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I. ÁÁÁ KKK

1. ^ S(n)L« n�� êèÚ.

(1)y²½Ä½:é?¿��Xêþ���ê�Ä�õ�ª f(x),�3��

ê n,¦ S(f(n)) ≤ 2019;

(2)y²½Ä½:é?¿��Xêþ���ê�Ä��~êõ�ª f(x),�

3��ê n,¦ S(f(n)) ≥ 2019.

2. ¡ü�àõ>/ q,XJü�àõ>/�q�éA�>²1,¦¤k

�àõ>/¦�ØU^n��� q�'§��àõ>/CX§.

3. ¦����¢ê k,¦�é?¿��ê n,�3�K¢ê a1, a2, · · · , an,

¦�
n∑
i=1

ai = n,¦�

n∑
i=1

a2i
n∑
j=i

aj

≤ k.

4. ¡�õ¹k��Ý� 2 �º:�ä� 2-ä, ò n �ä��^>Iþ

1, 2, · · · , n− 1¡���IP.¡��º:���ù�º:ÚÑ�¤k>þ¤I

�êi�Ú.¦¤k��ê,÷v:

?¾FÏ: 2019-07-28.
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(1)é?¿ n� 2−ä,�3��IP¦��º:��� npØÓ{;

(2)é?¿ n� 2−ä,�3��IP¦��º:��� n��k n− 1�Ø

Ó{ê,�Ø�3��IP¦��º:��k n�ØÓ�{ê.

///. )))������µµµ555

K 1 ^ S(n)L« n�� êèÚ.

(1)y²½Ä½:é?¿��Xêþ���ê�Ä�õ�ª f(x),�3��

ê n,¦ S(f(n)) ≤ 2019;

(2)y²½Ä½:é?¿��Xêþ���ê�Ä��~êõ�ª f(x),�

3��ê n,¦ S(f(n)) ≥ 2019.

) (1)·K´�Ø�,ndXe:

� f(x) = (x+1)(x+2) · · · (x+102019) + 11 · · · 1︸ ︷︷ ︸
2020�1

. N´��,é?¿���

ê n,k

(102019!) | (n+ 1)(n+ 2) · · · (n+ 102019),

�

102020 | (n+ 1)(n+ 2) · · · (n+ 102019).

l

S(f(n)) = S

(n+ 1)(n+ 2) · · · (n+ 102019) + 11 · · · 1︸ ︷︷ ︸
2020�1


= S

(
(n+ 1)(n+ 2) · · · (n+ 102019)

)
+ S(11 · · · 1︸ ︷︷ ︸

2020�1

)

≥ 2020 > 2019.

(2)·K´�(�,ndXe:

� f(x) = xt+ at−1x
t−1 + · · ·+ a1x+ a0 (t ∈ N∗).�Ä f(10β · (10α+1)2019),

Ù¥��ê α, β �½.

� α > C0
2019t + C1

2019t + · · ·+ C2019t
2019t = 22019t,K

10α > Ci
2019t (0 ≤ i ≤ 2019t),

l

S
(
(10α + 1)2019t

)
= S

(
2019t∑
i=0

·Ci
2019t

)
≥ 2019t+ 1 > 2019.
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3 α�½�,2� β ¿©�,¦�

10βt > at−1 · 10β(t−1)(10α + 1)2019(t−1) + · · ·+ a0,

K

S
(
f(10β · (10α + 1)2019)

)
≥ S

(
10βt · (10α + 1)2019t

)
= S

(
(10α + 1)2019t

)
> 2019.

�

µ5 dK�1�¯´N´�,1�¯�?n�{� 2015c�Ip¥ém

�ÁØ¶K´aq�,�,��JÝ���
�¯K�´aq�:¦¤k�õ�

ª f(x),Ù��Xê��K�ê,¦�é?¿ n ∈ K,þk f(n) ∈ K,Ù¥ K ´

d¤kØ¹êè 7��K�ê�¤�8Ü.k,��Öö�±�Á.

K 2 ¡ü�àõ>/ q,XJü�àõ>/�q�éA�>²1,¦¤

k�àõ>/¦�ØU^n��� q�'§��àõ>/CX§.

) ÷vK¿�àõ>/,�k²1o>/.

��¡,eàõ>/ F Ø´²1o>/,K�½�±^n��� q�'

§��àõ>/CX§.�d,ky²��Ún.

ÚÚÚnnn �3��n�/ T �¹àõ>/ F ,� T �z�^>þ�¹àõ>

/ F �,^>.

Úny² eàõ>/ F �n�/,K- T = F =�.

eàõ>/ F Ø�n�/,K�3àõ>/ F �ü^>,§�Ø²1,�

vk�:.òùü^>ò�,¦�Ù��,Ò�����¹àõ>/ F �õ>/

F1,� F1 �>ê�uàõ>/ F �>ê, F1 �z^>þ�¹àõ>/ F �,

^>.

�E?1ùL§,�ª���ã/ F ′,7,Ø�3QØ²1qØ���>,

l�U´n�/½ö²1o>/.� F ′�¹àõ>/ F, F ′�z^>þ�¹

àõ>/ F �,^>.

e F ′�n�/,K�I� T = F ′=�.

e F ′ �²1o>/ ABCD,duàõ>/ F ¿Ø�²1o>/,� F ′ �

�k��º:Ø´àõ>/ F �º:,Ø���: A (Xã).�:M �àõ>

/ F �¤ká3�ã ABþ�º:¥��C: A���,K3àõ>/ F ¥d

M :ÚÑ��^>á3�ã AB þ,,�^>¤3����ã AD��,�
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�:� N ,K��MN,BC,CD�¤�n�/ T =�¹àõ>/ F,� T �z

^>þ�¹àõ>/ F �,^>.

�d,Úny..

£££������KKK.|^þãÚn,Ø��àõ>/ F ��¹34ABC ¥,�àõ

>/ F �> A1A2, B1B2, C1C2©Oá3�ã BC,CA,ABþ (Xã).

?� F SÜ�: O 9> A1A2, B1B2, C1C2 þ�S: X, Y, Z. K�ã

OX,OY,OZ ò F y©�n�õ>/ F1, F2, F3.

Ø��õ>/ F13o>/ AZOY SÜ.d: O, Y, Z �À��,e 0 < k <

1�Ã��Cu 1,K± A� q¥%, k� q'� qC� ϕ1÷v ϕ1 (àõ

>/ F ∪o>/ AZOY )�¹o>/ AZOY.l ϕ1(F )CX4
 F1.

aq/,�3ü� q'�u 1� qC� ϕ2, ϕ3,¦� ϕ2(F )CX4
 F2,

ϕ3(F )CX4
 F3.u´ào>/ F � ϕ1(F ), ϕ2(F ), ϕ3(F )�¿8¤CX.

,��¡,eàõ>/ F �²1o>/ ABCD,éu?¿���Ù q�

'Ù��²1o>/ F1,e F1 �¹: A,K F1 Ø�U2�¹àõ>/ F �Ù

§º:,ùL²àõ>/ F Ø�U��uo��Ù q�'Ù��ã/CX. �
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K§=´�
�«¯{.�K){¥I��Ún´à�nØ¥��(Ø,�

�N´��/Ï q5�¤y².

K 3 ¦����¢ê k,¦�é?¿��ê n,�3�K¢ê a1, a2, · · · , an,

¦�
n∑
i=1

ai = n,¦�

n∑
i=1

a2i
n∑
j=i

aj

≤ k.

) � Sn ´
n∑
i=1

a2i
n∑

j=i
aj

3�K¢ê a1, a2, · · · , an ÷v
n∑
i=1

ai = n�����

��,K S1 = 1.l3
n+1∑
i=2

ai = n+ 1− a1�,

n+1∑
i=2

n

n+ 1− a1
ai = n,

l��
n+1∑
i=2

n2

(n+1−a1)2a
2
i

n+1∑
j=i

n
n+1−a1aj

����� Sn,=
n+1∑
i=2

a2i
n+1∑
j=i

aj

����� n+1−a1
n

Sn. l

n+1∑
i=1

a2i
n+1∑
j=i

aj

=
a21

n+ 1
+

n+1∑
i=2

a2i
n+1∑
j=i

aj

≥ a21
n+ 1

+
n+ 1− a1

n
Sn

=
a21

n+ 1
− Sn

n
a1 +

(n+ 1)Sn
n

≥− (n+ 1)S2
n

4n2
+

(n+ 1)Sn
n

.

d Sn+1�½Â��Xe4íª

Sn+1 = −
n+ 1

4n2
S2
n +

n+ 1

n
Sn,

C/��
Sn+1

4(n+ 1)
=
Sn
4n

(
1− Sn

4n

)
.

� Tn = Sn

4n
,K T1 =

1
4
,þã4íª�z�

Tn+1 = Tn(1− Tn).
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⇒ 1

Tn+1

=
1

Tn(1− Tn)
=

1

Tn
+

1

1− Tn

⇒ 1

Tn+1

− 1

Tn
=

1

1− Tn

⇒ 1

Tn+1

=
1

1− Tn
+

1

1− Tn+1

+ · · ·+ 1

1− T1
+

1

T1

= 4 +
1

1− T1
+ · · ·+ 1

1− Tn
,

5¿� Tn > 0,l�� 1
1−Ti > 1 (1 ≤ i ≤ n).

��¡,´�
1

Tn+1

> 4 + 1 + · · ·+ 1 = n+ 4,

l

Tn <
1

n+ 3
(n ≥ 2).

,��¡,d T1 =
1
4
, Tn <

1
n+3

(n ≥ 2),k

1

Tn+1

= 4 +
1

1− 1
4

+ · · ·+ 1

1− 1
n+3

= 4 +
4

3
+

5

4
+ · · ·+ n+ 3

n+ 2

= 4 + n+
1

3
+ · · ·+ 1

n+ 2
.

(Ü±þü�¡��

4n

n+ 1
3
+ · · ·+ 1

n+1

< Sn = 4nTn <
4n

n+ 3
(n ≥ 2).

dY@½n��

lim
n→∞

Sn = 4.

(Ü Sn <
4n
n+3

< 4��, k����� 4. �

µ5 dK´��¥�JÝ�¯K,J:kü�:�´XÛ��)�¥ Sn�

4íúª,�©æ��´8B{;�´¦ Sn�4�,�©¥æ^�´Y@½n5

?n,ÑwE,.���â Stolz½n5?n,�w�x.

∗
∞ ...��� Stolz ½½½nnn:�ê� {an}´î�üN4O�Ã¡�þ,q�3 (Ù

¥ l�k�½ ±∞)

lim
n→∞

bn+1 − bn
an+1 − an

= l,

Kk

lim
n→∞

bn
an

= l.
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´� Tn üN4~,�ke.,�7�34�,é Tn+1 = Tn(1 − Tn)ü>�4

�,��

lim
n→∞

Tn = 0.

lê� { 1
Tn
}´î�4O�Ã¡�þ,�

lim
n→∞

4(n+ 1)− 4n
1

Tn+1
− 1

Tn

= lim
n→∞

4
1

1−Tn

= 4,

�d ∗
∞ .� Stolz½n��

lim
n→∞

(Sn) = lim
n→∞

(4nTn) = lim
n→∞

4n
1
Tn

= 4.

K 4 ¡�õ¹k��Ý� 2�º:�ä� 2-ä,ò n�ä��^>Iþ

1, 2, · · · , n− 1¡���IP.¡��º:���ù�º:ÚÑ�¤k>þ¤I

�êi�Ú.¦¤k��ê,÷v:

(1)é?¿ n� 2-ä,�3��IP¦��º:��� npØÓ{;

(2)é?¿ n� 2-ä,�3��IP¦��º:��� n��k n− 1�Ø

Ó{ê,�Ø�3��IP¦��º:��k n�ØÓ�{ê.

) (1)¤¦��N�Ûê.

��¡,éu÷v^�� n,dué?¿ n� 2−ä,�3��IP¦��º

:��� npØÓ{.�kTIPe�º:���Ú� nÓ{

1 + 2 + · · ·+ n =
n(n+ 1)

2
.

q�º:���Ú�u¤k>þ¤Iê�Ú�ü� (Ïz^>T�O�üH).

=�

2(1 + 2 + · · ·+ n− 1) = n(n− 1).

�k

n(n− 1) ≡ 1

2
n(n+ 1) (mod n),

k

n | 1
2
n(n− 1),

l 2 | n− 1,= 2 - n.

,��¡,·�y²:�N�Ûêþ÷v�¦.�d,·�ky²��Ún.

ÚÚÚnnn é?¿��ê k,�3 {1, 2, · · · , 3k + 1}¥�Ñ k�üüØ�� 3�

f8 {ai, bi, ci} (1 ≤ i ≤ k),÷v ci = ai + bi (1 ≤ i ≤ k),� 3k� 3k + 1¥Tk
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��Ñy3ù
 3�f8¥.

Úny² ·�é k� 4©a?Ø.

(i) k = 4l + 1, l ∈ N. �ù
f8�:

{6l + 1− j, 6l + 2 + j, 2j + 1}, j = 0, 1, · · · , l − 1.

{5l + 1−m, 7l + 3 +m, 2l + 2 + 2m}, m = 0, 1, · · · , l − 1.

{7l+2, 4l+1, 11l+3}, {12l+3, 2l+1, 10l+2}, {10l+2−r, 10l+2+r, 2r}, r =

1, 2, · · · , l.Ù¥ l = 0�Ãþãù
8Ü. 9

{9l + 1 − s, 11l + 4 + s, 2l + 3 + 2s}, s = 0, 1, · · · , l − 1.Ù¥ l = 1�Ãù


8Ü. �=�:

{1, 6l + 1, 6l + 2}, {3, 6l, 6l + 3}, · · · , {2l − 1, 5l + 2, 7l + 1},

{2l + 2, 5l + 1, 7l + 3}, {2l + 4, 5l, 7l + 4}, · · · , {4l, 4l + 2, 8l + 2},

{4l− 1, 8l+3, 12l+2}, {4l− 3, 8l+4, 12l+1}, · · · , {2l+3, 9l+1, 11l+4},

{2l, 9l + 2, 11l + 2}, {2l − 1, 9l + 3, 11l + 1}, · · · , {2, 10l + 1, 10l + 3},

{4l + 1, 7l + 2, 11l + 3}, {2l + 1, 10l + 2, 12l + 3}.

N´�yþã8Ü÷v�¦.

(ii) k = 4l + 2, l ∈ N. �ù
f8�:

{1, 6l + 4, 6l + 5}, {3, 6l + 3, 6l + 6}, · · · , {2l − 1, 5l + 5, 7l + 4},

{2l + 2, 5l + 3, 7l + 5}, {2l + 4, 5l + 2, 7l + 6}, · · · , {4l + 2, 4l + 3, 8l + 5},

{4l− 1, 8l+6, 12l+5}, {4l− 3, 8l+7, 12l+4}, · · · , {2l+3, 9l+4, 11l+7},

{2l, 9l + 6, 11l + 6}, {2l − 2, 9l + 7, 11l + 5}, · · · , {2, 10l + 5, 10l + 7},

{2l + 1, 10l + 6, 12l + 7}, {4l + 1, 5l + 4, 9l + 5}.

N´�yþã8Ü÷v�¦.

(iii) k = 4l + 3, l ∈ N. �ù
f8�:

{1, 6l + 4, 6l + 5}, {3, 6l + 3, 6l + 6}, · · · , {2l + 1, 5l + 4, 7l + 5},

{2l + 4, 5l + 3, 7l + 7}, {2l + 6, 5l + 2, 7l + 8}, · · · , {4l + 2, 4l + 4, 8l + 6},

{4l+1, 8l+7, 12l+8}, {4l− 1, 8l+8, 12l+7}, · · · , {2l+5, 9l+5, 11l+10},

{2l + 2, 9l + 6, 11l + 8}, {2l, 9l + 7, 11l + 7}, · · · , {2, 10l + 6, 10l + 8},

{4l + 3, 7l + 6, 11l + 9}, {2l + 3, 10l + 7, 12l + 10}.

N´�yþã8Ü÷v�¦.

(iv) k = 4l + 4, l ∈ N. �ù
f8�:

{1, 6l + 7, 6l + 8}, {3, 6l + 6, 6l + 9}, · · · , {2l − 1, 5l + 8, 7l + 7},

{2l + 2, 5l + 6, 7l + 8}, {2l + 4, 5l + 5, 7l + 9}, · · · , {4l + 4, 4l + 5, 8l + 9},
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{4l+1, 8l+10, 12l+11}, {4l−1, 8l+11, 12l+10}, · · · , {2l+3, 9l+9, 11l+12},

{2l, 9l+11, 11l+11}, {2l− 2, 9l+12, 11l+10}, · · · , {2, 10l+10, 10l+12},

{2l + 1, 10l + 11, 12l + 12}, {4l + 3, 5l + 7, 9l + 10}.

N´�yþã8Ü÷v�¦.

nÜ (i),(ii),(iii),(iv)�Ún¼y!

£££������KKK. n = 1, 3�(Øw,¤á. n = 5�,·�ky²:

é?� n� 2-ä (nØ7�Ûê)� n�º:,�±ÀJÙ¥ n − 1�ÝØ

� 2�º: V1, V2, · · · , Vn−1,¿ÀJ n − 1^> f(V1), f(V2), · · · , f(Vn−1),§�

pØ�Ó� f(Vi)± Vi����º:, 1 ≤ i ≤ n− 1. (∗)

·��IÀ��ã¥��¡“�f”,ò�f¥�:éA�Ù¥�>,¿òT

�f�K,3#ã¥Eù�L§,¿�y�K�º:3�ã¥Ø�Ý� 2�º

: (éu t(≥ 2)�ä,Ùok�� 2¡�f,�ã¥�õ��Ý� 2�º:,�

ù���).XdB�ÀÑ÷v�¦� n− 1�º:9§�éA�>.

P����º:� Vn, f(Vn)��^Ø3T n� 2-ä¥Ñy�>,·�kT

n� 2−ä¥z�^>þ�,^ f(Vi) (Ï�T n� 2-ä¥T n− 1^>).

e¡·�� f(Vi)D� ei,¦� e1, e2, · · · , en−1 �¤ 1, 2, · · · , n − 1���

ü�,¿�,é 1 ≤ i ≤ n, ∑
Vj � Vi ��
� f(Vi)6=ViVj

ei ≡ 0 (mod n), (1)

XdBkº: Vi��� ei (1 ≤ i ≤ n) (� n¿Âe), (Ï f(Vi) 6= ViVj � Vj �

Vi���, VjVi = f(Vj)),º: Vn��� 0 (� n¿Âe).

e¡·�y² (1)���.

d 2 - n��� n− 1 = 6k + r, r = {0, 2, 4}, k ∈ N.

·�kòz���� {ej | Vj � Vi��� f(Vi) 6= ViVj} (1 ≤ i ≤ n)©�

eZØ�� 3�8Ú 2�8�¿ (d (∗)�z����ù��8Üþ�� 2�

��,�ù�±��).

�ù�·���
 s� 3�8Ú t� 2�8, s, t ∈ N.�I4§�z���

Ú� n� 0,K

3s+ 2t = n− 1,

k 2 | s,� 1
2
s | k.

dÚn,�3 1
2
s� {1, 2, · · · , 3k+1}� 3�f8 {ai, bi, ai+bi} (1 ≤ i ≤ 1

2
s),

9 êÆ#(�



üü���,� 3k� 3k + 1¥�õk��Ñy3Ù¥,@o·��Xe� s�

3�8

{ai, bi, n− ai − bi}, {n− ai, n− bi, ai + bi} (1 ≤ i ≤ 1

2
s);

9Xe� t� 2�8

{u, n− u} (u /∈ {ai, bi, ai + bi} (1 ≤ i ≤ 1

2
s)� u ≤ n− 1

2
)

ù�� 3�8Ú 2�8Ò÷v�¦!

� (1)���,·���
÷v�¦�IP�ª, n��Ûê� n ≥ 5�÷

v�¦!

nþ,¤¦��N�Ûê.

(2)¤¦��N�óê.

��¡,d (1)(Ø� 2 | n.

,��¡,é�óê n, n = 2�Ùw,÷v�¦.

n ≥ 4�,aqu (1)¥1��¡��,é?� n� 2−ä,Ø�3¦ n�º

:��� npØ�Ó�IP�ª (Ï� n - n(n−1)
2

).

é?� n � 2−ä, d (1) ¥(Ø (∗), ·��±�Ù¥ n − 1 �º:

V1, V2, · · · , Vn−1 é�÷v (∗)¥^��> f(V1), · · · , f(Vn−1),¿P����º

:� Vn, f(Vn)��^Ø3T n� 2−ä¥Ñy�>,e¡·�� f(Vi)D� ei,

¦� e1, e2, · · · , en−1�¤ 1, 2, · · · , n−1���ü�,¿�é n−1� {1, 2, · · · , n}

¥� i,k ∑
Vj � Vi ��
� f(Vi)6=ViVj

ej ≡ 0 (mod n), (2)

Xd,P en = n,Bkéu÷v (2)� i,º: Vi��� ei (� n¿Âe),�T n

� 2-ä¥�º:��� nk n− 1�ØÓ�.

e¡·�y² (2)���.

aqu (1)�y²:�I�Äé s� 3�8Ú t� 2�8 (s, t ∈ N, 3s+ 2t =

n− 1)��¹,� n− 1 = 6k+ r, r ∈ {3, 5, 7}, k ∈ N,d 3s+2t = n− 1 k 2 - s,

� 1
2
(s− 1) ≤ k.

dÚn,�3 1
2
(s− 1)� {1, 2, · · · , 3k + 1}� 3�f8 {ai, bi, ai + bi} (1 ≤

i ≤ 1
2
(s− 1)),Ùüü���,� 3k� 3k + 1¥�õk��Ñy3Ù¥,@o·

��Xe� s� 3�8

{ai, bi, n− ai − bi}, {n− ai, n− bi, ai + bi} (1 ≤ i ≤ 1

2
(s− 1));

www.nsmath.cn 10



9Xe� t�2�8

{u, n− u} (u /∈ {ai, bi, ai + bi} (1 ≤ i ≤ 1

2
(s− 1))� u <

n− 1

2
),

� t�9�� 3����¤� 3�8. (du t < n−1−3s
2

< n−1−3(s−1)
2

,�ù�±

��!)

Xd,Ø
����8Ü	,Ù{8Ü��þ� n�Ø,�ù
 3�8Ú 2

�8Ò÷v�¦!

� (2)���, n��óê� n ≥ 4�÷v�¦!

nþ,¤¦��N�óê. �

µ5 dKékJÝ,�|S�k�OÓÆ�Ñ.ÙJ:kü�,�´XÛ{

ü/(½z�º:��,�{ü��{Ò´4z�º:��d§ÚÑ��^>

(½,ddg,�Ñ
©¥�Ún;�´Ún�y²,Ä��{Ò´k�E{ü

�¹,2Ïé5Æ.
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