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I. ÁÁÁ KKK

1. �½4AEF ,:B,D©O3AE,AF þ. BF,DE�u: C,AC� EF

ØR�. AC,EF �u: G. 4AEF �S�� �I �> AE �u:M , �> AF

�u: N . 4CEF �S�� �J �> CE �u: P , �> CF �u: Q. � IJ

¥: S. � S3 AC þÝK�K. eM,N,P,Qo:��, ¦y: I,K, J,Go:

��.

2. �½Û�ê p. ½Â fi(n)´÷v a ≡ ib (mod p), 1 ≤ a < b ≤ n���

êé (a, b)�éê. é��ê k, ¦ max
0≤i≤p−1

fi(kp)− min
0≤i≤p−1

fi(kp)��.

3. é�^�� l, eÙ²LÃ¡��:, K¡��Ð��. é²¡þ¤k�

:/Ú, ÷vé?¿²1u�I¶�Ð�� l, lþ�:äkÃ¡õ«ôÚ. ¯:

´Äé?¿ù��/Ú�ª, �½�3�^Ø²1u�I¶�Ð��, Ùþ�

:äkÃ¡õ«ôÚ?

4. ¦y: é?¿ ng¢Xêõ�ª f(x), o�3 ng¢Xêõ�ª g(x)÷

v |g(z)|2 = |f(z)|2 + 1é¤kü �þ�Eê z¤á.

5. �½o>/ ABCD, ADò��Ú BC ò���u: E, BAò��Ú

CDò���u: F . ²¡þ�: P ÷v PA · PC = PB · PD = PE · PF . ¯:

?¾FÏ: 2019-08-14.

1 êÆ#(�

http://www.nsmath.cn/xszl


ù��: P ´Ä�½�3? e�3ù�� P , ´Ä��? y²\�(Ø.

6. � a1, a2, · · · , an > 0,½Â

σ(a1, a2, · · · , an) = min

{∣∣∣∣∣
n∑
k=1

ekak

∣∣∣∣∣ : ek = 1½− 1

}
.

¦����¢ê λ,¦�

σ(a1, a2, · · · , an)

(
n∑
k=1

ak

)
≤ λ

n∑
k=1

a2k

é¤k�ê a1, a2, ..., an¤á.

7. �½��ê a ≡ b ≡ 1 (mod 3). ¦y: �3Ã¡õ��ª±Ï��ê�

{pn}, ÷v pn+1 | p2n + apn + bé¤k��ê n¤á.

8. �½��ê n, k, n ≥ 2. �½��IÒ� 1, 2, ..., n�ä T . ·�é��

êS� (a1, a2, ..., ak)?1ö�, ùp� 1 ≤ ai ≤ n. À½�� 1 ≤ i ≤ k − 1, e

aiÚ ai+13ä¥k>�ë, K�±�� ai, ai+1� �. e��S��±ÏLk

�g��C¤,��, K¡ùü�S��d. P f(T )´S���da��ê,

¦ f(T )�¤k�U�.

///. )))������µµµ555

1. �½4AEF ,:B,D©O3AE,AF þ. BF,DE�u: C,AC� EF

ØR�. AC,EF �u: G. 4AEF �S�� �I �> AE �u:M , �> AF

�u: N . 4CEF �S�� �J �> CE �u: P , �> CF �u: Q. � IJ

¥: S. � S3 AC þÝK�K. eM,N,P,Qo:��, ¦y: I,K, J,Go:

��.
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y² (///999UUU) Äky²��Ún:

ÚÚÚnnn �½4XY Z �4X1Y1Z1,÷vXY +X1Y1 = XZ+X1Z1,�∠Y XZ

�²©�� Y Z �u:W ,aq½ÂW1.e ∠XWZ = ∠X1W1Z1,Kk XY =

XZ,X1Y1 = X1Z1.

y² 5¿�

XY T XZ ⇔ ∠XZY T ∠XY Z

⇔ ∠Y XW + ∠YWX T ∠ZXW + ∠XWZ

⇔ ∠YWX T ∠XWZ,

ùp� T�±Ó�� >,=, <¥�?¿��.

Ón,∠Y1W1X1 T ∠X1W1Z1 ⇔ X1Y1 T X1Z1.dXY +X1Y1 = XZ+X1Z1

L² XY = XZ,X1Y1 = X1Z1,Ún�y.

£££������KKK. dM,N,Q, P o:��

⇒ ∠AMN + ∠EMP = ∠CQP + ∠BQN,

⇒ 90◦ − 1

2
∠MAN + ∠EMP = 90◦ − 1

2
∠PCQ+ ∠BQN,

⇒ ∠BQN − ∠EMP =
1

2
(∠PCQ− ∠MAN) =

1

2
(∠MEP + ∠QFN),

⇒ ∠EUP = ∠FV Q,

Ù¥, U ´ ∠MEP �²©��MP ��:, V ´ ∠NFQ�²©�Ú NQ��

:.

 EP + FQ = EF = EM + FN , é 4EMP,4FNQ ^Ún� EP =

EM,FQ = FN . �� �I,�J � EF �uÓ�: T , Kk CE + EF − CF =

2ET = EA+ EF − FA.

�]o>/ AECF é>�Ú��, �3��S��. ù�duo>/

ABCDkS�� ω. du AC � EF ØR�, ·��� IJ � AG�u�: R.

é �I,�J , � ω^Monge½n,� �I � �J S q¥%3�� AC þ. �

R� �I � �J S q¥%,  �I � �J ��: T .K T � �I � �J 	 q¥

%. � I, R, J, T �¤NÚ:�( q¥%©�%'Ñ�ü��»').

(Ü S � IJ ¥:⇒ RS · RT = RI · RJ .  ∠SKR = ∠GTR = 90◦, �

S,K, T,Go:��⇒ RS ·RT = RK ·RG⇒ RK ·RG = RI ·RJ ⇒ I, J,K,G

o:��. �

µ5 �KJÝ��,K8�9ü���AÛ�.:c�Ü©Ì�3y²
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A,B,C,DkS��,ù�AÛ�.�3 2015c CMO1�K�¥Ñy.��

�Ì�^�Monge½n�S	 q¥%, ù�AÛ�.K´3 2008c IMO

1 6K¥Ñy.

ùp^�� Monge ½n: én� Γ1,Γ2,Γ3, k Γ1,Γ2 �S q¥%,

Γ2,Γ3 �S q¥%, Γ1,Γ3 �	 q¥%n:��. y²d Menelaus ½n

N´��.

2. �½Û�ê p. ½Â fi(n)´÷v a ≡ ib (mod p), 1 ≤ a < b ≤ n���

êé (a, b)�éê. é��ê k, ¦ max
0≤i≤p−1

fi(kp)− min
0≤i≤p−1

fi(kp)��.

) (444²²²���) é ∀n ∈ N,P n� n� p�����{, P n¤3�� p�

{a� An.

é b ∈ Am (1 ≤ m ≤ p),7k a ∈ Aim.� a = k1p + im, b = k2p + m,Ke

im ≥ m,K (k1, k2)÷v�¦��=� k1 < k2; e im < m,K (k1, k2)÷v�¦

��=� k1 ≤ k2.

·�k: ÷v k1 < k2 � (k1, k2) k
(
k
2

)
|, ÷v k1 ≤ k2 � (k1, k2) k(

k
2

)
+ k|.Ïd

fi(kp) =

((
k

2

)
+ k

)
fi(p) +

(
k

2

)
(p− fi(p)) = kfi(p) + p

(
k

2

)
.

�

fi1(kp)− fi2(kp) = k(fi1(p)− fi2(p)).

Ïd�I�Ä fi(p)���Ú���.

5¿� f1(p) = 0,� fi(p)���� 0.

q ip = p,é 1 ≤ x ≤ p−1, ix+i(p− x) = p.� ix < xÚ i(p− x) < p−x

�õk��¤á. ùíÑ fi(p) ≤ p−1
2

. du p´Ûê, ¤± fp−1(p) = p−1
2

, �

fi(p)����
p−1
2

.

� k = 1�, ¤¦��

max
0≤i≤p−1

fi(p)− min
0≤i≤p−1

fi(p) =
p− 1

2
,

�

max
0≤i≤p−1

fi(kp)− min
0≤i≤p−1

fi(kp) =
k(p− 1)

2
. �

µ5 Äk�±r kp�ëY�êC¤ kã, zã� p��ê. �±wÑ�

© a, b´Ø´3Ó�ã?1Oê. ��uy, Ó�ã��ÿ´�äN?n�. ?
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�Ú, ^�é��{�±y² fi(p)é i 6≡ 0, 1 (mod p)Ñk fi(p) = p−1
2

. ��

Kg´g,, áu��¥� ´�K.

3. é�^�� l, eÙ²LÃ¡��:, K¡��Ð��. é²¡þ¤k�

:/Ú, ÷vé?¿²1u�I¶�Ð�� l, lþ�:äkÃ¡õ«ôÚ. ¯:

´Äé?¿ù��/Ú�ª, �½�3�^Ø²1u�I¶�Ð��, Ùþ�

:äkÃ¡õ«ôÚ?

) �Y´Ä½�, =�3�«/Ú�ª, é?¿Ø²1u�I¶�Ð��,

ÙþÑ�kk�«ôÚ.

� T = {(x, y)|x, y ∈ Z, |y| ≥ x2 ½ |x| ≥ y2}. éu T ¥�:, òÙ/¤ü

üØÓ�ôÚ. Ø3 T ¥��:, /¤Ó��ôÚ.

�±uyé?¿²1u�I¶�Ð��, Ùþ�kk��:Ø3 T ¥, �

Ùþ�:kÃ¡�ôÚ. é?¿Ø²1u�I¶��� l : y = kx + b (k 6= 0),

l ∩ T ¥�: (x, y)�½÷v

kx+ b ≥ x2,−(kx+ b) ≥ x2, x ≥ (kx+ b)2,−x ≥ (kx+ b)2

ùo�Ø�ª��. du k 6= 0, �ùo�'u x�Ø�ª, z���)8�

o´k�4«m(�mà:#NÜ), �o´�8. ��3���êM , ��

|x| > M , Òk (x, kx + b) /∈ l ∩ T . du�ê�lÑ5, � l ∩ T �8´k�8.

¤± lþ�:�kk�«ôÚ. �

µ5 ù�K��±r�:U¤knê:½ö¤k:, ��r¢ê²¡Uì

(bxc, byc)��©¤ØÓ���=�.

d	, ù�K��Ò´��Eù� T ,?Û²1u�I¶�Ð��Ú T kÃ

¡��:,?ÛØ²1u�I¶���Ú T kk���:.ù��±ÏL8B

�E�¤.

kÓÆ�Ñ, 2013c#d�êÆc���¥���K,Ò´�¦�Eù�

T .lù�¿Âþ5`,ù�K“EK”
.·�ùp T ��EÚg 2013cK�I

O�Y.

4. ¦y: é?¿ ng¢Xêõ�ª f(x), o�3 ng¢Xêõ�ª g(x)÷

v |g(z)|2 = |f(z)|2 + 1é¤kü �þ�Eê z¤á.

y² (���������)

·�5¿���'��¯¢: |z| = 1⇒ z̄ = |z|2
z

= 1
z
.
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qdu f ´¢Xêõ�ª, �

|f(z)|2 = f(z)f(z) = f(z)f(z) = f(z)f

(
1

z

)
.

�k

|g(z)|2 = g(z)g

(
1

z

)
.

��Iy², �3 ng¢Xêõ�ª g(x), ÷vé?¿Eê x 6= 0, k

g(x)g

(
1

x

)
= f(x)f

(
1

x

)
+ 1. (1)

·�Äky² f(0) 6= 0��/.

e f ´~ê a, K� g(x) =
√
a2 + 1 · xn=�¦ (1)¤á, e� f Ø´~ê.

·�ò f(x)f( 1
x
)Ðm, �¢ê an, an−1, ..., a−n÷v

f(x)f

(
1

x

)
+ 1 = anx

n + an−1x
n−1 + · · ·+ a0 + · · ·+ a−(n−1)x

−(n−1) + a−nx
−n.

du f(x)�Ä�XêÚ~ê�þ�", �� an 6= 0. duò x�� 1
x
, �>Ø

C, �m>�ØC, � am = a−m,m = 1, 2, ..., n. ¤±�±��

f(x)f

(
1

x

)
+ 1 = an(xn + x−n) + an−1

(
xn−1 + x−(n−1)

)
+ · · ·+ a0.

ØJuy,é��êm,�3¢Xêõ�ª pm(x)÷v pm(x+x−1) = xm+x−mé

?¿Eê x¤á (8B{�±y²).

�k f(x)f
(
1
x

)
+ 1�±��'u x+ x−1�¢Xêõ�ª. �ó�, �3¢

ê b0, b1, b2, ..., bn÷v

f(x)f

(
1

x

)
+ 1 = bn(x+ x−1)n + bn−1(x+ x−1)n−1 + · · ·+ b0.

'� xnXê�� bn = an 6= 0. P q(x) = bnx
n + bn−1x

n−1 + · · ·+ b0, K q(x)�

±�� q(x) = bn(x−α1)(x−α2) · · · (x−αn), ùp� α1, ..., αn´ q(x) = 0��

NEê�.¤±

f(x)f

(
1

x

)
+ 1 = bn(x+ x−1 − α1)(x+ x−1 − α2) · · · (x+ x−1 − αn). (2)

e¡·�y²:é k = 1, 2, ..., n, αk ÷v�o αk Ø´¢ê, �o αk ´¢ê

� |αk| > 2.

eØ,, � −2 ≤ αk ≤ 2, K�3¢ê θ÷v αk = 2 cos θ. ·�3 (2)¥�

x = cos θ+ i sin θ. ùp� i´Jêü . Kk x+ x−1−αk = 0, ¤± (2)m>´

0,� (2)�>= f(cos θ+ i sin θ)f(cos θ− i sin θ) + 1 = |f(cos θ+ i sin θ)|2 + 1 > 0.

d�gñ.

du q(x)´¢Xêõ�ª, �Eê�7,¤éÑy. ·�� q(x)�¢��

t1, t2, ..., tn−2s , �ÝEê�� w1, w2, ..., ws, w1, w2, ..., ws.

www.nsmath.cn 6



é 1 ≤ k ≤ n − 2s, ½Â βk =
tk+
√
t2k−4

2
∈ R. ùp^�
 |tk| > 2. K

βk + β−1k = tk.

é k = 1, 2, ..., s, ½Â βn−2s+k =
wk+
√
w2

k−4
2

∈ C\R, βn−s+k = βn−2s+k. Ù¥,

¦²���±lü�²��¥?���,Kk

βn−2s+k + β−1n−2s+k = wk, βn−s+k + β−1n−s+k = wk.

�½¢êC,·�� g(x) = C(x−β1)(x−β2) · · · (x−βn) . du β1, β2, · · · , βn¥

�ÝEê�´¤éÑy�, � g´¢Xêõ�ª.

g(x)g

(
1

x

)
=

(
n∏
k=1

(−βk)

)
C2

n∏
k=1

(
x+

1

x
− βk − β−1k

)

=

(
n∏
k=1

(−βk)

)
C2

n∏
k=1

(
x+

1

x
− αk

)

=

(
n∏
k=1

(−βk)

)
· C

2

bn
·
(
f(x)f

(
1

x

)
+ 1

)
.

·�� C2 = bn
n∏

k=1
(−βk)

=�,�d,��y²
n∏
k=1

(−βk)�ÎÒ� bnÎÒ�Ó.

¯¢þ,�ÝJê��¦È´�¢ê,�
n∏
k=1

(−βk)�ÎÒ�
n−2s∏
k=1

(−βk)ÎÒ

�Ó,
n∏
k=1

(−αk)�ÎÒ�
n−2s∏
k=1

(−tk)ÎÒ�Ó.25¿ βk, tk (1 ≤ k ≤ n − 2s)�

ÎÒ�Ó.¤±��y²
n∏
k=1

(−αk)� bnÎÒ�Ó=�.

2g£� (2),3 (2)¥� x = i,��

bn

n∏
k=1

(−αk) = f(i)f(−i) + 1 = |f(i)|2 + 1 > 0.

�
n∏
k=1

(−αk)� bnÎÒ�Ó, �½�¢ê C �3, d�·K¤á.

éu f(0) = 0� f . � f(x) = xmf̃(x), f̃(0) 6= 0.é f̃ ^þã(Ø�,�3

n −mg¢Xêõ�ª g̃(x)¦ (1)¤á.·�� g(x) = xm · g̃(x)=�¦ (1)¤

á,� g´ ng¢Xêõ�ª.

nþ,·K¤á. �

µ5 1�Úò�=z�y² f(x)f
(
1
x

)
+ 1 = g(x)g

(
1
x

)
.��,·�©Û�

>ù� f(x)f
(
1
x

)
+ 1 = 0��� �,ù
��o�o3¢ê¶þ t� 1

t
¤é

Ñy,�o÷v z0Ú
1
z0
, z0,

1
z0
oöÓ�Ñy.ùTT´ g�3�^�,·�Ò�

g����N�� > 1�@
�=�.,��y² g(x)g
(
1
x

)
= f(x)f

(
1
x

)
+ 1.Ì

�g´Ò´��Ä��©Ù,2�\?n�
[!.
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5. �½o>/ ABCD, ADò��Ú BC ò���u: E, BAò��Ú

CDò���u: F . ²¡þ�: P ÷v PA · PC = PB · PD = PE · PF . ¯:

ù��: P ´Ä�½�3? e�3ù�� P , ´Ä��? y²\�(Ø.

) �3���.

�35:�Ñ��o>/ ABECFD � Miquel: T . Kd Miquel:�5

�� ∠TBE = ∠TFD,∠TEB = ∠TDF ⇒ 4TEB ∼ 4TDF ⇒ TE · TF =

TD ·TB. ¿�k∠BTD,∠FTE�S�²©�Ü.Ónk TE ·TF = TA·TC,

¿�k ∠ATC,∠FTE �S�²©�Ü, �� T :÷vK8�¦.

T

E

F

A

B C

D

��5:·�± T :��:ïáE²¡, ^��i1éA���i1éA

T:éA�Eê.

du ∠FTE,∠ATC,∠BTD�S�²©�Ü,�

TA · TC = TB · TD = TE · TF

� a · c = b · d = e · f, ·��Ø��§�þ�u 1.

e�3ØÓu T :�: P ÷v�¦, du p 6= 0, �±� m = 1
2

(
p+ 1

p

)
,

M �EêméA�:, d^��

|(p− a)(p− c)| = |(p− b)(p− d)| = |(p− e)(p− f)|,

Kk

|(p− a)(p− c)| = |(p− b)(p− d)| =⇒ |p2 − (a+ c)p+ 1| = |p2 − (b+ d)p+ 1|.

ùL² ∣∣∣∣m− a+ c

2

∣∣∣∣ =

∣∣∣∣∣p+ 1
p

2
− a+ c

2

∣∣∣∣∣ =

∣∣∣∣∣p+ 1
p

2
− b+ d

2

∣∣∣∣∣ =

∣∣∣∣m− b+ d

2

∣∣∣∣ ,
=M :� AC ¥:, BD¥:ål�Ó.

www.nsmath.cn 8



Ón=� M :� AC ¥:, EF ¥:�ål�Ó. � AC ¥:, BD ¥:,

EF ¥:©O� X, Y, Z. � P 3 XY ¥R�þ, q3 XZ ¥R�þ.

�d Newton�½n�, X, Y, Z n:��. du BEDF Ø´²1o>/,

¤± Y, Z ØÜ. � XY ¥R�Ú XZ ¥R�vk�:, ù� P 3ùü^��

þ�gñ. ��K¥ P ´�3����. �

µ5 ù�KØ´��DÚ�AÛK. �35'��5{ü, �±ßÑ P Ó

�´ AB � DC �^= q¥%, �´ BF � DE �^= q¥%, �´ CF

� AE �^= q¥%, @Òß�
´ Miquel:. ��5�y²L§ØN´,

Ø
g´J±��, �kéõ[!I�?n. Ø
Eê�y², �kÏLn�O

��y². ù�KJÝé�, Ï�I�Æ)éMiquel:5���ÙG, ¿�I

�Ü·/ÀJ��5�y{. ù�K��5Ü©8cw5vkXAÛ�y²,

�´éÄ, vkwþ�@oN´, �)%��N´É�K�.

6. � a1, a2, · · · , an > 0,½Â

σ(a1, a2, · · · , an) = min

{∣∣∣∣∣
n∑
k=1

ekak

∣∣∣∣∣ : ek = 1½− 1

}
.

¦����¢ê λ,¦�

σ(a1, a2, · · · , an)

(
n∑
k=1

ak

)
≤ λ

n∑
k=1

a2k

é¤k�ê a1, a2, ..., an¤á.

) ([[[ddd���!!!���������)

?��ê ε < 1
n
. � a1 = 1, a2 = a3 = · · · = an = ε,K

σ(a1, a2, . . . , an) = 1− (n− 1)ε.

�k

(1− (n− 1)ε)(1 + (n− 1)ε) ≤ λ(1 + (n− 1)ε2) ⇐⇒ λ ≥ 1− n(n− 1)ε2

1 + (n− 1)ε2
.

- ε→ 0+� λ ≥ 1. e¡y² λ���´ 1.

Ø�b� a1 ≥ a2 ≥ a3 ≥ · · · ≥ an > 0 . ·��Ä�«ÀJ ei ��{: �

e1 = 1. � e1, e2, . . . , ek ®²�EÐ, 5�E ek+1. ec k�Ú Sk =
k∑
i=1

eiai ≥ 0,

@o� ek+1 = −1. ��, ec k �Ú Sk =
k∑
i=1

eiai < 0, @o� ek+1 = 1. d

σ(a1, a2, . . . , an)�½Â�, σ(a1, a2, . . . , an) ≤ |Sn|.

e Sn = 0, K σ(a1, a2, . . . , an) = 0, ·Kw,¤á. e� Sn 6= 0. Ö¿½Â
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S0 = 0.

du S0 = 0, ��3�� 0 ≤ i ≤ n ÷v SiSn ≤ 0, ·�� m ´÷v

SiSn ≤ 0� ip���@�. Kd S2
n > 0� 0 ≤ m < n, ·�k

|Sm+1 − Sm| = am+1, SmSm+1 ≤ 0⇒ |Sm+1|+ |Sm| = am+1.

�

|Sm+1| ≤ am+1.

¿�éum < i < n, dm���5� SiSn > 0, Si+1Sn > 0, � SiSi+1 > 0. d

ei+1�À�5K� |Si+1| = |Si| − ai+1.�

|Sn| = |Sm+1| −
∑

m+1<k≤n

ak.

ùp, em+ 1 ≥ n, KÚª
∑

m+1<k≤n
ak = 0. ¤±

σ(a1, a2, . . . , an)(a1 + a2 + · · ·+ an)

≤ |Sn|(a1 + a2 + · · ·+ an)

=

(
|Sm+1| −

∑
m+1<k≤n

ak

)
(a1 + a2 + · · ·+ an)

≤

(
am+1 −

∑
m+1<k≤n

ak

)
(a1 + a2 + · · ·+ an)

=

(
am+1 −

∑
m+1<k≤n

ak

)( ∑
1≤k≤m+1

ak +
∑

m+1<k≤n

ak

)

=am+1

( ∑
1≤k≤m+1

ak

)
−

( ∑
m+1<k≤n

ak

)( ∑
1≤k≤m

ak

)
−

( ∑
m+1<k≤n

ak

)2

≤am+1(a1 + a2 + · · ·+ am+1)

≤a21 + a22 + · · ·+ a2m+1

≤a21 + a22 + · · ·+ a2n.

� λ���´ 1. �

µ5 ùp·�æ^
�%�{5�E σ(a1, a2, . . . , an). ��±^8B{5

�E: E� a1 ≥ a2 ≥ · · · ≥ an > 0, |^8Bb��±�EÑ e1, e2, . . . , en−1, 2

À�Ü·� en =�. ¢�þ����EÚ·�ùp^�%�{�Ó, ØLØy

�Ü©�±|^8Bb�, Ó�
�:B¨.
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7. �½��ê a ≡ b ≡ 1 (mod 3). ¦y: �3Ã¡õ��ª±Ï��ê�

{pn}, ÷v pn+1 | p2n + apn + bé¤k��ê n¤á.

y² (���������) ·�ky², ?� p1 ´�ê, �3���ª±Ï��ê�

÷v^�.

·�UìXe��ª�E. b� p1, p2, . . . , pm®²�EÐ, 5�E pm+1.

e p2m + apm + b´ 3��ê, � pm+1 = 3.

e p2m + apm + bØ´ 3��ê, �k� 3{ 1��Ïf, ·�� pm+1 ´

p2m + apm + b����� 3{ 1��Ïf.

e p2m + apm + bØ´ 3��ê, �vk� 3{ 1��Ïf, ·�� pm+1´

p2m + apm + b����� 3{ 2��Ïf (du p2m + apm + b´�u 1���

ê, 7,�3�Ïf).

e¡y²�EÑ� {pn}´�ª±Ï�. ^�y{, b� {pn}Ø´�ª±Ï

�, ·�y²Xe'u {pn}�5�.

555��� 1. Ø�3��ê i < j ÷v pi = pj.

ÄK, 5¿� pm+1 �±d pm ��(½, 8B{ØJy² pi+k = pj+k, k =

1, 2, . . .=�. � {pn}g1 i�åÌ�, ± j − i ���±Ï.

d� {pn}´�ª±Ï�, ��y{b�gñ.

555��� 2. Ø�3��ê i < j ÷v pi, pj Ñ´� 3{ 1�.

du a ≡ b ≡ 1 (mod 3), Kk p2i + api + b ≡ 0 (mod 3), p2j + apj + b ≡ 0

(mod 3). � pi+1 = pj+1 = 3. �5� 1gñ.

555��� 3. �3����ê T , ÷vé n ≥ T , pn+1 ≤ pn + a+ b.

d5� 1,2, �Ø
�õü� pi, Ù{ piÑ� 3{ 2. ��3��ê T , é?

¿ n ≥ T , k pn� 3{ 2.

d·���{�, p2n+apn+ bk��k� 3{ 2��Ïf. �·�k pn ≡ 2

(mod 3), @oÒk p2n + apn + b ≡ 1 (mod 3). � p2m + apm + bkóê�� 3{

2��Ïf, ���kü�� 3{ 2��Ïf. du pn+1� p2n + apn + b���

�Ïf. �k

pn+1 ≤
√
p2n + apn + b < pn + a+ b.

555��� 4. {pn}k..

� A = max{p1, p2, . . . , pT}+ a+ b+ 3 > 3.

� N = A!�, N + 2, N + 3, . . . , N + a + b + 1´ëY a + b�Üê, �k
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pi ≤ N + 1, ∀1 ≤ i ≤ T .

é n ≥ T , e pn ≤ N + 1, k pn+1 ≤ N + a+ b+ 1. � pn+1´�ê, ¤±

pn+1ØU� N + 2, N + 3, . . . , N + a+ b+ 1¥?¿��. �k pn+1 ≤ N + 1.

d8B{�� pn ≤ N + 1é¤k n¤á.

d5� 4, pn �kk�õ���, ù�5� 1�gñ. � {pn}´�ª±Ï

�. du�êkÃ¡õ�, p1���±��Ã¡õ�, ��3Ã¡õ�ù��ê

�. �

µ5 ù�� 3{ 1�^��~Û%, �
·�é��J«, Ì�´���

Ù�ª�±ÏNo)¤. �d, �±�©Û: � pn � 3{ 0,1,2�, pn+1 ���

�¹. ��uy, ¢Sþ�I�?n pn l,�å��� 3{ 2����¹. 

ùò�Ñ·��5� 3. du�3?¿��ëYÜê, Ü3�å�Ñ5� 4, �

�±���ª±Ï.

8. �½��ê n, k, n ≥ 2. �½��IÒ� 1, 2, ..., n�ä T . ·�é��

êS� (a1, a2, ..., ak)?1ö�, ùp� 1 ≤ ai ≤ n. À½�� 1 ≤ i ≤ k − 1, e

aiÚ ai+13ä¥k>�ë, K�±�� ai, ai+1� �. e��S��±ÏLk

�g��C¤,��, K¡ùü�S��d. P f(T )´S���da��ê,

¦ f(T )�¤k�U�.

�Y e n = 2, K f(T )�¤k�U�� k + 1. e n > 2, f(T )�¤k�U

�� (n−1)k+1−1
n−2 .

) éu��ê m. b�¤k�Ý� m ��da�¤�8Ü� Am, �

|Am| = tm. � Xi �¤k i mÞ��Ý� m + 1 S���da�¤�8

Ü(1 ≤ i ≤ n).

éu?¿ü��Ý� m �S�, a = (a1, . . . , am), b = (b1, . . . , bm). ek

a� b�d, K�½k (i, a1, . . . , am)� (i, b1, . . . , bm)�d; e (i, a1, . . . , am)�

(i, b1, . . . , bm)�d, ·�e¡y² a� b�d.

�Äò (i, a1, . . . , am)ö�� (i, b1, . . . , bm)�ö�L§, P� F . 3 F ¥

�K¤k�� i �ö�C�ö�L§ F ′. du�� i ÚÙ§��ØUCØ

i±	��é^S. �éS� (i, a1, . . . , am)U F ′ ö��©ª�½ iØÄ��

(i, b1, . . . , bm), ùw�·� a� b�d.

¤±ü� i(1 ≤ i ≤ n)mÞ��Ý� m + 1�S��d��=��KmÞ
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���ü��Ý�m�S��d. dd·��^�K1������{��l

Xi� Am�V�.

�d,·�y²
 |Xi| = tm.e¡5O� |Xi ∩Xj|, i 6= j.

é i 6= j, XJXi¥,�����L� c = (c1, . . . , cm+1)�Xj ¥,���

��L� d = (d1, . . . , dm+1)�d.

�Ä d1 3 c = (c1, . . . , cm+1)¥�Ð© �, §3 c1 ���, ²ö��, §

C� c1�c�. dlÑ0��n��3�gö��� c1� d1, Kk i, j 3 T ¥

�ë.

Ón��, e d1 3 c ¥�éA�´ cp(p ≥ 2), c1 3 d ¥�éA�´

dq(q ≥ 2), K d1� c1, . . . , cp−1þk>�ë, c1� d1, . . . , dq−1þk>�ë. ¤±

�±?1ö�, r (c1, . . . , cm+1)C¤ (c1, d1, c2, . . . , cp−1, cp+1, . . . , cm+1).

Ón�ò (d1, . . . , dm+1)C¤ (d1, c1, d2, . . . , dq−1, dq+1, . . . , dm+1), 2�� c1

� d1,�� (c1, d1, c2, . . . , cp−1, cp+1, . . . , cm+1)� (d1, c1, d2, . . . , dq−1, dq+1, . . . , dm+1)

�d.��m ≥ 2,Ò�2�KmÞ�ü  c1, d1,�� (c2, . . . , cp−1, cp+1, . . . , cm+1)

� (d2, . . . , dq−1, dq+1, . . . , dm+1)�d.

éu3 T ¥k>� i, j, �±3 Am−1?¿���da����±3c¡

©OV\ i, j Ú j, i, �©O��mÞ� i, j �ü�S�, �§��d. dd��

Xi ∩Xj � Am−1���V�.

�d,·�y²
: em ≥ 2, i 6= j,e i, j3 T ¥�ë,K |Xi∩Xj| = tm−1,

e i, j Ø3 T ¥�ë, K |Xi ∩Xj| = 0.

éum ≥ 2,du T ´ä, T ¥Ø�3 3:üü�ë,= ∀1 ≤ i < j < k ≤ n,

k |Xi ∩Xj ∩Xk| = 0. dN½�n, (Üäk n− 1^>,

tm+1 =

∣∣∣∣∣
n⋃
i=1

Xi

∣∣∣∣∣ =
n∑
i=1

|Xi| −
∑

1≤i<j≤n

|Xi ∩Xj| = ntm − (n− 1)tm−1.

 t1 = n, t2 = n2 − n+ 1, ÏL4íª�¦�

f(T ) = tk =

 k + 1, e n = 2,

(n−1)k+1−1
n−2 , e n ≥ 3.

�

µ5 ù�Kc[��¬uyÙ¢g´ég,, Ò´ÏL4íÚéA5?

n. ·�k�xÑ
 imÞ�ü�S��d�¿�^�´�K1� �d. 2

y²
, é i 6= j, imÞ�S�Ú j mÞ�S��d, ��=�ùü�S�ÑÑ

y
 i, j, � i, j 3ä¥ë>, ��Kùü�S�¥¤éA� i, j �, �e k − 2
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 E,�d. �±ù��e�, 'XépØ��� i1, i2, i3, k i1mÞ, i2mÞ, i3

mÞ�n�S��d, ��=�ùn�S�ÑÑy
 i1, i2, i3, � i1, i2, i33ä¥

üüë>, ��Kùü�S�¥¤éA� i1, i2, i3�, �e k − 3 E,�d. é

���ã T , ��±���e�, ��|^N½�n�±�Ñ�Y.

ù�K�31lK, K¡�<�«�Y�6u T ��ú, \�1 5Kþ

�U¬L¤éõ�m, ¤±JÝØ�. ØLÙ4í�g´´ég,�, ´��¤

��K.

III. oooµµµ

�g�Á�1 4,5,8KÑØ´�U��K, 1´3ü�éJ��KÄ:þU

?�. �e� 2,3,6,7KáuU��K. ��ó, rU��KÑ�é, Ò�±�

�Ø��¤1
. �g��k 350�Æ)ë\�Á, k 41�ÓÆ¼���ø,

��k 70�ÓÆ¼���ø.
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