�Ñüý���/; mãk�ÑY

²���/, 2�Ñmýçá���/, ,��Ñ�����/. ) �

555 8-3: �K´���k���{ü��ãK , (Ü��½nÚn�¼ê

�±�t/�ÑÙ¥�>�'X, �� 8-3'�Ü·.

KKK 8-4. b� 4ABC �	%ÚR%©O� O,H, � AB < AC.K ´ AH

�¥:.OK L K �R�� AB u X, � 4ABC L A ����u Y . ¦

y:∠XOY = ∠AOB.

))) 8-4: ([d�)

� BC �¥:´M . du ∠OAY = ∠OKY = 90◦, K A,K,O, Y ��, �

� ∠XKH = ∠BOX, K ∠AOY = ∠BOX, K

∠XOY = ∠AOB.

q�HM �OK,OM �AH,¤±�Iy²4BOX ∼ 4BMH,�Ò�duy²

BX ·BM = BH ·BO.

5¿�

∠XKA = ∠HMC,∠XAH = ∠HCM,

qK � AH �¥:, K4AKX ∼ 4CMH, ¤±

AX =
AK ·HC
MC

= AB cotA cotC,

�

BX = (1− cotA cotC)AB = cotB(cotA+ cotC)AB,

= X
cyc

cotA cotB = 1.

¤±2Iy² AH · AB + CH · BC = 2AC · BO (= AH = BC cotA), �Ò´

7 êÆ#(�



y²

2S4AOC = SABCH ,

=

AB sin∠ABH +BC sin∠CBH = AC

(�Ò´ BH � O� AC ål� 2�), ù´w,�. �

555 8-4: �K´¥�JÝ�AÛK , )ö^�O�{'�{ü��, g´�

��g,, �K��±^XAÛ{�, ��'�:´y² 4OKX ∼ 4CMO,

3dØõ)º, Öö�±gy.

KKK 8-5. ��k 45◦��n�/®3��/��¥�Ñ, ¦Ù¦��Ýê.

))) 8-5: (Ü)�)

� ∠ABD = α,∠CBD = β,BD = x. K

tanα =
1

2 + x
, tan β =

1

x

tan(α + β) =
tanα + tan β

1− tanα tan β
= 1

1

2 + x
+

1

x
= 1− 1

(2 + x)x

K��x =
√

3, ¤±tanα = 2−
√

3, tan β =

√
3

3
. K

∠A = 45◦ − α.

tan∠A = tan(45◦ − α) =
1− (

√
3)

1 + 2−
√

3
=

√
3− 1

3−
√

3
=

√
3

3

��

∠A = 30◦,∠C = 105◦.

�
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KKK 8-6. :H  u�Ê>/ ABCDE�> ABþ, ±HE��»� �H ©

O��ã DE,CDu G,F . ®� DG = AH. ¦y: CF = AH.

))) 8-6: ([d�)

N´��k��k�� F ÷vK8^�, u´�±#½Â F ��ã CD

þ�:, ÷v CF = DG = AH, @od ABCDE ´�Ê>/, ·��±��

4CFB ∼= 4AHE.

@o

HE = BF,∠CBF = ∠AEH,

d ∠AED = ∠ABC, u´ ∠FBH = ∠HEG, qd�Ê>/>����±��

FD = EG = BH, (Ü HE = BF,∠FBH = ∠HEG, ��:

4HBF ∼= 4GEH

�

HF = FB = HG = HE,

= F ��K� F Ü. �

555 8-6: �KØJ, �K¥� F éJ?n, ¤±ég,����{Ò´#

½Â F � �, ,�d�Ê>/��
���, (Ü��n�/, B���(

Ø.

KKK 8-7. �M,N ©O u4ABC �> AB Ú BC þ, �MN � AC. :

M ′ Ú N ′ ©O�M Ú N 'u BC Ú AB �é¡:. M ′A � BC �uX,N ′C

� AB �u Y . ¦y: A,C,X, Y ��.
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))) 8-7: (�r�)

� NN ′ � AB u P ,MM ′ � BC u Q. �KIy² ∠BAX = ∠BCY . d

u S4ABN = S4CBM , K

AB ·NN ′ = CB ·MM ′,
AB

CB
=
MM ′

NN ′
=
AM

CN
,

�� ∠PMQ = ∠PNQ, K

∠M ′MA = ∠N ′NC,

q
MM ′

NN ′
=
AM

CN
,

K

4MM ′A ∼ 4NN ′C,

��

∠BAX = ∠BCY.

�

555 8-7: �K'�{ü, �KÏL*	=�uyo:���n�/��q,

ÏL{ü���B�±y²Ñ(J.

KKK 8-8. ¦�����ê k, ¦�3z�à 1001>/¥, ?¿ k^é���

Ý�Ú�u�u�e�é���Ý�Ú.

))) 8-8: (��®-�r�)
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Äk·�`² k ≥ 499000. ·��E��Xã�à 1001 >/. ��º

: A, ± A��%,AX1 = 1��», ����%�� θ �÷/ X1AX1000, Ù

¥ θ ªCu 0, 3ÙX1X1000 þ?� 998 �: X2, X3, X4, ..., X999, �¤à 1001

>/ AX1X2...X1000. 3T 1001 >/¥, �
1001 · 998

2
= 499499 ^é��,

e k ≤ 498999, K�±�±e� 498999 ^é��:AXi(i = 2, 3, ..., 499) �

XiXj(1 ≤ i < j ≤ 1000� j − i ≥ 2), ù
é���Ý�Ú� 498 + ε, Ù¥ ε�

±Ã��, �{é��� AXi(i = 500, 501, ..., 999), Ù�Ý�Ú� 500, �K

�gñ, � k ≥ 499000.

ey k = 499000ÜK .

·�ò�{� 499^é��/�ÉÚ,·�e¡�géù 499^é���

1ö� P.·�½Âö� P ,éu�^é�� AB,·�é�ü^�/Ú�é�

�¦Ù÷ve�ü�^���: 1.ùü^é��k��ú�º: C,�� AC Ú

BC; 2.ùü^é��� ADÚ BE,Ù¥ D,E �ü�ØÓº:,� AD� BE

��, AE,BDþ�à 1001>/�>,·�òùü^é��/�ùÚ.

w,?1�ö� P �,#/ù�ü^é���ÝÚ� AC + CB > AB ½

AD + BE > AF + BF > AB,�éé�� AB ?1ö��,#/ù�ü^é

���Ý�Ú7½�u AB,eTö�éù 499^é��þ?1�,·���


998^pØ�Ó�ùÚé��,=ù 998^ùÚé����Ý�Ú�u 499^É

Úé����Ý�Ú,K k = 499000ÜK .

e¡·�y²ö�P�é�Ü� 499 ^é��?1, b�·�®²é

i(0 ≤ i ≤ 498)^é���1
dö�,·��e�^ò��ö��é���

Ai, Bi,·��Ä��dé���¤�8Ü´Mi,Mi�± Ai½ Bi���à:�

Ø� AiBi �¤ké���¤�8Ü.du Ai,Bi �ÚÑ 1001-3=998^é��,

� |Mi| = 2× (998− 1) = 1994.·���M ¥®�/Ú�é���^ê,Äk

éu®ö��é�� AkBk(0 ≤ k ≤ i− 1),3 AkBkÚé AkBk?1�ö�/ù

�é��¥,�õkü^áu D,ù´Ï�,3 D¥�n�/7�¹> AiBi,�

Ø�3> AkBk, AkCk, BkCk �¤�n�/, D¥Ø AiBi	z:�Ý�õ�

11 êÆ#(�



2,eùn^é��� AkBk, AkDk, BkEk,K AkBk 7± AiBi ���à:,Ø�

� Ak = Ai,K Bk 6= Bi,� Bk = Bj,Ï� Bj 3Mi ¥=ëÑ
> BjAi, BjBi,

q Ek 6= Ai (ÄK Ek = Bk),� Ek = Bi,K AkEk = AiBi ��^é��,ù�

AkBk ��^à 1001>/�>gñ,Ùg�k 499-(i+1)=498-i^�?1ö��

ÉÚé��,�Mi¥�õk 2i+ [499− (i+ 1)] = i+ 498^®�/Ú�é��,

�Mi¥��k 1994-(498-i)=1496-i^��/Ú�é��.

� i ≤ 498�,k 1496-i ≥998,�Mi¥��k 998^��/Ú�é��,�

Ù�¤�8Ü� Ni,k |Ni| ≥ 998,Ï�Mi¥Ø Ai, Bi	k 999�ØÓ�:,e

Ni ¥kü^�ãäkØ Ai, Bi 	�à: Ci,K�ò AiCi, Bi, Ci /ù,e Ni ¥

?ü^�ãØ Ai, Bi	þÃú�à:,·�©±eü«�¹�Ä.

e AiBi �üýk> AiPi, AiQi, BiRi, BiSi,Ï�3 Mi ¥ Pi, Qi, Ri, Si þ

=k�^é��ÚÑ, Ï� |Ei| = 998, ��o BiPi, AiRi þáu Ei, �o

AiSi, BiQiþáu Ei,�ò BiPi, AiRi/ù,½ AiSi, BiQi/ù,dö��?1.

e AiBi üý�3Ó�: Ri, RiAi, RiBi �>,KMi �>¥=�¹Ø Ri 	

� 1000�º:,� Ei ¥�¹lØ
 Ai, Bi, Ri 	¤k�:,� PiBi, AiQi ∈ Ei,

�òùü^/ù,dö��?1.�éu?¿ 0 ≤ i ≤ 498,þ�é AiBi ?1ö

� P ,= k = 499000ÜK . �

555 8-8: µÛ�K�JÝ�p, �	
²¡AÛ�£�|Ü�£�nÜ

$^. �K�Y´´ß�, �I�Ä4à�¹, ù«K�4à�¹, Ã�´�

1001>/�é���Ý��]Ï�à 1001>/, ��Á�¦�ß� k ���

499000. Øã�L§���¡, )öÄkéà 5, 7, 9>/�>ê���õ>

/?1Á�, luy
|^n�Ø�ª�'�g´. B�^n¤Ù��Ñ�

é�{� 499^é��?1
aqu��
ÀÑ�é�����L§, �,�

K�Øã�´���¡�. ¯¢þ�K´d Balkan Combinatorial Problem 6
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U?5�.

KKK 9-1. 3��± O�º:���SÜk�4OAB, � ∠A = 90◦.L A�

4OAB�p¿ò§��ò�, � ∠OuM .M Ú B� ∠O,�^>�ål©O

�u 2Ú 1. ¦ OA��Ý.

))) 9-1: ([d�)

�p��OBuH,L�B3��OMþ�ÝK. KB,H,L,Mo:��. ¤±

OA2 = OH ·OB = OL ·OM = 1 · 2 = 2

KOA =
√

2. �

KKK 9-2. : P 34ABC �	��þ. : A1 �4PBC �R%'u BC R

�²©��é¡:. aq/½Â: B1ÚC1. ¦y:A1, B1, C1��.

))) 9-2: ([d�)

½Â 4ABC�R%´H.4PBC,4PAB�R%©O�HA, HC , �I�y

²H,A1, C1��=�.5¿�∠BHC = 180◦−∠BA1C�H,B,A1, C��. aq
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/H,A,B,C1��. �

∠BHA1 = ∠BCA1 = ∠CBHA = 90◦ − ∠BCP

∠BHC1 = 180◦ − ∠BAC1 = 180◦ − ∠ABHC = 90◦ + ∠BAP = 90◦ + ∠BCP

�

∠BHA1 + ∠BHC1 = 180◦.

=A1, H, C1��. �?�Ú��A1, B1, C1, H��. �

555 9-2: y²n:�����~^�{Ò´é�1o�:�ùn:��, 3

�K¥, 5¿��K�ÃõR%, dé¡5�±���E4ABC�R%, u´

�KB�Øôg»
.

KKK 9-3. �S�o>/ABCD¥AD = BD = AC. :P´ABCD	��ωþ

���Ä:. ��APÚDP©O�CDÚAB uE,F . ��BEÚCF�u:Q.

¦Q�;,.

))) 9-3: ([d�)

Xã¤«, b� P3ÔBCþ, 3Ù¦ �aq, 5¿� AD = AC = BD9o

>/ ABCD´��F/, K

∠DAB = ∠DBA = ∠DCA.

�AB�CDuT,R´�ãBDþ�:,¦�BC = BR,·�5y²Q34BRC�

	��þ. 5¿�

∠APB = ∠ADB = 180◦ − 2∠BAD = 180◦ − ∠BAD − ∠ADC = ∠T
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u´B,P,E, To:��,Ón��C,P, F, T���,KP´��o>/FTECQB�

Miquel :, @o B,Q, P, Fo:��, K

∠FQB = ∠FPB = ∠BAD = ∠BRC

= Q3 4BRC�	��þ. ���Ú´Ï��� 4DAB��� 4BRC�q.

�´ Q�;,´4BRC�	��. �

555 9-3: �K���'�´é����o>/�Miquel :, ¯¢þ, ÏL·

K�=z, ·�Ò�����y²�Ò´ ∠BRC´½�, ½����éN´ß

�´ ∠DCA, ùq�duy² B,Q, P, F o:��, ��ÏLMiquel:B��

�ù��(Ø. �KØ{ü, �ØJ, ��{k
|©, �3 9 c?�1 3 K

´TXÙ©�.

KKK 9-4. �}EÁã3ÒU�W. E
�Ø��°W���. ¦�3���

�þw����©, ¦�����©�ålØ�L 10úp(Ø��(��ål).

l�©�°W�ål�u 10úp. �©�ÿ���, ¤±EØU�C§. KE

UÄ3Ê1Ø�L 75úp�^�e�W? (°W´�^��, E7L3Ê1m

©c�Ñ´�, ,�gÄf¨¤�â´�Ê1.)

))) 9-4: ([d�)

�Y´�½�, �e5�ã�E. � S ´Ey3¤3/,S ′ ´°�þ�:,

÷v�©3�ã SS ′þ, � SS ′ = 10 km. ©O± SÚ S ′��%��»� 10 km

��,CD´	ú��, X�Yã9-4¤«.E´��SS ′��S ′�,���:,A′ ´

C �'u �S �é»:. �� AA′� �S ′Ú �S þ��� ∠SAA′ = 60◦, AB´

�S �,�^�� (ØÓu AA′).F ´�� AA′ þ��:÷v EF ⊥ AA′, w,

� SABCDEF ÎÜK¿. Ù�Ý�

l =
10
√

3

3
km +

20
√

3

3
km +

20π

3
km + 10 km +

20π

4
km + 10 km

< 10× 1.74 km + 20 km + 3.2× 20× 7

12
km < 75 km
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�ÎÜK¿. =�Y´�½�. �

555 9-4: ù�K8´��k�
JÝ�K , éN´���k 	r 10 km,

�Ø�� =pr,Uì�{ü�� Ò´�l�© �ò 10 km2x�� 2
3

�, ù���²w�u 75úp, ����
�Yã 9-4, éõ<1��g´´

� SA′BCDEF , ù��Ñ5�Y´ 77úp, ��â¬��� SABCDEF ,

¯KÒ�)û
. �K��EØ{ü, �3 9c?1 4K´éT��.

KKK 9-5. �	�o>/ ABCDS����»� R.h1Ú h2©O� A� BC

Ú CD�ål. h3Ú h4©O� C � ABÚ AD�ål. ¦y:

h1 + h2 − 2R

h1h2
=
h3 + h4 − 2R

h3h4
.

))) 9-5: ([d�)

�S��� AB,BC,CD,DA u E,F,G,H. � AE = AH = a,BE =

BF = b, CF = CG = c,DG = DH = d. K

h1(b+ c) + h2(c+ d) = 2SABCD = h3(a+ b) + h4(a+ d) = 2R(a+ b+ c+ d)

h1(b+ c) + h2(c+ d)

a+ b+ c+ d
=
h3(a+ b) + h4(a+ d)

a+ b+ c+ d

�\�yª¥, K�I�y²

h1(a+ d) + h2(a+ b)

h1h2
=
h3(c+ d) + h4(b+ c)

h3h4

=
AD

h2
+
AB

h1
=
CD

h4
+
CB

h3

=

csc∠D + csc∠B = csc∠D + csc∠B.

ù´w,�. �

555 9-5: o>/�S���»�n�/S���»aq, Ñ�±^¡È�>
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�L«, 5¿� S �±^ H1H2 ½ H3H4 ¦±o>�5L«, ÄK RÒéJ�

L«�ß, �e5B�±HA)
.

KKK 9-6. ���àõ>/¥zn�ëYº:þ��¤����n�/. K

ù�õ>/´Äok����u 90◦½ 270◦?

))) 9-6: ([d�)

�Y´Ä½�. -

∠ACB = ∠CBD = ∠CED = ∠EDF = ∠GEF = ∠AFG = ∠GAB = 90◦,

AB = CD = EF =
√

2, FD = ED = 1, GF =
√

10, AG = 2
√

5, EG = 2
√

2.

w,ù�Ô>/ ABCDEFGÎÜK�. �?¿���Ø� 90◦½270◦. ��Y

´Ä½�. �

555 9-6:�K´�� ´JÝ�K , AÏ�eØ� 90ÝÒ¬��¦,
�

� 45Ý 60Ý��{, k^¦,
�C� 45Ý��{, }Á�eB�±��ã

«��{, �K����:Ò´�E�Øy.

KKK 9-7. � 4ABC �S�� ω ©O� AC Ú AB u E Ú F .X, Y  u�

þ, � ∠BXC = ∠BY C = 90◦.¦y:EF Ú XY �u4ABC ��^¥ �þ.

))) 9-7: ([d�)

� AB,AC�¥:©O´M,N .BC ¥:� A0,4ABC S%� I. � BI,CI

�± BC ��»� �A0u Q,P . K

∠IQC = ∠IEC = 90◦,

��I, E,Q,Co:��. K

∠QEA = ∠QIC = 90◦ − ∠A
2

= ∠AEF,
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�� E,F,Q��.

aq/,E,F, P��. � Z � EF ÚMN ��:. K�I�y²

ZE · ZF = ZP · ZQ

=�. 5¿�

∠QA0C = 2∠QBC = ∠ABC = ∠NA0C,

��Q,N,A0��.

aq/ P,M,A0 ��. � ∠PFM = ∠AFE = ∠AEF = ∠MPF (¥ �

MPA0 ‖ AC). u´ PM = MF . aq/ EN = NQ. �d

MPA0 ‖ AC,NQA0 ‖ AB

�
ZP

ZE
=
PM

EN
=
MF

QN
=
ZF

ZQ
,

ZP · ZQ = ZE · ZF.

K Z 3 ω� �A0��¶þ, = Z,X, Y ��. �

555 9-7: �K´��¥�JÝ�K , 5¿�é¡5,Z�½3²1uBC�¥

 �þ, ��7,^Ó�{, w,XYØÐ?n, �XY´�â, ��±�EF �

¥ �MN�uZ,��B�±^Yí°
.

KKK 9-8. 8>/ A1A2A3A4A5A6 ?¿o�º:þØ��, �é��

A1A4, A2A5, A3A6 �:. li �� AiAi−1Ai+2 Ú� AiAi+1Ai−2 ��¶ (Ai =�

Ai+6). ¦y: li�:, i = 1, · · · , 6.

))) 9-8: �Iy² l1, l2, l3�:=�. ò Ai��IP� (xi, yi), òL AiAjAk
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����%P� Oijk, Ù�IP� (xijk, yijk).

·�k�½ A1, A2, A3, A4, A5. P A1A4 ∩A2A5 = B, K A63�� A3Bþ.

u´·��^��ëê t5I½ A6��I, � x6(t), y6(t)Ñ´�g¼ê. ('X,

·��� B = (0, 0), A3 = (−1, 0),@o A6Ò��� (t, 0).)

du A1, A3´�½�, u´ A1A3�¥R�´�½�,  A3A6�¥R��

§´����5ëê t��g¼ê, ¤± O136��I'u t´���g¼ê, =

x136(t), y136(t)Ñ´�g¼ê.

du A1, A2, A5´�½�, K O125´�½�, @o O125O136��Ç

k =
y136(t)− y125
x136(t)− x125

´���g©ª¼ê.  l1��Ç

k1 = −1

k

� l1L½: A1, K l1´����5ëê t���, =

(x− x1)(x136(t)− x125) + (y − y1)(y136(t)− y125) = 0.

Ón, l2�´����5ëê t���,K l1l2��: P ��I (xp(t), yp(t))

AT´��'u t��g©ª¼ê.

duy3 A1, A2, A3, A4, A5Ñ´�½�, ¤± l3´�½�.Ø�� l3��§

� ax+ by + c = 0, @o·��Ä¼ê

f(t) = axp(t) + byp(t) + c,

ù�¼ê�´���g©ª, ¤±·��Iy²3Ê�ØÓ� t�þ f(t)Ñ´

", =�y²ùÒ´��"õ�ª,= P 3 l3þ.

� t→ ±∞�, �O136òz� A1A3, K l1òz� A1A3.

Ón l2òz� A2A3, ¤± P = A3, = f(t) = 0.

� A2A3A5A6 ���, du l1 ´ �O125 Ú �O136 ��¶,  A2A5 ´

�O125 Ú �O2356 ��¶,A3A6 ´ �O136 Ú �O2356 ��¶, ¤±d�%½

n,l1, A2A5, A3A6�:,= l1 = A1B = A1A4.

,��¡du l2 ´ �O2356 Ú �O124 ��¶,l3 ´ �O2356 Ú �O134 ��

¶,  A1A4´ �O124Ú �O134��¶, ¤±3d�%½n,l2, l3, A1A4�:, =

l1, l2, l3�:, ¤±ù��ÿ f(t) = 0.

� A1A3A4A6���, Ón�k f(t) = 0.

� A1A2A3A6���, w, l1, l2Ñ� A1A2Ü, ¤± l1, l2, l3�u�:.

du A1, A2, A3, A4, A5 ?¿o:Ø��, ¤±þ¡©a?Ø�n«�¹¥
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� tØÓ. �·�y²
 f(t) ≡ 0, = l1, l2, l3�:. �

555 9-8: �K´���J�K , �Y¥�Ñ��{´�KAÛ, �)ö@�

T�{Ø´��, �òAÛÚ�ê(Ü, �Ñ(Ø.

KKK 10-1. �½ 4ABC, � ∠A = 45◦.A′ � 4ABC 	��þ: A�é»

:.E Ú F©O3�ã AB Ú ACþ, � A′B = BE,A′C = CF .K � 4AEF 	

��Ú4ABC 	���,��:. ¦y:EF²©A′K.

))) 10-1: ([d�-�r�)

®� ∠A′FC = ∠A′EB = 45◦, ¤± A′F//AB,A′E//AC, K ∠FA′E =

∠CAB = 45◦.

5 ¿� K,F,E,A o:��, K 4KFC ∼ 4KEB. qdu 4A′CF Ú

4A′EBþ�����n�/, �Ñ

KF

KE
=
FC

EB
=
FA′

EA′
,

25¿�

∠FA′E = ∠CAB = ∠FKE,

K

4KFE ∼ 4A′FE,

q EF = EF , u´ A′F = KF,KE = A′E, K EF ²© A′K. �

KKK 10-2. � A1, B1, C1 ©O� 4ABC > BC,AC,AB �¥:.AK �§�

p, ÙS�� γ � BC �u L.4LKB1 �	��Ú 4A1LC1 �	�����

B1C1�,��:©O�XÚ Y , � γ���B1C1u ZÚ T . ¦y: XZ = Y T .
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))) 10-2: ([d�)

�4ABC �S%� I. 5¿� A1, B1, C1´4ABC �>¥:, K

B1C1 ‖ BC,C1A1 ‖ CA.

d AK ⊥ BC,B1´ AC ¥:� B1K = B1C. (Ü®�, �

∠BA1C1 = ∠C = ∠B1KC.

5¿� A1, C1, Y, L��,B1, K, L,X ��. �

∠LXY = ∠B1KC = ∠BA1C1 = ∠LY X,

K LX = LY . q IL ⊥ BC,BC ‖ B1C1. � IL ⊥ XY . (Ü LX = LY ��

IL²© XY . q γ � B1C1 u Z, T . d ZI = IT ,IL ⊥ BC,BC ‖ B1C1, ��

IL ⊥ ZT . K IL²© ZT . (Ü IL²© XY , ´� XZ = Y T . �

555 10-2: �K´��{üK , 'ýÏ�p�12K�{ü, ùK��@


�¡�y², �±^�é{V)�K�g´, Ò´: dé¡5, ´y.

KKK 10-3. � P Ú Q�4ABC S����Ý:.4ABC �	��� ω. �

A1 � ω �ÔBC þ�:, � ∠BA1P = ∠CA1Q. aq/½Â: B1 Ú C1. ¦

y:AA1, BB1, CC1�:.

))) 10-3: ([d�)

� BQ,CP �u R,4BPR,4CQR�	���,��:� A2. d P,Q´

���Ý:�

∠BA2C = ∠BA2R + ∠CA2R = (180◦ − ∠BPC) + (180◦ − ∠BQC)

∠BA2C = ∠B + ∠C = 180◦ − ∠A.

� A,B,C,A2���

∠BA2P = ∠BRP = ∠CRQ = ∠CA2Q.
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e A13� ω�ÕBA2 (Ø¹ B,A2)þ, K

∠BA1P > ∠BA2P = ∠CA2Q > ∠CA1Q

gñ! aq/�� A1Ø3ùCA2 (Ø¹ C,A2)þ. � A2� A1Ü. �

BA1

A1C
=
BA1

A1P
· A1P

A1C
=
BQ

PC
· BP
CQ

.

ù´du

4A1BQ ∼ 4A1PC(∠A1BQ = ∠A1PC,∠BQA1 = ∠PCA1).

aq/��nª, ònª�¦��

BA1

A1C
· CB1

B1A
· AC1

C1B
= 1.

d�� Ceva½n� AA1, BB1, CC1�:. �

555 10-3: ù�K ´��¥� JK , Äk�5 ¿� A1, B, P,R �

�.A1, C,Q,R ��. ÙG Miquel :�ÓÆ¬�¯uy, �|^Ó�{�Ø

´éN´y². �X�y² A1���5, ù�Ü©Ì�^��S, �±, �	�

5�. �����'~´~5ö�, o(5`, ��é�K, I�ÙGNõ5�,

�q�5¿Ö�5�, ´��N´��©�K .

KKK 10-4. ¦y: ?¿ü^ Nagel��Ý�Ú�uTn�/��±�. (n�

/º:�éA>�����:ë���ã� Nagel�.)

))) 10-4:

� 4ABC �S��©O�u BC,CA,AB u: A′, B′, C ′, éA����

éA>��:©O� A′′, B′′, C ′′.P � C 3 ∠A²©�þ�ÝK, ¤± P 3�ã

A′C ′þ. ky² BB′′ + CC ′′ >�±� p. dué¡5Ø�� ∠B ≤ ∠C. CH �
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n�/�p. �� BAþk: A1, ¦� BA1 = p. K

AB′′ = AA1 = p− c

�

p < BB′′ +B′′A1.

��XJ

B′′A1 < CH,

��

p < BB′′ + CH < BB′′ + CC ′′.

du

A1B
′′ = 2(p− c) cos

A

2
, CH = AC sinA = 2AC sin

A

2
cos

A

2

K�Iy²

AC sin
A

2
> p− c.

du ∠C ≥ ∠B,q

PC = AC sin
A

2
, A′C = p− c

�

∠PA′C =
π + ∠B

2
.

�� CP ´4A′CP ���>, ·K�y. �

555 10-4: ù�K´���J�AÛ (Ø�ª)K . �U
â�� B′′A1 ≤

CH ´I�'�r�*	å, ��� P 3 A1C1 þ�´I�éS��(�k�

�ß��
)âU
é���. ¯¢þ�K��� ∠A ≤ ∠B ≤ ∠C íÑ
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AA′′ ≥ BB′′ ≥ CC ′′�(Ø,Xy²

−a3 + 2ab2 − 2abc+ 2ac2 + b3 − b2c− bc2 + c3

2a

≤a
3 + 2ab − a2c− 2abc− ac2 − b3 + 2bc2 + c3

2b

≤a
3 − a2b+ 2ac − 2abc− ab2 + b3 + 2b2c− c3

2c

=�y²T(Ø.K�K�y²ò{ü�
,�ù¿Ø�N´.�K��±^n

�/ ABC �n>� a, b, cO�, �´O�þ�©��, ¿���y²ù�Ø�

ª�Ä�vk¿m�{, 3d�Øí�^n>ò·K=z�Ø�ª¯K��{.

KKK 10-5. � AA1, BB1, CC1 ©O� 4ABC �n^p.A0 Ú C0 ©O�

4A1BC1 	����� A1B1 Ú C1B1 ��:. ¦y:AA0 Ú CC0 �u 4ABC

��^¥�þ, ½Ñ²1u§.

))) 10-5: ([d�)

·�y²:AA0� CC0u BM þ,M ´> AC �¥:.

¯¢þ�I�y²: eBM�4A1BC1�	�� (P�ω)uR,KA,R,A0

n:��. ¯¢þ, d B,R,A0, A1o:���

∠A0RB = ∠A0A1B = ∠B1A1C = ∠BAC

K�I�y²

∠ARM = ∠BAC.

5¿�

∠BRC1 = ∠BA1C1 = ∠BAC = ∠AC1M,

www.nsmath.cn 24



KMC1´ ω���, dM ´��4AC1C �>þ�¥:Ú��½n�

MA2 = MC2
1 = MR ·MB.

�

4MAR ∼ 4MBA,

�

∠ARM = ∠BAC,

� A,R,A0n:��. aq/, C,R,C0n:��, � AA0� CC0u BM þ. �

555 10-5: dé¡5�±ß� AA0 � CC0 u AC >�¥�, XJO(±ã,

�±��ù�:�3 ωþ, ����y��, �ÏL��B��t��(Ø. �

K´��{üK .

KKK 10-6. b� 4ABC ¥,AC > AB, � AK Ú AT ©O�§��²©�

Ú¥�. �� AT �4ABC �	��u D. : F ´ K 'u T �é¡:. ®�

4ABC �S���, ¦ ∠FDA���.

))) 10-6: ([d�)

� AK �øBC u:M . 5¿�é¡5: K,F 'u��MT é¡. K

∠MFT = ∠MKT = ∠AKB = ∠ACM = ∠ADM.

u´ T, F,M,Do:��. �

∠TDF = ∠TMF = ∠AMT = 90◦ −∠AKB = 90◦ − (
∠A
2

+∠C) =
∠B − ∠C

2
.

�

25 êÆ#(�



555 10-6: ù�K8�3 10-6� �¢3´k:{ü, ����:Ò´uy

�����^�, ��B´��~5ö�
.

KKK 10-7. � P �4ABC�>BCþ?¿�:.K�4PAB�S%.4PAC

�S��� BC u F . : G3 CKþ, � FG ‖ PK. ¦ G�;,.

))) 10-7: (Ü)�-ê��)

ÚÚÚnnn: 34ABC¥,P � BCþ?¿�:, �4ABP �4ACP S��, K

üS���Sú��L4ABC S��� BC ��: E.

yyy²²²: � KM = x,ML = y, CIE = z, PH = w,AG = AN = b, CJ =

CI = a,BG = BH = c. KKE = x+y+z, PE = x+y+z−w,AO = b−x−y =

AJ,AC = b − x − y + a,AB = b + c, BC = c + w + (x + y + z − w) + z + a =

a+ c+ x+ y + 2z.du

P4ABC =
2b+ 2(a+ c) + 2z

2
= a+ b+ c+ z.

AC +BC − AB
2

=
a+ b+ a+ c+ 2z − b− c

2
= a+ z = CE.

K E �4ABC S����:.

� 4PAC S��� �J ,B :éA����� �IB,C :éA�����

�IC . �� BC � IB u T . L T � l ‖ BIC . L T � TR ⊥ l��� PIB u R.

� P �C B� G�C N , � P �C C � G�C X.

TQ

BIC
=
TP

PB
=

TR

BIB

d BIBICC ���
TQ

TR
=
BIC
BIB

=
TC

TIB
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K��

4CTIB ∼ 4QTR,

Ïd

4CTQ ∼ 4IBTR.

qdu

CT ⊥ IBT,

K

CQ ⊥ PIB.

ey²: �: C'u4ABCS���4�MN . �MN ¥:X,NX =�

¤¦;,. ��K��JSú���AP u Y . dÚn���K��J�Sú�

�LN . é4PNY �Ù����K ��J ¦^Óþg´, ØJy² CJ ⊥ NG,

K G3 NX þ. �

555 10-7: ù´��kJÝ�K ,y²L§�c�üÜ©SN´�N�q�,

ÄÙ�Ï, Ò3uÓ����ü�°, Q´�n�/�S��, q´�n�/

����, S��Ú���Ó�Ñy�, Ò�U¬Ñy�q$� q, ùB´�

K�°�¤3.

KKK 10-8. 3�m¥�½A�:Ú²¡. ®�éu?¿ü�:, ÑTÐkü

�²¡�¹X§�, ¿�z�²¡�¹X��o��½�:. K´Ä¤k�½
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�:Ñ��?

))) 10-8:

¿Ø�½.·��E�Ñ���~��E:

é��N ABCDA′B′C ′D′, ·��Ù 12 ^c�¥:. z�^cÑ�,

	o^c�ë, ·��ùo^c�¥:¤û½�²¡ ('X, � BB′ �ë�

AB,BC,A′B′, B′C ′ ùo^c�¥:Ò�±û½ù���²¡), ù�a²¡¡

� Aa¡.

,	2�L��N¥%, ¿R�ué�����o�²¡, ù�a²¡¡�

B a¡. Aa¡Ú B a¡oO 16�²¡.�e5·�y²ù 12�:Ú 16�²

¡÷vK��¦,ù 12�:w,Ø��, Ky²ù´���~. é²wz��

B a¡¬�Ø�é��à:�ë�8^c�3¥:þ, =ùo� B a¡z�þ

¡Ñk8�:, ¤±z�²¡þ��ko�:.

,	, ù���:� �'X�±�©�Xeo«, z�« �'X�ü�

:ÑTÐáuü�²¡. ¤±ù12�:Ú16�¡÷vK�. �

555 10-8: éJ���áNAÛK , ÄkU
���Y´Ä½�, ¯KÒC

¤���EK , ÙJ:Ì�´����E����N±9c�¥:. ��3Ø

ã�y²�¡, �kØ��[!I�5¿. �K´��éJ�©�JK .

3.2 ÏÏÏÕÕÕmmm

KKK 11-1. ü � �O¥S�
�b�4A1A2A3. n^�ã AiO�é>u

Bi(i = 1, 2, 3).

(a)¦ BiO¥���ã�Ý����.

(b)¦ BiO¥�á�ã�Ý����.
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))) 11-1: ([d�)

� BiO = xi, i = 1, 2, 3. d¡È{, ·�N´��
3X
i=1

xi
xi + 1

= 1

(du
xi

xi + 1
=

xi
xi +OAi

=
S4OAi+1Ai+2

S4A1A2A3

,nª�\Ú� 1).K

X
cyc

x1x2 + 2x1x2x3 = 1,

�

1 =
X
cyc

x1x2 + 2x1x2x3 ≤
(x1 + x2 + x3)

2

3
+

2(x1 + x2 + x3)
3

27
,

K

x1 + x2 + x3 ≥
3

2
.

�����Ý

l ≥ x1 + x2 + x3
3

≥ 1

2
.

�4A1A2A3��n�/����Ò. ��á>�x1,K

1 =
X
cyc

x1x2 + 2x1x2x3 ≥ 3x21 + 2x31

K

x1 ≤
1

2
.

�4A1A2A3��n�/����Ò.

nþ¤ã, ��>����´
1

2
,�á>����´

1

2
,� 4A1A2A3 ��

n�/����Ò. �

KKK 11-2. �4ABC �> AC ©O�ÙS��ÚéA���u K Ú L.�

P � 4ABC S%3 AC R�²©�þ�ÝK.®� 4BKL	��L K Ú L

�ü^���:34ABC �	��þ. ¦y:�� AB Ú BC Ñ�4PKL�

	����.

))) 11-2: (��®)

kye¡Ún.

ÚÚÚnnn: 34ABC ¥, D´ AB þ�:, MA,M ′A�4ABC �¥�Ú� 

¥�. e DN = NC,K4ACD ∼ 4ABC.
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yyy²²²: é4BCDÚ��M ′NA¦^rrNd½n:

CM ′

M ′B
· BA
AD
· DN
NC

= 1

��
CM ′

M ′B
=
AD

AB
.

é4BCDÚ��MN ′A¦^rrNd½n:

CM

MB
· BA
AD
· DN

′

N ′C
= 1

��
DN ′

N ′C
=
AD

AB
.

5¿�� ¥��5�,
AD

AB
=
CM ′

M ′B
=
AC2

AB2
,

AD

AB
=
DN ′

N ′C
=
AD2

AC2
,

K
AD

AC
=
AC

AB
,

q ∠A�ú��, �

4DAC ∼ 4CAB

� N �4ABC 	��¥ ÒBAC �¥:.Ï�K �S���:, L����

�:, K � L'u AC ¥:M é¡. � LW,KW �4BKL	���ü^�

�,K LW = KW, W 3��MNþ. q W 3 4ABC �	��þ,K W �

MN �4ABC �	����:.�K �é»: D,k B,D,L��.

duMN ‖ DK, IP ⊥ MN ,K IP ⊥ DK.q LK ⊥ DK,K IP ‖ KL.q

o>/ IPMK �Ý/,K

IP ‖MK, IP = MK =
KL

2
.
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qdu IP ‖ KL,u´ P á3�� BDLþ.ÏWL,WK �4BLK �	��

��, K BW �4BLK �� ¥�.qdu LM = MK,DI = IK,dÚn,k

4BDK ∼ 4BKL.qÏ�34BDK,4BKL¥, I,M�éA:,�

4BDI ∼ 4BKM,

K

∠BID = ∠BMK.

qÏ� ∠BID = ∠KIW = ∠BWM ,� ∠BMK = ∠BWM ,�

90◦ − ∠BMK = 90◦ − ∠BWM,

=

∠BMN = ∠BNM.

¤± BM = BN .

3ÕWC þ��: S,¦� BS = BN = BM . Ï ∠BCS =ÖBAS ¤é�±
�,

∠BMA = ∠BMN + 90◦ = ∠BNM + 90◦ =ÕBW
¤é�±� +×WAN ¤é�±� =ÖBAN ¤é�±�.
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du BN = BS, K ÖBAS =ÖBAN
,

∠BCS = ∠BMA.

q ∠BSC = ∠BAC, K4BSC ∼ 4BAM . d¥��úª��

AB ·BC = BM ·BS = BM2 =
AB2

2
+
BC2

2
− AC2

4
,

K

AC2 = 2AB2 + 2BC2 − 4AB ·BC = 2(AB −BC)2,

K

AC =
√

2|AB −BC|,

=AC =
√

2KL. duWK2 −MK2 = WM2 = WC2 − CM2 (��½n),Kd

/9½n�

WK2 = WC2 − CM2 +MK2 = WI2 − (AM2 −MK2)

= WI2 − [(
√

2MK)2 −MK2] = WI2 −MK2 = WI2 − PI2 = WP 2

KWK = WP ,=4LPK �	%�:W .·��W ��� AB�ål�

BW sin∠ABW = BW sin
B

2
= 2R cos

C − A
2

sin
B

2
= R(cosA+ cosC)

d Carnot½n� R + r = R(cosA+ cosB + cosC).

¤± W ��� AB �ål� R(1 − cosB) + r = WM + MP = WP =

4PKL�	���». � AB �4PKL	����, Ón BC ��4PKL

	����. �

555 11-2: ù´��JÝ�p�AÛKc�Ü©±��O��Ì, ��Ü©

±>�O��Ì, ��²¡AÛ�nÜUå. 3�Ñ��O(�ã�ØJuy

Nõ´y��5�, 'XWá3MNþ,B,D, P, L���. dK�1��J:´

*	¿y²Ñ4BDK ∼ 4BKL, ù�¦é� ¥��5�Ýº, 1��J

:B3u:S��E, 3�EÑ:S�, B´�
~5�O�, y²:����å

l�u���», ¯KBHA)
.

Carnot½n�y²:

2S4ABC = (a+ b+ c)r = a ·OD + b ·OE + C ·OF,
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Ù¥ D,E, F ©O´ O3 BC,CA,AB þ�ÝK.Ï� A,E,O, F o:��,K

dPtolemy½n, kAO ·EF = AE ·OF+AF ·OE,=
a ·R

2
=
b ·OF

2
+
C ·OE

2
.

2S4ABC = (a+ b+ c)r = a ·OD + b ·OE + C ·OF,

a ·R = b ·OF + c ·OE

b ·R = a ·OF + c ·OD,

c ·R = b ·OD + a ·OE.

þ¡oª�\�

(a+ b+ c)(R + r) = (a+ b+ c)(OD +OE +OF )

K R + r = OD +OE +OF .=

R + r = R(cosA+ cosB + cosC).

KKK 11-3. �4ABC �S�� ω©O�> BC,CA,ABu:D,F,E. L E

�DF R�� BC u:X, L F �DER�� BC u: Y .�ã AD� ω�,

��:�: Z.¦y4XY Z �	��� ω��.

))) 11-3: (�r�)

du FY � ∠B��²©�²1, EX � ∠C ��²©�²1, K

∠FEX = ∠AFE − ∠ACI = 90◦ − ∠A
2
− ∠C

2
=
∠B
2

= ∠FY C

@o E,F,X, Y ��. Y X � EF �u: L,2L L� ω���,�� ω�:´

R.Kd LR2 = LE · LF,LE · LF = LX · LY �� LR2 = LX · LY .=�ü��

�. �

555 11-3: �KØJ, (Ü��½n?1����>, B�^|�Ñ(Ø.
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KKK 11-4. � AH1 Ú BH2 ©O� 4ABC �p; �Ù	��L A���

� BCu S1,L B ���� AC u‘S2; T1 Ú T2 ©O� AS1 Ú BS2 �¥:.¦

y:‘T1T2, AB,H1H2�:.

))) 11-4: (�r�)

du ∠AH1B = ∠AH2B = 90◦,K A,B,H1, H2o:��,òT�¡�Rv

�.

AB 3Rv�� 4ABC 	����¶þ.du S1 3 BC þ, T1 ´ AS1 �

¥:, ¤± T1 3²1u BC �¥ � B0C0 þ. q AT1 �L A,B0, C0 ���

�, K T1A
2 = T1B0 · T1C0. du T1A�4ABC �	����, � B0Ú C0Ñ

34ABC �Ê:�þ,q T1�	��ÚÊ:�����, ¤± T13	��Ú

Ê:���¶þ.aq/, T2�3d�¶þ. q� H1H23Ê:�ÚRv���

¶þ, d�%½n�n^�¶�:, = T1T2, AB,H1H2�:. �

555 11-4: �K�kJÝ, J:Ì�3uI�Ä�Ê:�. �Ä�Ê:��,

(Ü�%½nB�¤õ)Ñ.

KKK 11-5. �½n�� ω1, ω2, ω3. ω1 Ú ω2 �u A0 Ú A1, ω2 Ú ω3 �u

B0 Ú B1, ω3 Ú ω1 �u C0 Ú C1. � Oi,j,k � 4AiBjCk �	%. ¦y: kX

Oi,j,kO1−j,1−i,1−k /ª�o^��:½²1.

))) 11-5: (ê��)

� ω1,ω2,ω3 ��%� O, O �n����� A0O · A1O = C0O · C1O =

B0O · B1O = R2. b� O 3 ω1,ω2,ω3 �SÜ, ± O ��ü¥%, R ���
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»�n����üC� ρ(O,R). ´� ω1,ω2,ω3 n��üØC, � A0
ρ(O,R)←→

A1, B0
ρ(O,R)←→ B1, C0

ρ(O,R)←→ C1. Kk 4AiBjCk �	��
ρ(O,R)←→ 4A1−iB1−jC1−k

�	��. =éA: Oi,j,k Ú O1−i,1−j,1−k �ë�L�ü¥%: O.Ón O 3

ω1,ω2,ω3	Ü�, o��:u O.��¶ A0A1, B0B1, C0C1²1�, O�Ã¡�

:.K Oi,j,kO1−j,1−i,1−k o��:½²1. �

555 11-5: �K�J:3un�vkLõ£ã��ÚÏdJ±�x�õ^

�ã. N´5¿�n^�¶�u�:½²1, eUd����é���ü, K¯

KÒU^|)û
.

KKK 11-6. o>/ ABCD	�u �I. � ABCDé>Ø²1, �>þØ�

�. �K,L,M,N ©O´ AB,BC,CD,DA�¥:.®� AB ·CD = 4IK · IM .

¦y: BC · AD = 4IL · IN .

))) 11-6: ([d�)

�E: J , ¦ J, I 3 AB Éý�÷v4BJA ∼ 4CID,K K,M ´�qé

A:,K

4CMI ∼ 4BKJ,
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K
MI

CD
=
JK

AB
.

q
MI

CD
· IK
AB

=
1

4
,

�

JK · IK =
AB2

4
= KA2 = KB2.

5¿��	�o>/�5�, ∠CID + ∠BIA = 180◦,(Ü4BJA ∼ 4CID,

� B, J,A, I��. ò� IK �4BIA�	��u J ′.5¿���u½n,

BK ·KA = IK ·KJ ′,

K

KJ = KJ ′.

�4BIA	%´ O, JJ ′¥:´ T ,K

KT ⊥ JJ ′, OT ⊥ JJ ′.

� O,K, T��.d

OK ⊥ AB,OKT ⊥ JJ ′

�

AB ‖ JJ ′.

�

∠IKB = ∠J ′KA = ∠KJ ′J = ∠JKB,

q

KB2 = JK · IK,

�

4JKB ∼ 4BKI,

5¿�

4BJA ∼ 4CID,

�

∠MCI = ∠KBJ,
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 I �o>/ ABCDS���%. K

∠ICM = ∠ICB,∠IBC = ∠IBA.

q

4KBI ∼ 4KJB ∼ 4MIC,

K

4KBI ∼ 4KJB ∼ 4MIC ∼ 4IBC.

5¿�

∠AID = 180◦ − ∠BIC = 180◦ − ∠BKI = ∠AKI,

∠KAI = ∠IAD,

K

4AKI ∼ 4AID.

�

AI2 = AK · AD = AN · AB,

K

4ANI ∼ 4AIB,

K

∠IND = 180◦ − ∠ANI = 180◦ − ∠AIB = ∠AJB = ∠CID.

d ∠IDC = ∠IDA, K

4CDI ∼ 4IDN.

aq/4CID ∼ 4CLD. �

4CLI ∼ 4CID ∼ 4IND,

K
CL

LI
=

IN

ND
.

�

CL ·ND = LI · IN.
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.q L,N ©O� BC,AD�¥:,�

BC · AD = 4IC · IN

�

KKK 11-7. � ALa, BLb, CLc � 4ABC �n^�²©�. L B :Ú

C :� 4ABC 	�����u: Ka, aq/½Â: Kb, Kc. ¦y: ��

KaLa, KbLb, KcLc�:.

))) 11-7: (�r�)

du

∠KaCLa = ∠KaBLa,

K
LaC

sin∠LaKaC
=

LaKa

sin∠KaCLa
=

LaKa

sin∠KaBLa
=

LaB

sin∠LaKaB

�
LaC

LaB
=

sin∠LaKaC

sin∠LaKaB
.

aq/
LcB

LcA
=

sin∠LcKcB

sin∠LcKcA
,
LbA

LbC
=

sin∠LbKbA

sin∠LbKbC

d�
LaC

LaB
· LcB
LcA

· LbA
LbC

= 1,

d��Ceva½n�_½n��, KaLa, KbLb, KcLc�:. �

555 11-7: �K��uc¡A�5`�©{ü, ¦^�u½nÚCeva½nB

��t)Ñ.

KKK 11-8. � O � 4ABC �	%, H �§�R%, M � AB �¥:,��

MH �L O� AB ²1�u K,� K  u4ABC �	��þ. � P � K 3

AC þ�ÝK. ¦y: PH ‖ BC.

))) 11-8: (Ü)�)

ÚÚÚnnn: eM,N 'u4ABC � Simson�©O� XQ,XP , K

∠PXQ =
∠MON

2
.
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yyy²²²: ò� NP � �Ou N ′,ò�MQ� �OuM ′.´�

AN ′ ‖ XP,AM ′ ‖ XQ.

K

∠PXQ = ∠M ′AN ′.

qdu

NN ′ ‖MM ′,

K ÕMN =ÖM ′N ′,

��

∠PXQ =
∠MON

2
.

ò� HM � D¦ HM = DM ,K AH ‖ BD� AH = BD, C Ú D��
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|é»:. ë� CK �� CK ⊥ DK.�KQ ⊥ BC u Q,ë� HQ.

d Steiner½n�� PQ²© HK.ë CH ¿òÙò�, ��u F .2ë�

FK,�� OK R�²© CF .K

∠KFC = ∠KCF =
∠COK

2
.

� PQ� CH �u: E,du CH,PQ©O� C,K 'u4ABC � Simson �,

dÚn��

∠CEQ =
∠COK

2
= ∠KCF.

q�� PQ ‖ KC, PQ ⊥ KH,u´ PQR�²© KH.qÏ� P,Q,C,K ��,

� PQ,KC ��S��|²1u, �

PK = QC,PC = KQ,

K

PH = PK = CQ,PC = KQ = HQ.

��o>/ PHQC �²1o>/, � PH ‖ QC. �

555 11-8: �K´��k
JÝ�K ,Ì��J:3uK8^��·�=z,

R%5��Ùö$^, ±9éuÜ0t½n9Ù�'íØ�
) , eòù
�

�ô�, B�¦dKz��{.

KKK 11-9. �½��ý� Γ9�^�½�u AB.¦S�u Γ�4ABC R%

�;,.

))) 11-9: (��®-[d�)

ÚÚÚnnn: � BE,CF ´ 4ABC �ü^p. AS,AT �± BC ��»���
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��, K S,H, T ��.

yyy²²²: ´� B,C,E, F �uT�þ. K A,H 'ud��Ý (Brocard½n).

q A'uT�4�� ST , K S,H, T ��.

·��½ A,B, � A(1, 0), B(−1, 0),± AB ��»�� �O : x2 + y2 = 1,

KL A,B�ý��L«� (x− 1)(x+ 1) + (Bxy+Cy2 +Ey) = 0 (Ù¥ B,C,E

�n�~ê.)

Ï� x2 +Bxy + Cy2 + Ey − 1 = 0�ý� Γ��§,K

∆ = B2 − 4C < 0.

·��: C(x0, y0)� Γþ�:. ë AC � �Ou E. L C :Úü��,�:�

F,G.·�e¡y² BD,AE, FG�:,=

sin∠BGF
sin∠FGE

· sin∠GEA
sin∠AEB

· sin∠EBD
sin∠DBG

= 1.

=
BF

FE
· AG
AB
· ED
DG

= 1.

dn�/��q, k

BF

FE
=
CF

CE
,
AG

DG
=
CA

CG
,
ED

AB
=
CE

CA
.

¤±
BF

FE
· AG
AB
· ED
DG

=
CF

CE
· CA
CG
· CE
CA

= 1.

u´ BD,AE, FG �:, ��:� H. du BD ⊥ AC,AE ⊥ BC, � H �

4ABC R% (y²�:��±¦^Ún). d �O : x2 + y2 = 1, C(x0, y0)��
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:u FG��§� x0x+ y0y = 1.q CH ⊥ AB,K xH = x0.

du CH ⊥ AB, K

H(x0,
1− x2H
yH

).

d

xH = x0, yH =
1− x20
y0

,

��

x0 = xH , y0 =
1− x2H
yH

.

qÏ� C 3ý�þ,�

x20 +Bx0y0 + Cy20 + Ey0 − 1 = 0,

K

x2H +BxH ·
1− x2H
yH

+ C · (1− x2H)2

y2H
+ E · 1− x2H

yH
− 1 = 0

��x2H − 1, z{�

1−B · xH
yH

+ C · x
2
H − 1

y2H
+
E

yH
) = 0,

y2H −BxHyH + Cx2H − EyH − C = 0.

KH :�;,�§�:

Cx2 −Bxy + y2 − Ey − C = 0

du ∆ = (−B)2 − 4C = B2 − 4C < 0. K H :�;,�ý�. qÏ� C �

A,BØUÜ, � H :�;,�§�:

Cx2 −Bxy + y2 − Ey − C = 0(y 6= 0)

=Ø�A,Bü:���ý�. �

555 11-9: ù´��Ø�é~5�)ÛAÛK , �	
uÑg�Uå, e±

ý��IO�§ïá�IX, KO�þÉ~�¡, �XJaÑù�g´, g��

R%¬�5o:��, òÀ�=C��½ AB,4ý�Äå5, ù�B�|^

²¡AÛ�£, O�Ñ: A�I, �¡B´~5�¦^�':{¦;,�§
.

�, dK��±û)Ñ�
{©�5�, ~Xëê C = 1�, H :�;,�ý

� Γ'u x¶é¡. �K��`²ü�ý��q(l%Ç��)�·K�^p�

�£��¯$/y².

KKK 11-10. ��4ABC(AB = AC)�p´ AA0, ± AA0�¥:��%�
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� γ � AB Ú AC ��. X ��� BC þ?¿�:.¦y:L: X � γ ��ü

^��3�� ABÚ AC þ¤���ã��.

))) 11-10: ([d�)

�ü^��©O� AB,AC u P,Q,Xã¤«.± A0��I�:, A0C � x

¶���, A0A� y¶���ïá²¡���IX.

� B(−1, 0), C(1, 0), A(0, 2a).K� γ��§�

x2 + (y − a)2 =
a2

4a2 + 1
.

�X(d, 0), XP : x1 = d+k1y,XQ : x2 = d+k2y (k1, k2�3).K�\ x = d+ky

u��§¥�∆ = 0, =

4a4k2 + 2ad(1 + 4a2)k + d2(1 + 4a2)− a2 = 0

Tª�ü��©O� k1Ú k2.

dé¡5, ��y² BP = AQ=�. ´� AB : y1 = 2a + 2ax, AC : y2 =

2a− 2ax. k� P ,x = d+ k1y = d+ k1(2a+ 2ax), K

xP =
2ak1 + d

1− 2ak1
.

aq/� Q : x = d+ k2y = d+ k2(2a− 2ax),K

xQ =
2ak2 + d

1 + 2ak2
.

qIy AQ = BP ,= 1 + xP = xQ,=

d+ 1

1− 2ak1
=
d+ 2ak2
1 + 2ak2

=

2ad(k1 + k2) + 1 = −4a2k1k2
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=

−a
2d2(1 + 4a2)

a4
+ 1 = −a

2d2(1 + 4a2)− a4

a4

ù´w,�, � AQ = BP .?�(Ø¤á. �

555 11-10: �K�±^NÚ½ö�'~��{y², ´��¥�JÝK , )

ö��y{´���[�U1�ú����{: )ÛAÛ, �KÏ��, ��,

��n�/�Ï�, éN´��)Û, �3�p¥êÆém¥�²¡AÛK ,

¦þØ�^)ÛAÛ��{, Ï��U¬��Ø7���©.

KKK 11-11. 3�²¡S, k a, b�ü^µ4ò� (�Ug�)� K,L,M,N

o�:. a, b�º:�: K,L,M,N � �'X´²�� (=ù
:Qvkn

:��, �vk±§��à:���3SÜ�:). KLÚMN � aþkóê

��:, LM ÚNK� aþkÛê��:. ��,KLÚMN � bþkÛê��

:, LM Ú NK � bþkóê��:. ¦y: aÚ b��.

))) 11-11: �ò� a�º:3²¡S?¿ �,ã¥ò�ò²¡©�õ�Ü

©, òù
Ü©^çÚ½xÚL«, (=��Ü©�ôÚØÓ).²¡�	�Ü©

þ�xÚ.é� ag���?¿:O,���ã OA = OB = OC = OD = ε,K

ABCD�Ý/. XJ εv
�,@o a� b�ú�:��ãKL,LM,MN,NK

Ñ uÝ/ ABCD�	Ü. XJò¤kg�:�E¤ù��Ý/¿òÙ±x

ÚL«, @o²¡�çÚÜ©ò´eZØ���õ>/�¿8. �e5,òÜ

©Ý/#XÚ, �±����çÚõ>/, É�g��ò� a′ ��å (�±

������g��ò� a′ �å�çÚõ>/). ±Ó���ª�E�g��

ò� b′.ÏLù«�E,ò� a′, b′*d��¿���ã KL,LM,MN,NK ��

:�ò� a, b��:�Ó.b� a′ Ú b′ Ø��. K¦�ò²¡©�n�Ü©,

Ïd: K,L,M,N ¥�ü: uÓ�Ü©¥.�ù´Ø�U�,Ï� a′ò K Ú

L�M Ú N ©m,  b′òK Ú N �M Ú L©m. K a′Ú b′��,Ïd�½

�ò����. �

555 11-11: ù�|ÜAÛK´��¥�JÝK , ùp¡��E�/Ú�g

´�´'�g,�, ´��'�Ø��émÔöK .

KKK 11-12. ü�ü ��N�¥%�Ó. ´ÄoUòz���N�º:l

1� 8?Ò,¦�z�é?Ò�Ó�º:målØ�L
4

5
? UÄØ�L

13

16
Q?

))) 11-12: - κ = A1A2...A8´Ù¥����N (A1A2A3A4´ü ��/,
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¿�éu¤k i,AiÑ� Ai + 4��), d1, d2, d3, d4´ κ��mé��,- λ´,

����N, e1, e2, e3, e4´ λ��mé��. - O�ü���N��Ó¥%, s

�§���Ó	�¥, µ�Ø�L s�»��¢ê, α��Ý� µ�u�¥%

�.

- ej �8Ü� Si, Ù¥ ej ÷v� di �Y�Ø�L α. b�éu¤k

1 ≤ k ≤ 4, 8Ü Si¥?¿ k�f8�¿8Ñ���¹ k���.K�â Hall½

n, ·��±lz� Si¥ÀJ���L e′i,¦Ù�¤kÙ¦o��L�Ø�Ó,

¿^ù«�ªòz� di�à:�ÙéA� e′i�à:�é,¦�zéà:¥ü�

º:�m�ål��� µ.

e¡·�*	�e k ��U��±9 µ���. k = 4:d²¡ A1A2A3A4

��	�¥ s �¥), - P �¥)�¥% (�Ò´`, P ´ s þ�:, PA1 =

PA2 = PA3 = PA4,¿� A1A2A3A4ò: O�: P ©l). ·��¢y± Ai�

¥%, ± a��»�l�¥)�¿8�¹ λ�¤kº:,=CX s.� µ ≥ PA1

�,=¤á; µ4L« PA1��Ý.

k = 3:- Q�¥ sþ��lÖA1A3 þ���:,¦� A2Q = A4Q = µ�

A1Q ≤ QA3.±d�ª3�lÖA1A6ÚÖA1A8þÀJ RÚ S.

Ø���5,·�I�(�± A2, A4, A5, A3, A6 Ú A8 �¥%,± α��»

�8�¥)�¿8���¹��N λ�8�º:.�d/,·�I�(�T¿8

é s�Ö8�õ�¹ λ�ü�º:.Ù¥Ö8dü�ë��Ü©|¤,§��é

u: O´é¡�.Ïd,k7�(�z�Ü©�õ�¹ λ���º:.duz�

Ü©Ñ�¹3�>¥/n�/ QRS ¥,�q�¹?¿�C Q,R, S �:,Ïd

7L�y QR ≤ 1½ µ ≥ µ3´¿©7��,Ù¥ µ3´¦�ª¤á� µ��.w

, µ3 > µ4.

éu k = 2Ú k = 1,- dj �8Ü� Ti,Ù¥ dj ÷v� ei �m�Y�Ø�

L α.

k = 2:Ø���5,b� S1 ∪ S2Ø�¹ e1, e2, e3.@o T1 ∪ T2 ∪ T3Ø�¹

d1Ú d2.l k = 3��¹·���,�� µ ≥ µ3,Ò�±;�ù«�¹.

k = 1:b�Ø���5, S1Ø�¹?Û ei.@o¤k Ti�¿8Ø�¹ d1.l

k = 4��¹·���,�� µ ≥ µ4,Ò�±;�ù«�¹.

Ïd µ ≥ µ3©ª¤á.�
¦ µ < µ3Ø¤á,4 λ�¥%� O�c� QR

���N,X3 k = 3��¹e. λ�º: QÚ R¥�õk��� A1�é;Ã

Ø·�ò κ�=�º:�,��º:�é,§��m�ålÑ�u�u µ3.Ï
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d,÷v¯K^���áål µ� µ3 =

s
9− 2

√
2−
√

5

6
.du

4

5
< µ <

13

16
,Ï

d¯K1�Ü©��Y�Ä½,¯K�1�Ü©��Y��½. �

555 11-12: ù�áNAÛ!|ÜAÛ(ÜãØ�K�é5`JÝþ,
Ø

�,U
'�N´/ß��Y,�´Øy��E�¡I�'�õ�(a��£�

µ.�K^�
 Hall½n.

Hall½½½nnn: �Üã G ¥�üÜ©º:|¤�8Ü©O� X, Y , X =

X1, X2, ..., Xm, Y = Y1, Y2, ..., Yn, G¥k�|Ãú�:�>,�àTÐ�|¤ X

�:�¿©7�^�´:

X ¥�?¿ k�:��� Y ¥� k�:��. (1 ≤ k ≤ m)
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