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1. ^ ZL«�N�ê�¤�8Ü. ¦¤k¼ê f : Z → Z, ÷vé?¿�

ê aÚ b, Ñk

f(2a) + 2f(b) = f(f(a+ b)).

(H� øK)

) òK¥�ªP� P (a, b). d P (0, x)�

f(0) + 2f(x) = f(f(x)). (1)

d P (x, 0)�

f(2x) + 2f(0) = f(f(x)). (2)

'� (1) Ú (2) ��

f(2x) = 2f(x)− f(0). (3)

ò (1) Ú (3) �\�ª, ·�k

2f(a)− f(0) + 2f(b) = f(0) + 2f(a+ b). (4)

- g(x) = f(x)− f(0), K g(0) = 0, ¿� (4) �±��

g(a+ b) = g(a) + g(b). (5)

d�Ü�{��, é?¿�ê n, Ñk g(n) = g(1)n. l f /X f(x) = kx+ c,

ÂvFÏ: 2019-07-23.
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Ù¥ k, c ∈ Z. �\�ª¥, �¦é¤k�ê a, bk

2k(a+ b) + 3c = k2(a+ b) + (k + 1)c.

ù��=� 2k = k2, � 3c = (k + 1)c. l k = 2½ 0. e k = 2, K c��?¿

�ê; e k = 0, K c = 0.

Ïd÷v^��¼ê� f(x) = 0, ½ f(x) = 2x+ c, c´?¿�ê. �

µ5 �K3�\{üê��, =�ò�§=z��Ü�§, ��1�K´

���~Ä:�¼ê�§¯K.

2. 3n�/ ABC ¥, : A13> BC þ, : B13> AC þ. : P Ú Q©

O3�ã AA1Ú BB1þ, �÷v PQ²1u AB. 3�� PB1þ�: P1, ¦�

: B1î� u: P �: P1�m, ¿� ∠PP1C = ∠BAC. aq/, 3��QA1

þ�: Q1, ¦�: A1î� u: Q�: Q1�m, ¿� ∠CQ1Q = ∠CBA. y

²: : P,Q, P1, Q1��.

(¿�= øK)

y² Xã¤«, �� AA1, BB1 ©O�n�/ ABC �	����u

: A2, B2. du PQ � AB, � ∠A2B2B = ∠A2AB = ∠A2PQ, l A2, B2, P,Q

��. q

∠CA2A = ∠CBA = ∠CQ1Q = ∠CQ1A1,

� C,A1, A2, Q1��. u´

∠A2Q1Q = ∠A2Q1A1 = ∠A2CA1 = ∠A2CB = ∠A2AB = ∠A2PQ,

� Q1, A2, Q, P ��. aq�y, P1, B2, P,Q��, l P1, Q1, P,Q,A2, B2 8

:��, (Ø¼y. �
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µ5 �K)�wq{ü, ¢K¿Ø�N´, : A2, B2 Øé²w¬�VÑ,

�kÙ¦�{��. �Á(JL²ù´��¥�JÝ�²¡AÛ¯K, éõI

[��ØÐ.

3. �����äþk 2019 �^r, ,
^r�m´*l'X. ��^r A

´^r B �*l, K^r B �´^r A�*l. Xe/ª�ö���E?1,

z����?1��ö�:

n�^rA,BÚ C,÷vA�B,CÑ´*l,�BÚ CØ´*l,KÓ�

UC¦��m�*l'X, = BÚ C C�*l, � A� BØ2´*l, A� C

�Ø2´*l. ¤kÙ¦�*l'XØUC.

®��Ð�k 1010�^rz<Pk 1009�*l, k 1009�^rz<P

k 1010�*l. y²: �3��ö�S�, ¦�ö�(å�, z�^r�õ�k

��*l.

(�Û/æ øK)

y² ^ãØ��ó5£ãù�¯K: k�� 2019 �{üã, Ù¥ 1010 �

º:�Ý� 1009, 1009 �º:�Ý� 1010. #N?1Xeö�, XJkn�º

: A,B,C ÷v AB,AC ´>,  BC Ø´>, K�í�> AB,AC, Vþ> BC.

�y², �3��ö�S�, ¦�ö�(å�, ù�ãC�eZ^Ø���>,

±9�
�áº:.

duG¥?¿ü�º: u, v�Ý�ÚØ�u 2018, �o u, v��, �o u, v

kú���:, Ïd G´ëÏ�, � Gw,Ø´��ã, ¿�kº:�Ý�Û

ê. ¯¢þ, (Øé��ëÏ����ã, �kº:�Ý�Ûê�ãÑ¤á. e

¡=b� G´ù���ã.

1�Ú: e GØ´ä, K�ÏLeZgö�, ¦�ãC�ä. 5¿�ö�Ø

UC��º:�Ý�Ûó5, ÏdkÝ�Ûê�º:ù�5�©ª�±. �I

`²eØ´ä, �ÏL�gö�¦�ãE´ëÏ�, ù�duzgö�~��

^>, 7½3k�gö��TãC�ä.

� G¥���� x1, x2, · · · , xk, x1. eù��Ø´ Hamilton �, K�3�

�º:, Ø��´ x1, §�Ø3T�þ�,�º: y��, u´ yØ� x2��,

ÄKÒk���� x1, y, x2, · · · , xk, x1. í�> x1y, x1x2, Vþ> yx2�, ���

ãE´ëÏ�.

eù��´ Hamilton �, dukÛêÝ�º:, Ïd��ãØU�´ù

3 êÆ#(�



��, �Ø´��ã, Ïd�3�^u, Ø�� x1xi, ÷v x1, xi+1 Ø��, ½

ö x1, xi−1 Ø��. Ø�� x1, xi+1 Ø��, @o�±í� x1xi, xixi+1, Vþ

> x1xi+1, ���ãE´ëÏ�.

1�Ú: e G´ä, K�ÏLeZgö�, ¦�ãC�eZ^Ø���>,

±9�
�áº:. XJ G�k��½ü�º:, (Ø®²¤á. b� G�

�¹kn�º:, K�3��º: u, Ý��´ 2, � uv, uw´ u?�ü^>,

K v, wØ��, í�> uv, uw (d�C�n�ëÏ©|), 2Vþ> vw, d�ã

kü�ëÏ©|, ¿�z�ëÏ©|E´ä. é��¹kn�º:�ëÏ©|

2�Ó��ö�, ��z�ëÏ©|Ñ¹k��½ü�º:, ùB´·�¤I

�(J. �

µ5 �KÌ�g�´ÅÚ/z{ù�ã, ±�����8I. Ì��(J

�?3uo(Ñ��Xdz{�¿©7�^�, =z��u 2 ��ëÏ©|Ø

´��ã, ¿�¹kÛÝº:. k
ù��@£��, �±��õ«z{Ãã.

K8�^�Ûõ
ù�^�, O\
¯K�JÝ. �K´���J��{.|

Ü¯K.

1�U

7 � 17 F 8:30 – 13:00

4. ¦¤k��êé (k, n), ÷v

k! = (2n − 1)(2n − 2)(2n − 4) · · · (2n − 2n−1).

(i��õ øK)

) P�ªm>� Rn, K

v2(Rn) =
n−1X
i=0

v2(2
n − 2i) =

n−1X
i=0

i =
1

2
(n− 1)n.

Ù� v2(k!) = k − S2(k), Ù¥ S2(k)L« k3�?�L«e�êèÚ, �

k − S2(k) =
1

2
(n− 1)n,

l k = 1
2
(n− 1)n+ S2(k) ≥ 1

2
(n− 1)n+ 1.

��u� n = 1, 2, 3, 4, ��ü|) (k, n) = (1, 1), (3, 2). é n ≥ 5, ·�y

² �
1

2
(n− 1)n+ 1

�
! > 2n

2

, (1)
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 Rn ≤ (2n)n = 2n
2
, l k! > Rn, n ≥ 5�Ø�3÷v�¦���êé (k, n).

n = 5�,���y (1)ª, 11! = 39, 916, 800 > 225 = 33, 554, 432. é n > 5,

�
1

2
(n− 1)n+ 1

�
! = 11! ·

1
2
(n−1)n+1Y
i=12

i > 225 · 8
1
2
(n−1)n−10

= 225+
3
2
(n−1)n−15 ≥ 2

3
2
(n−1)n ≥ 2n

2

.

nþ, ¤k÷v^����êé (k, n)� (1, 1)Ú (3, 2). �

µ5 |^ v2�OÑ k�e., 2|^Ø�ª� y² n���þØ¤á.

�K´é~5�êØ¯K, ��1�U�1�K, �´'�ÐþÃ�.

5. ndÕ1u1�M13�¡þÒk H, 3,�¡þÒk T . M|k nq

ù��M1¿òù
M1l��mü¤�1. ¦�E/?1Xeö�: XJT

k k(> 0)qM1 H ¡�þ, K¦òl��m�1 kqM1�=; XJ¤kM1

Ñ´ T ¡�þ, KÊ�ö�. ~X: � n = 3, ¿�Ð©G�´ THT , Kö�L

§� THT → HHT → HTT → TTT , o�?1
ngö��Ê�.

(a) y²: éz�Ð©G�, M|o3k�gö��Ê�.

(b) éz�Ð©G� C, P L(C)�M|lÐ©G� C m©�Ê�ö���

ö�gê, ~X L(THT ) = 3, L(TTT ) = 0. ¦ C �H¤k 2n��U�Ð©G

����� L(C)�²þ�.

({I øK)

y² � Vn = {H,T}n, ´¤k�Ý� n� H – T S��¤�8Ü, =¤

k 2n«M1S��G�. é n8By²: é?¿ C ∈ Vn, L(C)k�, �

X
C∈Vn

L(C) = 2n−2n(n+ 1).

n = 1�, V1 = {H,T}, L(H) = 1, L(T ) = 0.

n = 2�, V2 = {HH,HT, TH, TT}, L(HH) = 2, L(HT ) = 1, L(TH) = 3,

L(TT ) = 0, (Ø3 n = 1, 2�þ¤á.

b� n ≥ 3, �(Ø3 n���þ¤á. éü� H – T S� A,B, ^ A · B

L«ò A,BU^S©�3�å��� H – T S�. -

X = {C · T |C ∈ Vn−1}, Y = {H · C|C ∈ Vn−1},

Z = {T · C ·H|C ∈ Vn−2}, W = {H · C · T |C ∈ Vn−2}.

w, Vn = X ∪ Y ∪ Z, X ∩ Y = W .
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é C · T ∈ X, du��� ©ª´ T , ö�L§ÒXÓ�é C ?1ö�,

Ïdö� L(C)g��C� T , � L(C · T ) = L(C).

é H · C ∈ Y , � C ¥Tk k � H, K H · C ¥Tk k + 1� H,  H · C

�1 k + 1 T´ C ¥�1 k  , Ïd�m©�ö�ÒXÓ�é C ?1ö�,

ö� L(C)g�C� HTT · · ·T , 2?1�gö���C� T , � L(H · C) =

L(C) + 1.

é T · C · H ∈ Z, � C ¥Tk k � H, K T · C · H ¥Tk k + 1 � H,

 T · C · H �1 k + 1  T´ C ¥�1 k  , Ïd�m©�ö�ÒXÓ

�é C ?1ö�, 3?1
 L(C) gö��C� TT · · ·TH, d��gò

1 1, 2, · · · , n− 1� T C� H, 2�gò1 n, n− 1, · · · , 1� H C� T , ö�Ê

�, Ïd L(T · C ·H) = L(C) + 2n− 1.

é H · C · T ∈ W , dcü«�/�?Ø, ·�k

L(H · C · T ) = L(H · C) = L(C) + 1.

�d, ®²y²
éz� C ∈ Vn, L(C)´k��. ��, |^8Bb���

X
C∈Vn

L(C)

=
X

C·T∈X
L(C · T ) +

X
H·C∈Y

L(H · C) +
X

T ·C·H∈Z
L(T · C ·H)−

X
H·C·T∈W

L(H · C · T )

=
X

C∈Vn−1

L(C) +
X

C∈Vn−1

(L(C) + 1) +
X

C∈Vn−2

(L(C) + 2n− 1)−
X

C∈Vn−2

(L(C) + 1)

= 2
X

C∈Vn−1

L(C) + 2n−1 + (2n− 2)2n−2

= 2 · 2n−3(n− 1)n+ 2n · 2n−2

= 2n−2n(n+ 1).

Ïd, ¤k L(C)�²þ�� 1
4
n(n+ 1). �

µ5 �Kkõ«){, ùpæ^
4í�{, ©Aa54í/�Ñ L(C)

��. ��±éz� C, d H � �, �Ñ L(C)�äNL�ª, 2?1O�. �

K��1ÊK, ´ N´�|ÜK, ÏL}Áö�L§, éN´é�5Æ.

6. 3b�n�/ ABC¥, I ´S%, AB 6= AC. n�/ ABC�S�� ω

�> BC, CAÚ AB ©O��u: D, E Ú F . L: D�R�u EF ���

� ω�,�:�:� R. �� AR� ω�,��:� P . n�/ PCE Ún�

/ PBF �	���u,�: Q. y²: �� DI Ú PQ��:3L: A�R
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�u AI ���þ.

(<Ý øK)

y² Xã 1¤«,�DI� ∠BAC�	�²©��u: L,u´AL ⊥ AI.

�I2y² L,Q, P ��. � DL� ω�,���:�K, EF �¥:� N .

ã 1

(i) K,N, P ��. du RFPE ´NÚo>/, dNÚo>/�5��

� EF ²© ∠RNP . q

1

2
øKF +

1

2
øFD = 90◦ =

1

2
øRE +

1

2
øFD,

� øKF = øRE, = K,R 'u AI é¡, Ïd ∠KNF = ∠RNE = ∠PNE,

�K,N, P ��.

(ii) L, S, P ��. du A ´ N 'u ω ��ü:, LA ⊥ AI, ��� AL

´ N 'u ω �4�. � PS u DK �u: L′, K L′ �4�²L N , N �4�

²L L′, � L′3�� ALþ, u´ L′ = L, � L, S, P ��.

�Iy S,Q, P ��. Xã 2 ¤«. ·�æ^k���PÒ, ¦��Ýþ�

QãØ�6uA½�ã/, ^ ∠(a, b)L«d�� a_��^=��� b��

��¤=L��Ý, 3k����ª¥, ÑU� π n). du B,F,Q, P ��,

C,E,Q, P ��, �

∠(BQ,QC) = ∠(BQ,QP ) + ∠(PQ,QC) = ∠(BF,FP ) + ∠(PE,EC)

= ∠(EF,EP ) + ∠(FP, FE) = ∠(FP,EP ) = ∠(DF,DE) = ∠(BI, IC),

l B, I,Q,C ��. ��� QP � �(BIQC)�u,�: T , �� IT � DS

�u:M .
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ã 2

(iii) M ´ DN �¥:. 5¿�

∠(BI, IT ) = ∠(BQ,QT ) = ∠(BF,FP ) = ∠(FK,KP ).

�du FD ⊥ FK, FD ⊥ BI, � FK � BI, Ïd IT �KNP . q I ´ DK �

¥:, ÏdM ´ DN �¥:.

y3·�5y² S, P, T ��, ùò�¤��¯K�y². Xã 3 ¤«.

� DF,DE �¥:©O� F1, E1. du

DF1 · F1F = DF 2
1 = BF1 · F1I,

� F1 3 ω � �(BIC)��¶þ. aq/, E1 �3 ω � �(BIC)��¶þ, Ï

d�� E1F1 Ò´ ω� �(BIC)��¶, duM ´ DN �¥:, �M 3 E1F1

þ, lM é ω� �(BIC)��. l

DM ·MS = IM ·MT,

ùL² S, I,D, T ��. u´

∠(DS, ST ) = ∠(DI, IT ) = ∠(DK,KP ) = ∠(DS, SP ),

� S, P, T ��. �

µ5 ùp�Ñ�´(�y², L§ò, 3�½§ÝþØ�
�I+èé

uù�K�JÝ�ä. ��@�´4J�K, �Á(J%L²´���~��

�AÛJK. ¯¢þ, dK){$õ, k
�{'���, �N
q�Ñ
 5 «
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ã 3

ØÓ�y², ¥Iè
kÊ<yÑ, �{q�ØÓ. �õ){�o(, �ë�=

òÑ��5r� IMO, 20196.
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