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8Ü��'XL´^��Ý
 (êL)£ã���8Ü�m�lá'X,�

�~^�Ò´ 0− 1Ý
.��8 S = {1, 2, · · · , n}keZf8 A1, A2, · · · , Am,

�EÝ
Xe: 

1 2 · · · n

A1 ε11 ε12 · · · ε1n

A2 ε21 ε22 · · · ε2n
...

...
...

...
...

Am εm1 εm2 · · · εmn


,

Ù¥

εij =

 1, j ∈ Ai,

0, j /∈ Ai.

��±aq/�E a − bÝ
 (a, b ∈ R),©OL«é���8Ümü«G

� (áu½Øáu)�D�.3)K�AéäNK8?1©Û�,(½ a� b.8

Ü��'XL�Ì�^å,Ò´ò8Ü�Ä�A�äNL§z.ù���¡l�

*þéK8��\�n),,��¡�Jø
)KÃãþ�B$,�X�üg�

Ø�ª� .

e¡Þ~`²ù��{�A^.

~ 1 (2018 ccc������777¢¢¢EEE[1]) �½�ê n > 1, ®���ê m Ú8Ü

{1, 2, · · · , n}�ØÓf8A1, A2, · · · , Am,÷vé?¿ 1 ≤ i < j ≤ n, A1, A2, · · · ,

Am¥TÐk n− j + i�8ÜÓ�¹k i, j.¦
m∑
k=1

|Ak|2����.

©Û�) �*þ�±aú�,��� ´1ØÏ�:òù�“�gÚ”^~

?¾FÏ: 2019-06-14.
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�Ãã� �,ÙØ�ªÃ{UY?n�éJ���Ò.@o·�g,��k^

�üg��{,&¦Úª�¢S¿Â.�d,�Ú\ 0− 1Ý
:

1 2 · · · n

A1 ε11 ε12 · · · ε1n

A2 ε21 ε22 · · · ε2n
...

...
...

...
...

Am εm1 εm2 · · · εmn


,

Ù¥

εij =

 1, j ∈ Ai,

0, j /∈ Ai.

lùp�±wÑ 0 − 1Ý
�²~¦^��Ï´:��¡,�� Boolean¼

ê�ü���, 0− 1�±�{B/£ã8Ü����,
ÊÏá5;,��¡,

0� 1´�§ ε2 = ε��Ü),���üg�8�,�Ò´`�ò,
Ø´?n

�“pgÚ”ü��g.

|^ Ak �¿Â,k

m∑
k=1

|Ak|2 =
m∑
k=1

(
n∑

j=1

εkj

)2

=
m∑
k=1

(
n∑

j=1

ε2kj + 2
∑

1≤i<j≤n

εkiεkj

)

=
m∑
k=1

n∑
i=1

εki + 2
m∑
k=1

∑
1≤i<j≤n

εkiεkj

=
n∑

i=1

m∑
k=1

εki + 2
∑

1≤i<j≤n

m∑
k=1

εkiεkj,

Ù¥|^
 ε2 = ε?1üg,±9¦Ú^S���,±�B31��ü��Ým

=�.

d 0− 1Ý
�½Â, εkiεkj ∈ {0, 1},�

εkiεkj = 1⇔ εki = εkj = 1⇔ {i, j} ∈ Ak.

�

εkiεkj =

 1, {i, j} ∈ Ak,

0, Ù¦�¹.

¤±
m∑
k=1

εkiεkj Ò´Ó�¹k {i, j}�f8��ê,dK¿,ù��Ò´ n− j + i.
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?�Ú,

2
∑

1≤i<j≤n

m∑
k=1

εkiεkj = 2
∑

1≤i<j≤n

(n− j + i) =
1

3
(n− 1)n(2n− 1).

,��¡ (�üg),
m∑
k=1

εki ≥
m∑
k=1

εkiεk(i+1) = n− (i+ 1) + i = n− 1

é i = 1, 2, · · · , n− 1þ¤á,�
m∑
k=1

εkn ≥
m∑
k=1

εknεk(n−1) = n− 1.

·�y3�Ä i = 2, 3, · · · , n− 1�,
m∑
k=1

εki = n− 1��¹.ù�,

m∑
k=1

εki = n− 1 =
m∑
k=1

εkiεk(i−1) =
m∑
k=1

εkiεk(i+1).

du�Ò¤á,�3 εki = 1�,7k εk(i−1) = εk(i+1) = 1.�ù`²
m∑
k=1

εk(i−1)εk(i+1) ≥
m∑
k=1

εki = n− 1,

�
m∑
k=1

εk(i−1)εk(i+1) = n− (i+ 1) + i− 1 = n− 2

gñ!¤±
m∑
k=1

εki > n− 1⇒
m∑
k=1

εki ≥ n, i = 2, 3, · · · , n− 1

¤±
m∑
k=1

|Ak|2 =
n∑

i=1

m∑
k=1

εki + 2
∑

1≤i≤j≤n

m∑
k=1

εkiεkj

≥ 2(n− 1) + n(n− 2) +
1

3
(n− 1)n(2n− 1)

=
1

3
(2n3 + n− 6).

���Ñ4��E, ù�ØJ:� A1 = {1, 2}, A2 = {1, 2, 3}, · · · , An−1 =

{1, 2, · · · , n}, An = {2, 3, · · · , n}, An+1 = {3, 4, · · · , n}, · · · , A2n−1 = {n− 1, n},

ù`² (
m∑
k=1

|Ak|2
)

min

=
1

3
(2n3 + n− 6). �

µ5 �KÐÚ0�
8Ü��'XL�A^,Öö®²�±aÉ� 0 − 1

Ý
3�üg�� �O¥���^.
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~ 2 (2018 ccc¥¥¥IIIIII[[[888ÔÔÔèèèÀÀÀooo111������ããã[2]) � m,n ���ê,

A1, A2, · · · , Am´,� n�8Ü�m�f8.y²:

m∑
i=1

m∑
j=1

|Ai| · |Ai ∩ Aj| ≥
1

mn

(
m∑
i=1

|Ai|

)3

.

©Û�) ©z [2]5r� IMO6�Ö¥�Ñ�)�,´�E�Üã(Ü“�

üg”�{¦),�Ø´��.^ 0− 1Ý
)K,�±4ù�)��´un).Ø

���8 X = {1, 2, · · · , n},Ú\ 0− 1Ý
:

1 2 · · · n

A1 ε11 ε12 · · · ε1n

A2 ε21 ε22 · · · ε2n
...

...
...

...
...

Am εm1 εm2 · · · εmn


,

Ù¥

εij =

 1, j ∈ Ai,

0, j /∈ Ai.

�ÄÛÜ(�
Ai εi1 εi2 · · · εin

Aj εj1 εj2 · · · εjn
,5¿� k ∈ Ai ∩ Aj ⇔ k ∈ Ai �

k ∈ Aj,�� Ai ∩ Aj éA�1� εi1εj1 εi2εj2 · · · εinεjn.¤±
m∑
i=1

m∑
j=1

|Ai| · |Ai ∩ Aj|

=
m∑
i=1

|Ai| ·
m∑
j=1

(
n∑

k=1

εikεjk

)

=
m∑
i=1

|Ai| ·
n∑

k=1

(
m∑
j=1

εikεjk

)

=
m∑
i=1

|Ai| ·
n∑

j=1

εij

(
m∑
k=1

εkj

)
.

�{Bå�,Pz��Ú
m∑
k=1

εkj = lj,K

m∑
i=1

|Ai| ·
n∑

j=1

εij

(
m∑
k=1

εkj

)
=

m∑
i=1

n∑
j=1

|Ai|ljεij,

�
m∑
i=1

|Ai| =
n∑

i=1

lj =
m∑
i=1

n∑
j=1

εij.
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¤±�y�Ø�ª�Óu

mn
m∑
i=1

n∑
j=1

|Ai|ljεij ≥

(
m∑
i=1

n∑
j=1

εij

)3

. (1)

Ø�� |Ai|lj 6= 0,ÄK�ò,1 (½�)lù�Ý
¥í�,mýØC�

ý~�.5¿� (1)�(�,g,/�� HölderØ�ª,ù=I^�'ªfL«

m,n :

m =
m∑
i=1

1 =
m∑
i=1

n∑
j=1

εij

|Ai|
=

m∑
i=1

n∑
j=1

εij
|Ai|

,

n =
n∑

j=1

1 =
n∑

j=1

m∑
i=1

εij

lj
=

m∑
i=1

n∑
j=1

εij
lj
.

�\ (1)�·�uy,�yØ�ªT�mn� HölderØ�ª,ùg,¤á! �

µ5 |^ 0− 1Ý
òK8=z,��ügME
�Å,��ü$
�K�

JÝ.

~ 3 (2013cccÛÛÛêêêZZZæææIII[[[èèèÀÀÀooo[3]) ¦�����ê r÷v:3?¿Ê

� {1, 2, · · · , 1000}� 500�f8¥,�3ü�f8,§�������ê��´

r.

©Û�) �*þ,�K�¦Ñ,ü�f8��8����ê�e.,�|

^8Ü��'XL,(Ü²þ��n?1?n.kò(Ø��z,y²XeÚn:

ÚÚÚnnn ��ê n > 1, S1, S2, · · · , Sn�k�8 S�f8,�
n∑

i=1

|Si| ≥ S.PN

���C σ��ê��,Ù¥ σ =

n∑
i=1
|Si|

|S| −
1
2
,K�3 i < j,¦�

|Si ∩ Sj| ≥
N(2σ −N)

n(n− 1)
|S|.

y² Ø�� S = {1, 2, · · · ,m},Ú\ 0− 1Ý


1 2 · · · n

A1 ε11 ε12 · · · ε1n

A2 ε21 ε22 · · · ε2n
...

...
...

...
...

Am εm1 εm2 · · · εmn


,

5 êÆ#(�



Ù¥

εij =

 1, j ∈ Ai,

0, j /∈ Ai.

�
n∑

k=1

εkj = lj,aquþ�K�ÛÜ©Û,·��±��: Si ∩ Sj éA�1

� εi1εj1 εi2εj2 · · · εimεjm.u´∑
1≤i<j≤n

|Si ∩ Sj| =
∑

1≤i<j≤n

m∑
k=1

εikεjk =
m∑
k=1

∑
1≤i<j≤n

εikεjk.

3��¦ÚÒ�,��È¦Ú�/ª�±�� l2k �Ðmª¥aq��.�Ä

l2k =

(
n∑

l=1

εlk

)2

=
n∑

l=1

ε2lk + 2
∑

1≤i<j≤n

εikεjk.

¤± ∑
1≤i<j≤n

εikεjk =
1

2

(
l2k −

n∑
l=1

ε2lk

)
=

1

2

(
l2k − lk

)
.

Ù¥2g^�
 0− 1Ý
¥ ε2 = εù�5�üg.Ïd,
m∑
k=1

∑
1≤i<j≤n

εikεjk =
m∑
k=1

1

2

(
l2k − lk

)
=

m∑
k=1

[
1

2
(li − k)(li − k − 1) + k

(
li −

k + 1

2

)]
≥

m∑
i=1

k

(
li −

k + 1

2

)

=k

(
m∑
i=1

li −
k + 1

2
m

)

=km ·


n∑

i=1

|Si|

m
− (k + 1)

2


=k(σ − k

2
)|S|.

� k = N,þª�����,l7,�3 i < j,¦�

|Si ∩ Sj| ≥
2

n(n− 1)
·N
(
σ − N

2

)
|S|.

£££������KKK.� n = 5, σ = 5×500
1000

− 1
2

= 2,¤± |Si ∩ Sj| ≥ 200.

�E�ØJ: é {1, 2, · · · , 10} � 5 � 5 �f8, A1 = {1, 2, 3, 6, 8}, A2 =

{1, 2, 5, 7, 10}, A3 = {1, 4, 5, 7, 9}, A4 = {2, 3, 4, 7, 9}, A5 = {3, 4, 5, 8, 10}, -

Si =
99⋃
k=0

(10k + Ai)=�, i = 1, 2, 3, 4, 5. �
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e¡2w��²;� IMOÁK.

~ 4 (1992 ccc IMO) 3�m�)�IX¥, S �k��:8. Sx � S 3

yOz²¡þ�ÝK8,y²:

|S|2 ≤ |Sx| · |Sy| · |Sz|.

©Û�) �
éÐ/�x |S|� |Sx|, |Sy|, |Sz|�'X,��Ä^8Ü��

'XL�g�)K.��þ, a− bÝ
Ò´é���8Üm�lá'XD�.·

�én�ÝK²¡�EéA�n� 0 − 1Ý
,?,ùn� 0 − 1Ý
��(

½
 S,Ï� S �w�n�ÝK²¡²,«�ª�����8.

�Bun),)öÀJ^D���óÖ�)KL§,�Ù��� 0 − 1Ý


vk��«O.

- axy =

 1, (x, y, 0) ∈ Sz

0, (x, y, 0) /∈ Sz

, aq½Â βyz Ú γzx,K

|S| =
∑
x,y,z

axyβyzγzx, |Sx| = βyz.

��ª�Óu(∑
x,y,z

axyβyzγzx

)2

≤

(∑
x,y

axy

)(∑
y,z

βyz

)(∑
z,x

γzx

)
.

5¿� ε2 = ε, ε ∈ {0, 1}�Ð5�,d CauchyØ�ª,(∑
x,y,z

αxyβyzγzx

)2

=

(∑
x,y

αxy

∑
z

βyzγzx

)2

≤

(∑
x,y

α2
xy

)∑
x,y

(∑
z

βyzγzx

)2


≤

(∑
x,y

2
xy

)(∑
x,y

(∑
z

β2
yz

)(∑
z

γ2zx

))

=

(∑
x,y

αxy

)(∑
y

(∑
z

βyz

)∑
x

(∑
z

γzx

))

=

(∑
x,y

αxy

)(∑
y,z

βyz

)(∑
z,x

γzx

)
.

�

µ5 �K��Ý�±í2�?¿��ê,k,��Öö�±^aq�){

}Á�����¹. 0 − 1Ý
éÐ/�x
8Ü����lá'X,�§¿�
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�U�,�ØUðz/@^“��”.¢Sþ,8Ü��'XL,�kØÓ�D��

ª,·�Þ��~f.

~ 5 (2018ccc¥¥¥IIIIII[[[888ÔÔÔèèèÀÀÀooo111������ããã[3]) ,�k 32¶Æ),�þk

10�,��|,z�|T 16<.é?ü¶Æ),ò¦�ü<Tk�<ë\�,�

�|��ê�²�¡�¦��,��,� S �¤k,���Ú,¦ S ����.

·�kòK8^êÆ�ó#£ã.

~ 5’ ®� A1, A2, · · · , A10 ∈ {1, 2, · · · , 32},� |Ai| = 16, i = 1, 2, · · · , 10.

P Di = {Aj | i ∈ Aj},¦eª ∑
1≤i<j≤32

|Di∆Dj|2

����.

©Û�) ·�kl�x |Di∆Dj|¥\Ã.XJ¦^ 0− 1Ý
, |Di∆Dj|é

J�£ã�Ù,Ï�é 0 − 1Ý
¥�1�¦ö�=U�� Di ∩Dj,�\�

#�D�k 0,1,2n«�U,A�ØU?1?�Ú�í�.2g�é¡�$��

A�:§�ÑT3��8Ü¥���,ò§��Ó�3ü�8Ü¥½Ó�Ø3ü

�8Ü¥���©�üa,ù�¦{$�¥�CÒ5K�~�q.u´�ÄÚ\

1− (−1)Ý
,(Ü^�,B�uyTÝ
�A�:1Úþ� 0.

5¿�¯K=� |Di∆Dj|k',� Di ¥���5�Ã',�Ø�� Di =

{j | i ∈ Aj},ØK�K¿.

P n = 32, m = 10,�Ä����(Ø,Ú\ 1− (−1)Ý
:

1 2 · · · n

A1 ε11 ε12 · · · ε1n

A2 ε21 ε22 · · · ε2n
...

...
...

...
...

Am εm1 εm2 · · · εmn


,

Ù¥

εij =

 1, j ∈ Ai,

−1, j /∈ Ai.

d^�, |Ai| = n
2
,·�k

n∑
j=1

εij =
n

2
· 1 +

(
n− n

2

)
· (−1) = 0.
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�ü1 (éA�1�þ)�SÈ� hkl,ü� (éA���þ)�SÈ� lij,K

hkl =
n∑

i=1

εkiεli, lij =
m∑
k=1

εkiεkj.

d Di�½Â, DiéA�)¤�þT�1 i�,� lij �¦Úª¥k |Di∆Dj|

� −1, m− |Di∆Dj|� 1,l lij = m− 2 · |Di∆Dj|,¤±∑
1≤i<j≤n

|Di∆Dj|2 =
n∑

i=1

n∑
j=1

|Di∆Dj|2

=
1

4

n∑
i=1

n∑
j=1

(m− lij)2

=
m2n2

4
+

1

4

n∑
i=1

n∑
j=1

l2ij −
m

2

n∑
i=1

n∑
j=1

lij.

5¿�
n∑

i=1

n∑
j=1

lij =
n∑

i=1

n∑
j=1

m∑
k=1

εkiεkj

=
m∑
k=1

(
n∑

i=1

n∑
j=1

εkiεkj

)

=
m∑
k=1

(
n∑

i=1

εki

)
·

(
n∑

j=1

εkj

)
= 0,

�
n∑

i=1

n∑
j=1

l2ij =
n∑

i=1

n∑
j=1

(
m∑
k=1

εkiεkj

)2

=
n∑

i=1

n∑
j=1

m∑
k=1

m∑
l=1

εkiεkjεliεlj

=
m∑
k=1

m∑
l=1

(
n∑

i=1

n∑
j=1

εkiεliεkjεlj

)

=
m∑
k=1

m∑
l=1

(
n∑

i=1

εkiεli

)2

=
m∑
k=1

m∑
l=1

h2kl

≥
m∑
k=1

h2kk = mn2,

¤± ∑
1≤i<j≤n

|Di∆Dj|2 ≥
1

4
n2m(m+ 1).

9 êÆ#(�



AO/ò n = 32, m = 10�\,��∑
1≤i<j≤n

|Di∆Dj|2 ≥ 14080,

�Ò¤á�·�I� hij = 0, i 6= j.¤±�E�� 32 × 32� HadamardÝ
,

l¥� 101 (z1Ø�� +1)=�. �

µ5 �K´8Ü��'XL 1− (−1)Ý
�A^.k^w5��ê/ªL

«�5�é¡��ê,��õg�üg,duÌNþÑ´ð�C/,l�y


� �·Ý.

�K¹kJÝ,l¥�±wÑ“8Ü��'XL”)K�%å.

�� a�¾�¸P�é�©�?UJÑïÆÚ��.

ë�©z
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