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¥Æ)!Üà� (<�N¥)!Ü` (x²�¥)!�Lz (3��ÆNá¢�Æ

�)!�²� (úôW���¥Æ)!Û�u (uÀ���Æ)!±Un.
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I. ÁÁÁ KKK

1. ¦¤k���ê n,¦� 3n + n2 + 2019´����²�ê.

(qÛøK)

2. 3b�n�/ ABC ¥, AB > AC,: O!H ©O�Ù	%ÚR%,:

M �> BC �¥:.� AM �ò���4BHC �	���u: K,�� HK

� BC �u: N.y²:e ∠BAM = ∠CAN,K AN ⊥ OH.

(Ü`øK)

?¾FÏ: 2019-08-25.
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3. � S = { (i, j) | i, j = 1, 2, · · · , 100 } ´���I²¡þ� 100 × 100

��:�¤�8Ü.ò S ¥�z�:/��½�o«ôÚ��.¦± S ¥o

�ôÚpØ�Ó�:�º:, �>²1u�I¶�Ý/�ê����U�.

(Y�u øK)

4. � n(n ≥ 2)´�½��ê.¦���¢ê λ,¦�é?¿¢ê x1, x2, · · · ,

xn ∈ [0, 1],�3 ε1, ε2, · · · , εn ∈ {0, 1},÷v:é?¿ 1 ≤ i ≤ j ≤ nÑk������
jX
k=i

(εk − xk)

������ ≤ λ.

(Üà�øK)

5. 3b�n�/ ABC ¥, AB > AC,: O!H ©O�Ù	%ÚR%.L:

H � AB �²1�� AC u:M,L: H � AC �²1�� AB u: N .� L

�H 'uMN �é¡:,�� OL� AH �u:K.y²:K!M!L!N o:

��.

(�LzøK)

6. � n(n ≥ 2)��¢ê a1, a2, · · · , an÷v a1 ≤ a2 ≤ · · · ≤ an.y²:

X
1≤i<j≤n

(ai + aj)
2

�
1

i2
+

1

j2

�
≥ 4(n− 1)

nX
i=1

a2i
i2
.

(�2ÉøK)

7. y²:é?¿��ê k,�õ�3k��8Ü T,÷ve�^�:

(1) T dk���ê|¤;

(2)
Q
p∈T

p

���� Q
p∈T

(p+ k).

(�²�øK)

8. ¡/X {x, 2x, 3x}�8Ü�“Ð�”.é�½��ê n(n ≥ 3),¯:d n�

��ê�¤�8Ü�õUkõ��“Ð�”f8?

(�²�øK)
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K 1 ¦¤k���ê n,¦� 3n + n2 + 2019´����²�ê.

) e n�Ûê,K 3n + n2 + 2019 ≡ (−1)n + n2 + 3 ≡ 3 (mod 4),Ø�U

´��²�ê.� n�óê.

� n = 2m(m ∈ N∗),K

3n + n2 + 2019 = 32m + 4m2 + 2019 > (3m)2 ,

u´

32m + 4m2 + 2019 ≥ (3m + 1)2 ,

= 3m − 2m2 ≤ 1009.

�m ≥ 7�,·�^8B{y² 3m > 2m2 + 1009,�m = 7�,(Ø¤á.

b�·Kém¤á,= 3m > 2m2 + 1009.�m+ 1�,

3m+1 > 3(2m2 + 1009) = 6m2 + 3027 > 2(m+ 1)2 + 1009.

�·Kém+ 1¤á.lØ�ª¼y.

Ïdm ≤ 6.

�m = 1�, 32m + 4m2 + 2019 = 2032,Ø´��²�ê.

�m = 2�, 32m + 4m2 + 2019 = 2116 = 462,÷vK¿.

�m = 3½ 6�, 32m + 4m2 + 2019 ≡ 3 (mod 9),Ø´��²�ê.

�m = 4�, 32m + 4m2 + 2019 ≡ 6 (mod 7),Ø´��²�ê.

�m = 5�, 32m + 4m2 + 2019 ≡ 3 (mod 5),Ø´��²�ê.

nþ��,÷v^����ê�k n = 4. �

µ5 ù´��¥�JÝ�Ø½�§¯K,�©Ç� 50.6%.¤¦ª� 4�

�� n´óê,|^Ø�ª�O�� n ≤ 12,Å�u����÷v^���k

n = 4.

K 2 3b�n�/ ABC ¥, AB > AC,: O!H ©O�Ù	%ÚR%,:

M �> BC �¥:.� AM �ò���4BHC �	���u: K,�� HK

� BC �u: N.y²:e ∠BAM = ∠CAN,K AN ⊥ OH.

y{� �� AM � K ′, Ko>/ ABK ′C �²1o>/, d BH ⊥

AC,BK ′ � AC � BH ⊥ BK ′,Ón, CK ′ ⊥ CH,u´ B,H,C,K ′o:��,�

K ′�K Ü,KH �d���».

3 êÆ#(�



� KH ¥: T ,K T ´ 4BHC 	����%,�§��»�� O�»�

Ó,u´ O, T 'u BC é¡,� AH ²1��u OT ,lo>/ AOTH �²

1o>/,�� AO �KH,u´ ∠OAM = ∠AKH.

d AM,AN ´���, AO,AH �´���, � ∠OAM = ∠HAN , u´

∠HAN = ∠AKH.

(Ü ∠AHK = ∠NHA��4AHK ∼ 4NHA,u´

AH2 = HN ·HK = HN2 +HN ·NK.

(Ü��½n� AH2 −HN2 = HN ·NK = BN ·NC = AO2 −ON2.

¤± AN ⊥ OH. �

y{� �� AM � K ′, Ko>/ ABK ′C �²1o>/, d BH ⊥

AC,BK ′ � AC � BH ⊥ BK ′,Ón, CK ′ ⊥ CH,u´ B,H,C,K ′o:��,�

K ′�K Ü,KH �d���».

�KH ¥: T ,K T ´4BHC	����%,�§��»��O�»�Ó,

u´ O, T 'u BC é¡,� AH ²1��u OT ,lo>/ AOTH �²1o

>/,�� AO �KH,u´ ∠OAM = ∠AKH.
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d AM,AN ´���, AO,AH �´���, � ∠OAM = ∠HAN , u´

∠HAN = ∠AKH.

�AN ��O�u: P ,ë( PO, PH,d��½nAN ·NP = BN ·NC =

HN ·NK,� A,H, P,K o:��.

l ∠APH = ∠AKH = ∠OAM = ∠HAN = ∠HAP ,u´ AH = HP .

2d OA = OP �� OH � AP �R�²©�.

¤± AN ⊥ OH. �

µ5 ù´��¥�JÝ�AÛ¯K, �©Ç� 40.8%. k��ÑX

∠OAM = ∠AKH �Ä�AÛ5�, ,�kü«�{5y² AN ⊥ OH ,

{�|^��½nO��ã�²��5yR�,{�é�
��± OH �é¡

¶�ã/5yR�,ùÑ´da¯K�~�?n�{.

K 3 � S = { (i, j) | i, j = 1, 2, · · · , 100 }´���I²¡þ� 100 × 100

��:�¤�8Ü.ò S ¥�z�:/��½�o«ôÚ��.¦± S ¥o�

ôÚpØ�Ó�:�º:,�>²1u�I¶�Ý/�ê����U�.

) ¤¦����� 9375000.

�o«ôÚ� A,B,C,D.- Ri = {(x, i)|x = 1, 2, · · · , 100}��:��/

�1 i1, Tj = {(j, y)|y = 1, 2, · · · , 100}��:��/�1 j �.¡± S ¥o�

ôÚpØ�Ó�:�º:,�>²1u�I¶�Ý/�“oÚÝ/”.

kyXeÚn:

ÚÚÚnnn e Ri, Rj TÐ3 k� �þÓÚ,Kùü1�)�oÚÝ/��êØ

�L (100−k)2
4

.

y² e Ri, Rj 3,� �þÓÚ,Kùü�:Ø�Uáu��oÚÝ/.

e (x, i), (x, j)� A,B üÚ,K��=� (y, i), (y, j)� C,DüÚ�ùo:�¤

oÚÝ/.aq��Ù¦�¹.

3 100é�: (x, i), (x, j)¥ (1 ≤ x ≤ 100),�k l1é�:� A,BüÚ,k

l2é�:� A,C üÚ,k l3é�:� A,DüÚ,k l4é�:� B,C üÚ,k l5

é�:� B,DüÚ,k l6é�:� C,DüÚ. K l1 + l2 + · · ·+ l6 = 100− k.

5¿� Ri� Rj TÐ)¤ l1l6 + l2l5 + l3l4�oÚÝ/,

l1l6 + l2l5 + l3l4 ≤
(l1 + l6)

2

4
+

(l2 + l5)
2

4
+

(l3 + l4)
2

4

≤ (l1 + l2 + l3 + l4 + l5 + l6)
2

4
=

(100− k)2

4
.
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�Ún¼y.

£������KKK.�Ri�Rj3 ki,j� �þÓÚ,K
P

1≤i<j≤100
ki,jT�î�I�Ó

�ÓÚ:é��ê.·�lz��Ñué§?1Oê,� Tj¥A,B,C,DoÚ�

k aj, bj, cj, dj� (aj+bj+cj+dj = 100),KTj¥ÓÚ:éTkC2
aj
+C2

bj
+C2

cj
+C2

dj

�.l

X
1≤i<j≤100

ki,j =
100X
j=1

�
C2
aj
+ C2

bj
+ C2

cj
+ C2

dj

�

=
100X
j=1

�
1

2

�
a2j + b2j + c2j + d2j

�
− 1

2
(aj + bj + cj + dj)

�

≥
100X
j=1

�
1

8
(aj + bj + cj + dj)

2 − 1

2
(aj + bj + cj + dj)

�

= 100 ·
�
1

8
· 1002 − 1

2
· 100

�

= 120000.

(ÜÚn9þª��oÚÝ/��êØ�L

X
1≤i<j≤100

(100− ki,j)2

4
≤

X
1≤i<j≤100

100 · (100− ki,j)
4

= 2500 · C2
100 − 25

X
1≤i<j≤100

ki,j

≤ 9375000.

e¡�E�«/Ú�{¦�ã¥Tk 9375000�oÚÝ/.ò 100× 100�

�:�©� 16�«�,z�«�þ� 25× 25��:,Ueãòz�«�/Ú:

A B C D

B A D C

C D A B

D C B A

dþã/Ú�{,�ü1�1���:áuÓ�«��,ùü1Ø)¤oÚÝ

/;�ü1�1���:ØáuÓ�«��,@oùü1k 4é«��¤ÓÚÝ

/,l)¤ 4 × 252 = 2500�oÚÝ/.�ã¥�k 2500 × (25 × 25 × C2
4) =

9375000�ÓÚÝ/,÷v^�.

nþ,¤¦����� 9375000. �

µ5 ù´���~(J�|Ü¯K,�©Ç� 5.8%.�Á¥éõÓÆr�

Yß�
(�¤
6250000).dK�\Ã:3u�E,kr�:�©¤ 4× 4�«

�,2òù
«�·� 4/Ú�Ò�±�� 9375000�ÓÚÝ/.y²ÄuÓÚ
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:é��O,ÚnJø
ézü1�oÚÝ/�ê��O,k^�üg��{9

�ÜØ�ª�±��
P

1≤i<j≤100
ki,j �e.,2(ÜÚn9·��Ø�ª� Ò�

±y�(J.

K 4 � n(n ≥ 2) ´�½��ê. ¦���¢ê λ, ¦�é?¿¢ê

x1, x2, · · · , xn ∈ [0, 1],�3 ε1, ε2, · · · , εn ∈ {0, 1},÷v:é?¿ 1 ≤ i ≤ j ≤ nÑ

k ������
jX
k=i

(εk − xk)

������ ≤ λ.

) λ����� n
n+1

.

��¡, � x1 = x2 = · · · = xn = 1
n+1

. é?¿ ε1, ε2, · · · , εn ∈ {0, 1}, ·�

y²�3 1 ≤ i ≤ j ≤ n, ¦�������
jX
k=i

(εk − xk)

������ ≥
n

n+ 1
.

¯¢þ, ��3,� 1 ≤ t ≤ n¦� εt = 1�, � i = j = t, K������
jX
k=i

(εk − xk)

������ = |εt − xt| =
����1− 1

n+ 1

���� = n

n+ 1
.

�é?¿ 1 ≤ t ≤ nÑk εt = 0�, � i = 1, j = n, K������
jX
k=i

(εk − xk)

������ =
�����
nX
k=1

(εk − xk)
����� = n

����0− 1

n+ 1

���� = n

n+ 1
.

� λ ≥ n
n+1

.

,��¡, ·�`²� λ = n
n+1
�, é?¿¢ê x1, x2, · · · , xn ∈ [0, 1], �3

÷v�¦� ε1, ε2, · · · , εn ∈ {0, 1}.

P S0 = 0, S1 = x1, S2 = x1 + x2, · · · , Sn = x1 + x2 + · · ·+ xn.

ò«m [0, 1)�©¤ n+1��«m [0, 1
n+1

), [ 1
n+1

, 2
n+1

), · · · , [ n
n+1

, 1), KÙ¥

�½k��«mØ¹ {S1}, {S2}, · · · , {Sn}£{x}L« x��êÜ©¤, Pd«

m� [α− 1
n+1

, α).

e¡�Ñ ε1, ε2, · · · , εn ��{µé?¿ 1 ≤ k ≤ n, XJ�3�K�ê m,

¦�

Sk−1 ≤ m+ α− 1

n+ 1
< m+ α ≤ Sk,

K� εk = 1¶ÄK� εk = 0.

e¡�yù���{÷v�¦,=é?¿ 1 ≤ i ≤ j ≤ nÑk

�����
jP
k=i

(εk − xk)
����� ≤

n
n+1

.
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¯¢þ, d α��{, ��3�K�êm, l¦�

m− 1 + α ≤ Si−1 ≤ m+ α− 1

n+ 1
, l − 1 + α ≤ Sj ≤ l + α− 1

n+ 1
.

¤±

xi + · · ·+ xj = Sj − Si−1 ∈
�
l −m− n

n+ 1
, l −m+

n

n+ 1

�
.

d ε1, ε2, · · · , εn��{, �3 εi, · · · , εj ¥Tk l −m�� 1, u´

εi + · · ·+ εj = l −m.

�

(εi + · · ·+ εj)− (xi + · · ·+ xj) ∈
�
− n

n+ 1
,

n

n+ 1

�
,

= ������
jX
k=i

(εk − xk)

������ ≤
n

n+ 1
.

nþ, λ����� n
n+1

. �

µ5 ù´��'�(J��k|Ü¿��Ø�ª¯K,�©Ç� 7.4%.�

K�(J��Ú3urØ�ª�>w� xk �Ü©Ú��êÜ©,lr¯K=

z¤��|Ü¯K,=z��¯KJÝ��K��ü$.ù�K�Ã{� 2006

c1 673ÊAH�Æ)êÆ¿m B2aq:

� X = {x1, x2, · · · , xn}´ n�¢ê8,y²:�3 X ���f8 S Ú�ê

m,¦� �����m+
X
s∈S

s

����� ≤ 1

n+ 1
.

K 5 3b�n�/ ABC ¥, AB > AC,: O!H ©O�Ù	%ÚR%.L

:H � AB�²1�� AC u:M,L:H � AC �²1�� ABu: N .�

L�H 'uMN �é¡:,�� OL� AH �u:K.y²:K!M!L!N o

:��.

y{�
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Ï� L� H 'uMN �é¡:, ANHM ´²1o>/,¤± ∠LNM =

∠HNM = ∠AMN, LN = HN = AM ,l4AMN ∼= 4LNM ,� ANML´

��F/,�k ∠NAM = ∠NLM Ú A,N,M,Lo:��.

dR%5�� ∠HBN = ∠HCM ,q ∠BNH = ∠BAC = ∠CMH,¤±

4BNH ∼ 4CMH,K BN
CM

= NH
MH

,l BN ·NA = CM ·MA,�: N Ú:M

é� O���Ó,d��½n�� OM = ON .

�MN �R�²©�� l,d ANML´��F/� A,L'u�� l¶é

¡,N,M 'u�� l¶é¡,q O3 lþ,Kk ∠KLM = ∠OAN = ∠KAM ,�

A,K,M,Lo:��.

K A,N,K,M,LÊ:��,¤±K,M,L,N o:��. �

y{�

Ï� L� H 'uMN �é¡:, ANHM ´²1o>/,¤± ∠LNM =

∠HNM = ∠AMN, LN = HN = AM ,l4AMN ∼= 4LNM ,� ANML´

��F/,�k ∠NAM = ∠NLM Ú A,N,M,Lo:��.

dR%5�� ∠HBN = ∠HCM ,q ∠BNH = ∠BAC = ∠CMH,¤±

4BNH ∼ 4CMH,l BN
CM

= NH
MH

,� LN
LM

= HN
HM

= BN
CM

.

d ∠ANL = ∠AML � ∠LNB = ∠LMC, K 4LNB ∼ 4LMC, u´

∠NBL = ∠MCL,l: L3� Oþ,¤± OA = OL.

� AL�R�²©�� l,d ANML´��F/� A,L'u�� l ¶é

¡,N,M 'u�� l¶é¡,q O3 lþ,¤± ∠KLM = ∠OAN = ∠KAM ,�

A,K,M,Lo:��.

K A,N,K,M,LÊ:��,¤±K,M,L,N o:��. �

µ5 ù´��¥�JÝ�AÛ¯K,�©Ç� 52.3%.1�«�{|^�

qn�/(Ü��½n�Ñ OM = ON ,1�«�{|^�qn�/Úo:�

��Ñ L3 4ABC �	��þ,��ü«�{Ñ´|^ã/�é¡55��

�yK,M,L,N o:��.
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K 6 � n(n ≥ 2)��¢ê a1, a2, · · · , an÷v a1 ≤ a2 ≤ · · · ≤ an.y²:

X
1≤i<j≤n

(ai + aj)
2

�
1

i2
+

1

j2

�
≥ 4(n− 1)

nX
i=1

a2i
i2
.

y² ^êÆ8B{y²Ø�ª.

n = 2�,�Ø�ª�du

(a1 + a2)
2
�
1 +

1

4

�
≥ 4

�
a21 +

a22
4

�

⇔5

4
(a1 + a2)

2 ≥ 4a21 + a22

⇔5 (a1 + a2)
2 ≥ 16a21 + 4a22

⇔a22 + 10a1a2 ≥ 11a21,

5¿� a2 ≥ a1, a
2
2 ≥ a21, a1a2 ≥ a21,�þª¤á,l n = 2�Ø�ª¤á.

b�Ø�ªé n¤á,=

X
1≤i<j≤n

(ai + aj)
2

�
1

i2
+

1

j2

�
≥ 4(n− 1)

nX
i=1

a2i
i2
.

� n+ 1�,�Iy²

X
1≤i<j≤n+1

(ai + aj)
2

�
1

i2
+

1

j2

�
−

X
1≤i<j≤n

(ai + aj)
2

�
1

i2
+

1

j2

�

≥ 4n
n+1X
i=1

a2i
i2
− 4(n− 1)

nX
i=1

a2i
i2
,

=y
nX
i=1

(ai + an+1)
2

�
1

i2
+

1

(n+ 1)2

�
≥ 4

nX
i=1

a2i
i2

+
4na2n+1

(n+ 1)2
. (1)

5¿�é 1 ≤ i ≤ n,k aian+1 ≥ a2i ,l

(ai + an+1)
2 = a2i + a2n+1 + 2aian+1 ≥ 3a2i + a2n+1.

K

(1)� ≥
nX
i=1

(3a2i + a2n+1)

�
1

i2
+

1

(n+ 1)2

�

= 3
nX
i=1

�
1

i2
+

1

(n+ 1)2

�
a2i +

 
nX
i=1

1

i2
+

1

(n+ 1)2

!
a2n+1.

��I

3
nX
i=1

�
1

i2
+

1

(n+ 1)2

�
a2i +

 
nX
i=1

1

i2
+

1

(n+ 1)2

!
a2n+1 ≥ 4

nX
i=1

a2i
i2

+
4na2n+1

(n+ 1)2

⇔
nX
i=1

�
3

(n+ 1)2
− 1

i2

�
a2i +

 
nX
i=1

1

i2
− 3n

(n+ 1)2

!
a2n+1 ≥ 0. (2)

5¿�
nP
i=1

1
i2
− 3n

(n+1)2
≥ 1 − 3n

(n+1)2
> 0, { 3

(n+1)2
− 1

i2
}'u i´üN4O�,

www.nsmath.cn 10



a2i 'u i�´üN4O�,d�'ÈÅØ�ª
nX
i=1

�
3

(n+ 1)2
− 1

i2

�
a2i ≥

1

n

"
nX
i=1

�
3

(n+ 1)2
− 1

i2

�#
·
 

nX
i=1

a2i

!

= −
 

nX
i=1

1

i2
− 3n

(n+ 1)2

!
·
 
1

n

nX
i=1

a2i

!

≥ −
 

nX
i=1

1

i2
− 3n

(n+ 1)2

!
a2n+1.

¤± (2)¤á.� n+ 1�Ø�ª¤á.

nþ,Ø�ª¼y. �

µ5 ù´��k�½JÝ�Ø�ª¯K,�©Ç� 20.7%.� nk'�Ø

�ªég,¬��êÆ8B{, nLÞ� n+1I�y²Ø�ª (1) ,kr aian+1

ù«�� � a2i ,l�Iy (2) ,2^�'ÈÅØ�ª½'�XêÒ�±�y.

�|þkÓÆ�Ñ
 (2)é{'�y²,5¿�§�du
nX
i=1

a2n+1 − a2i
i2

≥
nX
i=1

3(a2n+1 − a2i )
(n+ 1)2

.


nX
i=1

a2n+1 − a2i
i2

≥ a2n+1 − a21 ≥
3n(a2n+1 − a21)

(n+ 1)2
≥

nX
i=1

3(a2n+1 − a2i )
(n+ 1)2

,

�Ø�ª¤á.

K 7 y²:é?¿��ê k,�õ�3k��8Ü T,÷ve�^�:

(1) T dk���ê|¤;

(2)
Q
p∈T

p

���� Q
p∈T

(p+ k).

y² ^�y{.b��3Ã¡õ�÷v^�� T.duk�8�kk��

f8,�é?¿��êM,�3��÷v^�� T,Ù¥k�uM ���. ÄK

¤kù�� T Ñ´ {1, 2, · · · ,M}�f8,�kÃ¡õ�gñ.

�M = 2k2 + 2k.dþãí�������÷v^�� T,¦�§k�u

M ���.� q� T ¥�����.

e¡^8B{y²:é i = 0, 1, 2, · · · , k, q − ikÑ´ T ¥���.

i = 0�·K¤á.

b�·Ké i¤á.K i+ 1�,k

q − ik
���� Y
p∈T

(p+ k)

d8Bb�, q − ik ´�ê,��3 p ∈ T ¦� p + k ´ q − ik ��ê.du

11 êÆ#(�



q > M ,�

2(q − ik)− (q + k) = q − (2i+ 1)k > 2k2 + 2k − (2k + 1)k > 0,

l

p+ k ≤ q + k < 2(q − ik),

u´��U q− ik = p+ k,= p = q− (i+ 1)k´ T ¥���. �é i+ 1·K¤

á.

Ïd, q, q − k, q − 2k, · · · , q − k2Ñ´ T ¥��. 5¿� (k, k + 1) = 1,�

q, q− k, q− 2k, · · · , q− k2�¤� k+1��X,l�3 0 ≤ i ≤ k¦� q− ik

´ k+ 1��ê.du q− ik ≥ 2k2 + 2k− k2 = k2 + 2k > k+ 1,� k+ 1 > 1 ,�

q − ik´Üê,gñ!

nþ,ù�� T �kk�õ�. �

µ5 ù´��k�½JÝ�êØ¯K,�©Ç� 15.1%.�Ä�y{´'

�g,�,|^�y{b��� T ¥�����±?¿�,l���m©�±

é�¿©��z��Ñ´�ê���ê�,|^�X�5���ù���ê�

¥�½kÜê,l�Ñgñ.

K 8 ¡/X {x, 2x, 3x}�8Ü�“Ð�”.é�½��ê n(n ≥ 3),¯:d n

���ê�¤�8Ü�õUkõ��“Ð�”f8?

){� ¤¦����� n− d
√
8n+1−1

2
e (Ù¥ dyeL«Ø�u¢ê y���

�ê).

��¡, éu?� n ���ê8 S, e¡y² S ¥“Ð�”f8Ø�L

n− d
√
8n+1−1

2
e�.

P t = d
√
8n+1−1

2
e( t ∈ N∗),K

√
8n+1−1

2
≤ t <

√
8n+1+1

2
. ù�du

(2t− 1)2 < 8n+ 1 ≤ (2t+ 1)2 ⇔ 1

2
t(t− 1) < n ≤ 1

2
t(t+ 1).

��� n = 1
2
t(t− 1) + r,Ù¥ 1 ≤ r ≤ t (r ∈ N∗).

e¡½Â�d'X ∼ : ê x, y ÷v x ∼ y ��=��3 α ∈ Z, ¦�

x = 2αy.

éuÛêm,P Sm = { x | x ∈ S, x ∼ m }.

@o S ¥z���þ3,� Sm ¥.d S �k�8�:�kk�� m¦�

Sm��.�§��m1 < m2 < · · · < mk,Kk S = Sm1 ∪ Sm2 ∪ · · · ∪ Smk
.

www.nsmath.cn 12



eP Tmi
= { x | x ∈ Smi

, 2x, 3x ∈ S} (1 ≤ i ≤ k).

@o,du S ¥?�“Ð�”f8 { y, 2y, 3y}¥��� y7� Tm1 ∪ Tm2 ∪

· · · ∪ Tmk
¥���, �ù�“Ð�”f8�ù�� y ��éA. � S ¥Tk

|Tm1 ∪ Tm2 ∪ · · · ∪ Tmk
| = |Tm1|+ · · ·+ |Tmk

|�“Ð�”f8.

ey
kX
i=1

|Tmi
| ≤ n− t.

5¿�,é x ∈ Tmi
,k 2x ∈ S,= 2x ∈ Smi

.q Smi
¥7�3 2��g��

��� x0,=k
x0
2
/∈ Tmi

.�

|Tmi
| ≤ |Smi

| − 1. (1)

¿�,é x ∈ Tmi
, 3x ∈ S.K 3x ∈ S3mi

,�

|S3mi
| ≥ |Tmi

| . (2)

Ïd,·�k:

(i)e k ≥ t,K

kX
i=1

|Tmi
| ≤

kX
i=1

(|Smi
| − 1) = |S| − k = n− k ≤ n− t.

(ii)e k ≤ t− 1,�é 1 ≤ i ≤ k, |Tmi
| ≤ t− i− 1.K

kX
i=1

|Tmi
| ≤

kX
i=1

(t− i− 1) ≤ 1

2
(t− 1)(t− 2) < n− t.

(iii)e k ≤ t− 1,��3 1 ≤ j ≤ k¦�
���Tmj

��� ≥ t− j.

5¿�

S ⊇
�
Sm1 ∪ Sm2 ∪ · · · ∪ Smj

∪ S3mj
∪ S3mj+1

∪ · · · ∪ S3mk

�
,

�

n ≥
jX
i=1

|Smi
|+

kX
i=j

|S3mi
|

≥
jX
i=1

|Tmi
|+ j + (t− j) +

kX
i=j+1

|Tmi
|

=
kX
i=1

|Tmi
|+ t

¤±
kX
i=1

|Tmi
| ≤ n− t.

nÜ (i), (ii), (iii)� S ¥“Ð�”f8Ø�L n− t�.

,��¡,·��Ñ�E.� n���ê8 P �Xe t�8Ü P1, · · · , Pt

13 êÆ#(�



�¿: � 1 ≤ i ≤ r �, Pi =
¦
2i3β| 1 ≤ β ≤ t+ 1− i

©
; � r + 1 ≤ i ≤ t �,

Pi =
¦
2i3β| 1 ≤ β ≤ t− i

©
.

K |P | = 1
2
t(t − 1) + r = n,� P ¥/X {2α3β, 2α+13β, 2α3β+1}�f8¥

α, β�� 1 ≤ α ≤ r− 1, 1 ≤ β ≤ t− α½ r ≤ α ≤ t− 1, 1 ≤ β ≤ t− α− 1.ù�

� (α, β)�O

(0 + 1 + · · ·+ t− 2) + (r − 1) =
1

2
(t− 1)(t− 2) + r − 1 = n− t�.

nþ��,¤¦����� n− d
√
8n+1−1

2
e. �

){� ¤¦����� n− d
√
8n+1−1

2
e.

~f��E�){��Ó.

e¡y²Ð�f8�õ n− d
√
8n+1−1

2
e�.

ò n �êéA n �:, e x, y ÷v 2x = y, Kd x � y ë�^ù>; e

3x = y,Kd x� yë�^7>.Kz�Ð�f8éA��d�:uÑ�ù�7

ü^>�ã/.

´�ù>�7>ØÜ,¤kù>�¤eZ^ó,¤k7>½�¤eZ^

ó(�á:À�g¤ó),�k

ù>ê = n−ùó�^ê, 7>ê = n−7ó�^ê.

�ã¥k a�ØÓ�uÑ7>Úù>�:,@oÙ{ n− a�:ÑuÑù>

Ú7>.

éz�Ó�uÑù>Ú7>�:·�?1Xeö�:e§¤uÑ�ù>�

ª:��Ñù>ÒUY÷ù>re�,ù��ª�½Ur�,�ØuÑù>�

:,7>�aqö��ª�±r���ØuÑ7>�:.ò�Ð�:N��§¤

uÑ�ù>Ú7>r�ª:�ü:�¤�ÃS:é.e¡y²ù´��ü�.

�ê xù>r��ª:éAê u,7>r��ª:éAê v,r x, u, v Ñ

�¤ 2α3βm�/ª(Ù¥ α, β ´�K�ê, m� 6p�),� x = 2α13β1m1, u =

2α23β2m2, v = 2α33β3m3,Km1 = m2 = m3, α1 = min{α2, α3}, β1 = min{β2, β3}.

� xd u� v��(½,lù´��ü�.

¤±

n− a ≤ a(a− 1)

2
,

l
a(a+ 1)

2
≥ n,
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)�

a ≥ d
√
8n+ 1− 1

2
e,

¤±Ð�f8��ê ≤ n− a ≤ n− d
√
8n+1−1

2
e. �

µ5 ù´��'�(J�|Ü¯K,�©Ç� 10.4%.�K�\Ã:3u

r n�¤ 2α3βm(Ù¥ α, β´�K�ê,m� 6p�),ùÒr¯K=z¤
3²

¡�:þ� n�:,Ù¥�õkõ����� 1���º:3�e�����

�n�/.ég,�±ßÿ��:Cq/������/�º:��ê���

�,ùÒ��
�K��E.y²ùp�
ü«�{,{�´©a?Ø5y²Ø

�ª,{�´ÏLïáü��)Ø�ª,Ù¥1�«�{�©|©.
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