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N�{3Ø�ª¥��~5A^

)�²1 ÚÊ2

(1. U9½¢�¥Æ, 300074; 2. ¤ÑÔ¥, 610041)

N�{´êÆ¿m¥���­��{, Ùg��ò���¯Kz8�,


(�²(�AÏ�/. 3Ø�ª¥, N�{�´)û¯K�|ì. ·�ÙG�N

�{�)È(Cþ, ¦���{, 
�©ò�Ñ�
A^Ù¦�~5�{?1

N�, l
)û¯K�~f. 3~f�©Û¥, ·�ý­uN��g�L§±9

Ö��{, 
�
Ã¢�JÝ�O�L§KlÑ?n.

~ 1 ��Ûê n ≥ 3, a1, a2, · · · , an´ n��K¢ê, ÷v a1 + a2 + · · ·+

an = n
2
. eP an+1 = a1, ¦y:

n∏
i=1

|ai − ai+1| ≤
3
√

3

16
.

©Û éu��� a1, a2, · · · , an, þãL�ª¿ØÐ?n, Ó�^�¥ n´

Ûê�w�'�Û%. Ïd·�k}Áò a1, a2, · · · , an�m�(�'X£ã�

�Ù�
.

y² Äk·��±Ø��Ø�3 ai = ai+1 ��¹. e¡·��g�Xe

AÚN�:

ÚÚÚnnn 1 ½Â÷v ai < ai−1 � ai < ai+1 �ê ai ��ê (Ù¥�I� nn

)), K�Ø�� a1, · · · , an¥��êþ� 0.

y² ek�"�ê ai, ·�ò ai N�� 0, Ù{ n − 1�ê�'~���


, ¦�NÚE� n
2
, K�L�ª�Ø~. 5¿�dN�L§¥, �"�ê�ê

î�~�, Ïd�ª��¤k�êþ� 0. Úny.!

ÚÚÚnnn 2 �±Ø�� a1, · · · , an ¥Ø�3�� 4�üNf�, =Ø�3 i¦

� ai > ai+1 > ai+2 > ai+3½ö ai < ai+1 < ai+2 < ai+3, Ù¥�I� n n).

ÂvFÏ: 2019-06-27.
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y² eØ,, Ø�� a1 > a2 > a3 > a4, ò a2, a3N� �, Ù{CþØC,

�L�ªØ~. 5¿zN��g, �� 4üNf��êî�4~, Ïd�ª��

Ø�3�� 4üNf�. Úny.!

k
þ¡ü�Ún, ·�®²U���Ù/�x a1, · · · , an�(�
. Ún

2w�·�, zëY 4�ê�¥Ò�½¬k���ê, @oXJ·�rü���

�ê�m�ê (�)ùü��ê) À��|�{, z|Ò��Uk 3�, 4�½ö

5�ê, �üà�êÑ´ 0 (Ún 1).

�\©Û�±��, z|ê7,/X (0, a, 0), (0, a, b, 0), (0, a, b, c, 0) ��

(Ù¥���«�¹÷v b ≥ a, b ≥ c). �\�L�ª�±uy, |�|�m´

pØK��, Ïd·�'5z�|��Ò�±
. ù��u��� n = 2, 3, 4�

�¹, Ã¦´4��z{
¯K.

y3·�5ïÄz|g�é�L�ª��z. �Ä?¿�|, Pd|¥¤

kê�Ú� s.

éu1�«�¹, s = a, d|é�L�ª�z�

a2 = s2. (1)

éu1�«�¹, s = a + b, d|é�L�ª�z� ab|a − b|. eP

t = |a− b|, Kdu

ab |a− b| = s2 − t2

4
· t =

√
2t2(s2 − t2)(s2 − t2)

4
√

2
≤

√
(2s

2

3
)3

4
√

2
=

s3

6
√

3
, (2)

��=� 3(a− b)2 = (a+ b)2��Ò¤á, ��� s�½�, d|é�L�ª�

z���� s3

6
√
3
.

éu1n«�¹, Ù�z� a(b − a)c(b − c), ·���±¦Ù°(���,

�¯¢þ,

a(b− a)c(b− c) ≤ (a+ b− a)2

4
· (c+ b− c)2

4
=
b4

16
≤ s4

16
. (3)

d (1)9 (3)·�k

ÚÚÚnnn 3 �±Ø��Ø�3��� 5�|.

y² e�3��� 5�| (0, a, b, c, 0), ·�òÙN�� (0, s
2
, 0, s

2
, 0), Ù¥

s = a + b + c, K�L�ªØ~. 5¿dN�L§¥, ��� 5�|ê8î�~

�, Ïd�ª��Ø�3��� 5�|. Úny.!

y3·�ªu�±)û�¯K
. dþãÚn�, �� (a1, · · · , an)�©�

k���� 3 �|±9 l���� 4 �|, K 2k + 3l = n (z� 0 �
üg). d
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n´Ûê, á� l ≥ 1. 2P�|SêioÚ� s1, · · · , sk, t1, · · · , tl, K
k∑
i=1

si +
l∑

j=1

tj =
n∑
i=1

ai =
n

2
.

��L�ªØ�L

s21 · · · s2k
t31

6
√

3
· · · t3l

6
√

3
≤
(
s1 + · · · sk

k

)2k

·
(
t1 + · · · tl

l

)3l

·
(

1

6
√

3

)l
=

(
s1 + · · · sk

2k

)2k

·
(
t1 + · · · tl

3l

)3l

·
(

1

6
√

3

)l
· 22k33l

≤
(
s1 + · · · sk + t1 + · · · tl

2k + 3l

)2k+3l

·
(

1

6
√

3

)l
· 22k33l

=

(
3
√

3

16

)l

≤ 3
√

3

16
.

��Ø�ª�y. �

µ5 �K�'�=�ÏLN�ò a1, a2, · · · , an©�eZ����ÛÜ, l


¦¯KC�²K. ,	dy²L§ØJ��d~ê 3
√
3

16
��Z�, ~X���

�^�� (a1, a2, · · · , an) = (0, 3−
√
3

4
, 3+

√
3

4
, 0, 1, · · · , 0, 1).

~ 2 �½�ê n ≥ 2, ±9�¢ê a < b. �¢ê x1, x2, · · · , xn ∈ [a, b], ¦
x21
x2

+
x22
x3

+ · · ·+ x2n−1

xn
+ x2n

x1

x1 + x2 + · · ·+ xn−1 + xn
����.

(2016c¥IêÆc���)

©Û Äk·��±}Áß�Y: ØJß�, ±þL�ª�����,

z� xi ∈ {a, b}, � a, b A¦þ�OÑy. ÏdÄ��±ä½, � n �óê

�, (x1, · · · , xn) = (a, b, · · · , a, b)�����¶
 n�Ûê�, (x1, · · · , xn) =

(a, b, · · · , a, b, a) � (b, a, · · · , b, a, b)�������, 2�\O�B�±ßÑ�

Y. 
y²g´g,B´��{ÏLN�¦ (x1, · · · , xn) þã(�� .

y² P

λ(n) =


a2−ab+b2

ab
, e n�óê;

n−1
2

(
b2

a
+a2

b

)
+a

n+1
2
a+n−1

2
b
, e n�Ûê.

·��

(x1, · · · , xn) =

(a, b, · · · , a, b) , e n�óê;

(b, a, · · · , b, a, b) , e n�Ûê.
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=���¤¦���Ø�u λ(n).

ey

x21
x2

+
x22
x3

+ · · ·+
x2n−1
xn

+
x2n
x1
− λ(n) (x1 + x2 + · · ·+ xn−1 + xn) ≤ 0. (4)

ÚÚÚnnn 1 �±Ø�� xi ∈ {a, b},∀1 ≤ i ≤ n.

y² ò x2, · · · , xnÀ�~ê, K (4)ª�>�'u x1�¼ê

f(x1) =
x21
x2

+
x2n
x1
− λ(n)x1 + C,

Ù¥ C �~ê. éÙ¦����� f ′′(x1) = 2
x2

+ x2n
2x31

> 0, l
 f ′(x1)3«m

[a, b]þüNO, Ïd3 [a, b]þ�õ�k��":. l
 f(x)3«m [a, b]þü

NO½üN~½k~�O, ØØN�, Ù���Ñ3à:��. Ïd�ò x1 N

�à:. Ón��gò x2, · · · , xnþN�à:. Úny.!

dÚn 1, ·��I��Äk�«�¹, Ïd���| x1, · · · , xn ∈ {a, b},

¦� (4)ª�>��. � x1, · · · , xn¥km� a, n−m� b, ¿� (xi, xi+1)(1 ≤

i ≤ n, xn+1 = x1)¥k xé (a, b), yé (b, a), zé (a, a), w é (b, b). @o (4)ª

�>�±�¤

x · a
2

b
+ y · b

2

a
+ za+ wb− λ(n) (ma+ (n−m)b) .

·�F"?�Ú�÷ù
Cþ�m�'X. �
��5, ·�k�½ m�

�, =�½|¤ x1, x2, · · · , xn �“"�”, 
��Äù
"�N��¤·��S

�âU÷v���^�. ��Ä�Ñu:�: ����� a, b��A¦þõ. |

^ù�*:, ·�ïáXeÚn 2 :

ÚÚÚnnn 2 ¡÷v xi = xi+1 �é (xi, xi+1)�Ðé. K�õÑy�«Ðé, =

(a, a), (b, b)ØUÑÑy.

y² ò¤kÐéIPÑ5, ©O/þùÚ (�L (a, a) é)�7Ú (�L

(b, b)é). eü«Ðéþ�3, K7,k���ü�Ðé�ù�7. Ø��Ù¥

ùé� (x1, x2), 7é� (xt, xt+1), K x1, x2, · · · , xt, xt+1�©Ù�¹�

x1 = a, a, b, a, b, a, · · · , b, a, b, b = xt+1,

dd�� 2 - t. d�·����N�¦�“a, b��”�éCõ, N�Xe:

x′i =

xt+2−i, e2 ≤ i ≤ t

xi, ÄK

��uò x2� xtÄ��=�e, Ù{ØC. K�\O���, dN��mØC,
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x, y©OO\ 1, 
 z, w©O~� 1, l
 (4)ª�>�UCþ

∆ =
b2

a
+
a2

b
− a− b > 0,

ù�·���{gñ. Úny.!

Ún 2 `², XJ·�òù| x1, · · · , xn�3���±þ, ¿rëY�ã�

Ói1�ã¡���ÓÓÓaaaããã, @o�õk�«Óaã. ¡��Óaã´��444

���ÓÓÓaaaããã , ´�§�üà�i1Ñ�dãi1ØÓ.

ÚÚÚnnn 3 �±b��õ�k��4�Óaã.

y² y²��{´,XJkõu��4�Óaã,K�ÏLN�¦� (4)ª

�>Ø~, 
4�Óaã�ê~�. ekõu��4�Óaã, du§�dÓ

��i1|¤ (Ún 2), ·�Ø��d a|¤ (d b|¤��aq), 2Ø��

xn, x1´,�4�Óaã�"à,K�3 3 ≤ i < j ≤ n− 2¦� xn, x1, · · · , xj+1

�©ÙXe:

(xn =)a, (x1 =)a, b, a, b, a, · · · , b, a, b, (xi =)a, a, · · · , a, (xj =)a, (xj+1 =)b.

dþ�� 2 - i. y3���Úfâaq�N�:

x′i =

xj+1−i, e1 ≤ i ≤ j

xi, ÄK

=ò x1� xj Ä��=
Ù¦CþØC. �\O��� (4)ª�>¿ÃUC, �

dö�ò xi, xj �m�4�ÓaãÜ¿�
 x1¤3�4�Óaã�¥, l
¦

4�Óaã�ê~�. ÏdÚn 3 ¤á. Úny.!

dÚn 3, ·��±�� x1, · · · , xn ��ß(�: ,�ãþ�u,�i1,


Ù§� a, b�O. �d�K®Ã¢�JÝ, Ñ\O�B�y² (4)ª, d?l

Ñ. Ïd λ(n)=�¤¦���. �

µ5 3 (4)ªy²L§¥, 1�Úò xiN¤à:´~5�. 
�¡�N�

L§K^�
�Úó�g�, ¹ä|Ü��. �K�k��{'���{, �´

)ö@�þã�{��g,.

~ 3 ���ê n ≥ 3, n + 1�ê� {ak}÷v: a0 = 0, ai ≥ 0, 1 ≤ i ≤ n,

� ai−1+ai+1

2
≤ ai, 1 ≤ i ≤ n− 1. y²: �3~ê c, ¦�é?Û n±9÷v^�

�ê� {ak}, þk (
n∑
i=1

ai

)2

≥ 3n− c
4

n∑
i=1

a2i .
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©Û ¤�^�´��]ê�, ^��z� a1 ≥ a2 − a1 ≥ · · · ≥ an − an−1.

Ïd, eP ak = max{a1, · · · , an} (ekõ� ak ÷vd5�, K� k¦þ�), K

a1 ≤ · · · ≤ ak, ak ≥ · · · ≥ an. y3·��½

S1 =
k∑
i=1

ai, S2 =
n∑
i=k

ai

±9 ak ��, ¿�± ak = max{a1, · · · , an}ù�5�ØC, �Ä a1, · · · , ak−1±

9 ak+1, · · · , anA�XÛüÙ, âU¦
n∑
i=1

a2i ¦þ�. d`�Ø�ª�g�, 3Ú

�½�^�e, �¦²�Ú¦þ�, A¦��ê¦þ�, ��ê¦þ�. �Ó�

q�ÎÜ�K]ê��^�, Ïd·��±}Áò���/z8¤Xe�ü{:

ceZ��¤4O��ê�, ¥meZ�þ�u ak, 
�¡eZ�q�¤4~

��ê�.

y² ·�kØ\y²/�Ñü�]ê�5�, ù
5�þ�a']¼ê5

���.

ÚÚÚnnn 1 é?Û 1 ≤ i ≤ j ≤ n− 1, k

ai + aj ≥ ai−1 + aj+1.

ÚÚÚnnn 2 é?Û 0 ≤ i ≤ m ≤ j ≤ n, k

am ≥
(j −m)ai + (m− i)aj

j − i
.

� ak, S1, S2�½ÂÓ©Û. (ÜÚn 1, ÏL�éØJy²

kak ≥ S1 ≥
k + 1

2
ak, (n− k + 1)ak ≥ S2 ≥

n− k + 1

2
ak.

��������ê i(1 ≤ i ≤ k), ±9����ê j(k ≤ j ≤ n), ©O÷v

kak −
i− 1

2
ak ≤ S1,

n+ j + 1

2
ak − kak ≤ S2.

éu j ≤ n− 2��/. ·�-

bm =


K1m, 0 ≤ m ≤ i− 1;

ak, i ≤ m ≤ j;

K2(n−m), j + 1 ≤ m ≤ n.

Ù¥ K1 = S1−(k−i+1)ak
i(i−1)

2

, K2 = S2−(j−k+1)ak
(n−j)(n−j−1)

2

(é i = 1��/, - Ki = 0 ). d

i, j �À��±�y {bm}�(ÎÜK�^�, �k

k∑
i=1

bi =
k∑
i=1

ai,
n∑
i=k

bi =
n∑
i=k

ai, ak = max
1≤i≤n

{ai} = bk = max
1≤i≤n

{bi}.
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¿� 0 = b0 < · · · < bi−1 �¤��ê�, bi, · · · , bj �¤~ê�, 
 bj+1 > · · · >

bn = 0�¤4~��ê�.

e¡·�}Áy²
n∑
i=1

b2i ≥
n∑
i=1

a2i . 5¿� ak = bk, Ïd��©Oy²

k∑
i=1

b2i ≥
k∑
i=1

a2i ±9
n∑
i=k

b2i ≥
n∑
i=k

a2i

=�.

������ê l(1 ≤ l ≤ i − 1)¦� bl < al (eù�� lØ�3, K7k

am = bm, 1 ≤ m ≤ k ), e¡·�y²: bm < am,∀1 ≤ m ≤ l.

?� 1 ≤ m ≤ l, dÚn 2 �

am ≥
mal + (l −m)a0

l
=
mal
l
.

qd b0, b1, · · · , bl¤��ê�, ��

bm =
mbl + (l −m)b0

l
=
mbl
l
.

Ïdd al > bl�� am > bm,∀1 ≤ m ≤ l.

2d l ��5�, bm ≥ am, ∀l + 1 ≤ m ≤ k. ù�·�BíÑ: S�

{bk, bk−1, · · · , b1} `�S� {ak, ak−1, · · · , a1}. l
d Karamata Ø�ªá�
k∑
i=1

b2i ≥
k∑
i=1

a2i . Ón�,��Ø�ª. Ïd3 j ≤ n − 2 �, ·�¤õò

{a1, · · · , an} N�¤
¤Ï"�(�.

éu j = n − 1, n ��/, aqþ¡��{, �±òê� {am} N��

0 = b0 < · · · < bi−1¤��ê�, 
 bi = · · · = bn−1 ≥ bn��/. Ïd·��I

éùü«AÏ�/y²(Ø=�. ·��±y², ùü«�/eþk(
n∑
i=1

ai

)2

−
3n− 3n

2n−1

4

n∑
i=1

a2i ≥ 0. (5)

TØ�ª�y²A�´XO�¯K
, �·���±��
{z, ~X

·��±ò1�«�¹2z8� a0, · · · , ai−1, ai ¤��ê�, ai = · · · = aj,

aj, aj+1, · · · , an�¤��ê���/.

äN�{Xe: � i ≥ 2�, é t ∈
[
i−1
i

ai
ai−1

, ai
ai−1

]
, ·�-

a′m =

tam, 0 ≤ m ≤ i− 1;

am, i ≤ m ≤ n.

��uòc¡��ê�Ü©��ÇUC, 
Ù{�ØÄ. d t��� {a′m}�

ÎÜK�^�, �ò a′m(1 ≤ m ≤ n)�\ (5)ª, �>�'u t �m��e�

g¼ê. 5¿��y=� t = 1éA�Ø�ª, 
dm��e�g¼ê5�,
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·��I�y²ü�à:¤éA�Ø�ª, = a0, a1, · · · , ai ¤��ê�, ½

ai−1 = ai ��/=�. 
ùü«�/��þ´���, ¿�·��±é,�>

��Ó�N�, ÏdB�¤
z8. aq/, ·��±é��«�/��A�{

z.

�¤þã{z�, �¯K®Ã¢�JÝ, ²O��� (5)�(¤á, Ïd�

K¥- c = 3=�. �

µ5 �KN��ªÄu`�Ø�ª�g�, �,y²L§ÑwE,, �o

Ng´�´���ßg,�, /Ïã��U¬�·�����n)�K¤^N

��ÄÅ, ±9��N��L§. ,	, �KN��{¿Ø��, Öö��±}

Á|^Ù§N��{)û�K.

�e5�ü�¯K¿vk��^�N�{, 
´ÏLØ�ª��^��½

ÑA½(�, l
��u�
“N�”.

~ 4 �½��ê n > 1±9�¢ê x1, · · · , xn, ÷v x1 + · · ·+ xn = n− 1.

y²: ∑
1≤i<j≤n

(1− xi)(1− xj)
xixj

≥ n

2n− 2
.

(Ág5Problems from the Book6)

©Û ÏLð�C/��, �Ø�ª�du(
n∑
i=1

1

xi
− (n− 1)

)2

−
n∑
i=1

1

x2i
≥ n

n− 1
− (n− 1). (6)

y3·��½

a =
n∑
i=1

1

xi

��, 5�Ä3d��^�e, ¦ a �������^�kÛ5�. ·�ÏLÛ

ÜØ�ª��^�5y²: Ù¥k n− 1�Cþ��.

y² � a ½ÂÓ©Û, Kd�ÜØ�ªØJ�� a ≥ n2

n−1 . ?� i ∈

{1, 2, · · · , n}, K·�k∑
j 6=i

xj = n− 1− xi,
∑
j 6=i

1

xj
= a− 1

xi
.

l
d�ÜØ�ª, ·���

(n− 1− xi)
(
a− 1

xi

)
=
∑
j 6=i

xj
∑
j 6=i

1

xj
≥ (n− 1)2,∀1 ≤ i ≤ n.
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±þØ�ª�±)� xi ∈ [α, β], Ù¥ 0 < α ≤ β �'u x��§

n− 1

x
+ ax = (n− 1)a− n2 + 2n (7)

�ü�¢�. y3, ·�kÛÜØ�ª

(xi − α)
(
xi − n−1−α

n−1

)2
x2i

≥ 0,

Ðm�

xi − λ1 −
λ2
xi
− λ3
x2i
≥ 0,

Ù¥ λi(i = 1, 2, 3)þd a(½, � λ3 > 0. ÏdéþãØ�ªl i = 1� n¦Ú

=�,
n∑
i=1

1

x2i
≤

n∑
i=1

xi − λ1 − λ2
xi

λ3
= F (a).

Ù¥ F ´��=� ak'�¼ê, ù�·�Ò�K
 x1, · · · , xn. 2�ÄUÄ�

�: ¯¢þ�� x1 = · · · = xn−1 = n−1−α
n−1 , xn = α, K|^ (7)��

n∑
i=1

1

xi
=

(n− 1)2

n− 1− α
+

1

α
=

(n2 − 2n)α + n− 1

(n− 1− α)α
= a,

�±þ�ÛÜØ�ªþ¤á�Ò.

Ïd·�`²
e�½
n∑
i=1

1
xi
��, K

n∑
i=1

1
x2i
�����7k n − 1�Cþ

��. �·��I�éù«AÏ�¹y²�Ø�ª (6)=�.

- x1 = · · · = xn−1 = t, xn = (n− 1)(1− t)(t < 1). �\Ø�ª (6), Ù�à

� (
n− 1

t
+

1

(n− 1)(1− t)
− (n− 1)

)2

− n− 1

t2
− 1

(n− 1)2(1− t)2
.

²O��þª ≥ n
n−1 − (n− 1) ⇐⇒ (1− t)(t− n−1

n
)2 ≥ 0, w,¤á. Ïd�Ø

�ª�y. �

µ5 �KÏL�½Xê�ÛÜØ�ª��^��½Ñ��^��A½(

�, Ã/¥éCþ?1
N�. ��5¿�´, �·���

n∑
i=1

1
x2i
≤ F (a)�,

·�¿vkòÙ���£�Ø�ª, 
´|^�
Ø¦�g�, aÑ�5�Û

¡, =
�)û����, ���g,��/. ù«g�3e¡�~f¥�¬Ñ

y, ¿�|^aq�K��{, ·��±)ûXe¯K:

g�K 1 ®��3�|�¢ê x1, x2, · · · , xk ÷vØ�ª|x
2
1 + x22 + · · ·+ x2k <

1
2

(x1 + x2 + · · ·+ xk)

x1 + x2 + · · ·+ xk <
1
2

(x31 + x32 + · · ·+ x3k)

9 êÆ#(�



Á¦÷vþã^����ê k���.

(2007c¥II[è�ÔK)

g�K 2 � a1, a2, · · · , an, x1, x2, · · · , xn� 2n��¢ê, �÷v∑
1≤i<j≤n

xixj =

(
n

2

)
.

Áy²:

n∑
i=1

 ai∑
j 6=i

aj

∑
j 6=i

xj

 ≥ n.

(Ág5Problems from the Book6)

~ 5 ¦��~ê C, ¦�é?Û��ê n±9�K¢ê x1, x2, · · · , xnÑk(
n∑
i=1

ixi

)(
n∑
i=1

x2i

)
≥ C

(
n∑
i=1

xi

)3

.

(Ág5Problems from the Book6)

©Û ÄkdüSØ�ª��, ·��I��Ä x1 ≥ x2 ≥ · · · ≥ xn �

�/. d�, ·�Áãò���/z8¤XeAÏ�/: é,� 1 ≤ l ≤ n,

x1 > x2 > · · · > xl > 0¤4~��ê�, 
 xl+1 = · · · = xn = 0 (l�¡�L§

�±wÑù«/ª´XÛß��).

��g,/�{´: �½þãL�ª¥ü��gª��, ò�K=z�^

�4�¯K. äN/, ·��
n∑
i=1

xi = a,

n∑
i=1

ixi = b.

Ù¥ a, b�~ê, �dS'X±9�'ÈÅØ�ª�, ·��±b� 0 < a ≤

b ≤ n+1
2
a. e¡5¦ c =

n∑
i=1

x2i ����. éuùa^�4�¯K, ·��±/Ï

.�KF¦ê{�g�, À��½ëê λ1, λ2, �Ä

c+ λ1a+ λ2b =
n∑
i=1

(
x2i + (λ1 + iλ2)xi

)
,

K�Iéþª3 xi ≥ 0^�e¦ÛÜ���, l
�Ñ�A��^��(�.

���I�`²�3·�� λ1, λ2 ÷v±þ��^�(¢�±��, B�¤


z8.

y² ±ePÒÓ©Û. é?Û λ1, λ2 > 0, P l��u λ2 
Ø�u n��
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��ê, K·�k

λ1x
2
i + (i− λ2)xi ≥

−
(i−λ2)2

4λ1
, e i ≤ l;

0, e i > l.

¦Ú��

λ1c+ b− λ2a =
n∑
i=1

(
λ1x

2
i + (i− λ2)xi

)
≥

l∑
i=1

(
−(i− λ2)2

4λ1

)
,

���^��

xi =


λ2−i
2λ1

, e 1 ≤ i ≤ l;

0, e i > l.

e��þãØ�ªU��, λ1, λ2I�÷v
l∑

i=1

λ2−i
2λ1

= a

l∑
i=1

iλ2−i2
2λ1

= b

,

)� λ1 = l(l−1)(l+1)
12((l+1)a−2b)

λ2 = (l+1)((2l+1)a−3b)
3((l+1)a−2b)

. (8)

ù��I�÷v λ1 > 0, λ2 > 0, � l��u λ2 �Ø�L n����êù�^

�. �\O���, ���

l =

d
3b
a
e − 2, e b ≤ n+1

3
a;

n, e n+1
3
a < b ≤ n+1

2
a.

B��y±þ^�þ¤á. Ïd, éþã l, - λ1, λ2÷v (8)ª, K±þz�Ø

�ªþ���. ù�·�`²
: 3ü��gª
n∑
i=1

xi,
n∑
i=1

ixi ���½�^�

e,
n∑
i=1

x2i 3 x1, · · · , xl ¤��ê�, 
 xl+1 = · · · = xn = 0��¹e����.

Ïd·��Iéù«AÏ�¹)û�¯K=�.

=I�Ä l > 1��/. � xi = r(i− 1) + s(l − i), 1 ≤ i ≤ l, Ù¥ r, s > 0.

2- t = r
r+s
∈ (0, 1), K±þØ�ª�du

2(l + 1)

9l(l − 1)
·
(
(2l + 2)t3 − 3t+ 2l − 1

)
≥ 4

9
.

¦��þª�>'u t����

4(l + 1)
(
l − 1

2
− 1√

2l+2

)
9l(l − 1)

>
4

9
,

11 êÆ#(�



�- l→∞� 4
9
Ø�U?. Ïd¤¦ C ����� 4

9
. �

µ5 �K�Ä�Ñu:´�½ü��{ü��gª, l
ò¯Kz�^�

4�¯K, 2/Ï.�KF¦ê{g�À��½Xê� , ±����^��

(� ()¿mK�A¦þ;m��¦^.�KF¦ê{). ��5¿�´, XJ

��y² C = 4
9
��(5, ==|^c�Ü©�� =�, 
þã�{���

x
��^��(�, Ïd$��±�Ñé�½� n��Z� (�y²L§).

,	, �K½�^È©?n.

��, ·�Þ��A^Ã�N�{�~f.

~ 6 �½��ê n ≥ 3, ±9 n��¢ê a1, a2, · · · , an. -

An =
1

n

n∑
i=1

ai, Gn = n
√
a1a2 · · · an, Hn =

n
n∑
i=1

1
ai

, Qn =

√√√√ 1

n

n∑
i=1

a2i .

y²:

Qn ·Hn ≤
(n− 1)

3n−4
2n

√
n2 − 3n+ 3

An ·Gn.

©Û ·�E,Áãò�Ø�ªz8¤k n− 1�Cþ����/. ·��

Ñu:´Xen�é¡Ø�ª¥�­�(Ø:

ÚÚÚnnn ��¢ê a, b, c ÷v a + b + c = p, abc = r, Ù¥ p, r �½�. K

q = ab+ bc+ ca����3 a, b, c¥���ü�ê��.

ùp·��J�eÚn�y²g´. 1���{´|^¼êã�: y1 =

x3 − px2 − r� y2 = −qxAk 3�î�I�u 0��:, y3�¦ q¦þ�, @

o y2 A´ y1���, l
(Üã���(Ø¤á.
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,���{´ò a2 + b2 + c2� a3 + b3 + c3^ p, q, rL«Ñ5, 2Ó~ 4�

��EÛÜØ�ª. äNL§ùpÒØKã
.

y² ·�½Â L−ööö���Xe: é?Ûn��¢ê 0 < a ≤ b ≤ c, ¡

(a, b, c)→ (a′, b′, c′)��g L−ö�, Ù¥ (a′, b′, c′)´÷v
a′ + b′ + c′ = a+ b+ c

a′b′c′ = abc

0 < a′ ≤ b′ ≤ c′

�¦ a′b′ + b′c′ + c′a′���n�ê|. KdþãÚn9Ùy²L§��, 7k

a ≤ a′ = b′ ≤ c ≤ c′. (?)

y3, ·��½ a1, a2, · · · , an ¥ n − 3�Cþ, 
é{en�Cþ� L−ö

�, Kzö��g An, GnþØC, 
 Hn, QnþØO. �J�´, =³ L−ö�¿

ØU��z8� a1, a2, · · · , an ¥k n − 1�Cþ����/, �·��±��

�´, ÏLéõgù�� L−ö�, ¦� a1, a2, · · · , anÃ�%Cù«�/.

Ø�� a1 ≤ a2 ≤ · · · ≤ an, P (a1, · · · , an) = (a
(0)
1 , · · · , a(0)n ). ·��g?

1Xeö� : é?Û k ≥ 0, �·�k a
(k)
1 ≤ · · · ≤ a

(k)
n , �½ a

(k)
2 , · · · , a(k)n−2, é

a
(k)
1 , a

(k)
n−1, a

(k)
n � L−ö�, 2é¤� n�ê­#üS�� a

(k+1)
1 ≤ · · · ≤ a

(k+1)
n .

·�5y²:

lim
k→∞

∣∣∣a(k)n−1 − a(k)1

∣∣∣ = 0. (9)

d (?)·���, a
(0)
1 ≤ a

(1)
1 ≤ · · ·±9 a

(0)
n ≤ a

(1)
n ≤ · · · , qùü�ê�þ

k., Ïd4�þ�3, ©OP� x � y. Ké ∀ε > 0, �3 N , ¦�é?Û

m ≥ N , þk

x− ε < a
(m)
1 ≤ x, y − ε < a(m)

n ≤ y.

Ké?Ûm ≥ N , �Ä L−ö� (a
(m)
1 , a

(m)
n−1, a

(m)
n )→ (t, t, a

(m+1)
n ), Ka

(m)
1 + a

(m)
n−1 + a

(m)
n = 2t+ a

(m+1)
n

a
(m)
1 a

(m)
n−1a

(m)
n = t2a

(m+1)
n

.

5¿� y − ε < a
(m)
n ≤ a

(m+1)
n ≤ y, Ïd·�k

∣∣∣a(m)
1 + a

(m)
n−1 − 2t

∣∣∣ =
∣∣∣a(m+1)
n − a(m)

n

∣∣∣ < ε

a
(m)
1 a

(m)
n−1 = t2 a

(m+1)
n

a
(m)
n

≥ t2
.
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l
d
∣∣∣a(m)

1 − a(m)
n−1

∣∣∣2 =
(
a
(m)
1 + a

(m)
n−1

)2
− 4a

(m)
1 a

(m)
n−1 ≤ (2t+ ε)2 − 4t2�∣∣∣a(m)

1 − a(m)
n−1

∣∣∣2 ≤ ε2 + 4tε ≤ ε2 + 4yε,∀m ≥ N.

d ε�?¿5, ·�Òy²
 (9). ¿�ddá=��

lim
k→∞

(a
(k)
1 , · · · , a(k)n ) = (x, x, · · · , x, y).

y3, �Ä¼ê

F (a1, a2, · · · , an) =
An ·Gn

Hn ·Qn

,

K·���

F (a1, · · · , an) = F (a
(0)
1 , · · · , a(0)n ) ≤ F (a

(1)
1 , · · · , a(1)n ) ≤ · · ·

qw,k F ëY, Ïd

F (a1, · · · , an) ≤ lim
k→∞

F (a
(k)
1 , · · · , a(k)n ) = F ( lim

k→∞
(a

(k)
1 , · · · , a(k)n )) = F (x, x, · · · , x, y).

ù�·�Ò¤õò¯Kz8� n− 1�Cþ����/.

��, éù«AÏ�/, ·��� a1 = · · · = an−1 = 1, an = t ≥ 1, K

F (a1, · · · , an) = f(t) =
n

3
2

√
n− 1 + t2(

n− 1 + 1
t

)
(n− 1 + t) n

√
t
.

¦��

f ′(t) =

√
n(n− 1)(t+ 1)(t− 1)2 ((n− 1)2 − t)

t2+
1
n

(
n− 1 + 1

t

)2
(n− 1 + t)2

√
n− 1 + t2

,

Ïd

max
t≥1
{f(t)} = f

(
(n− 1)2

)
=

(n− 1)
3n−4
2n

√
n2 − 3n+ 3

.

�Ø�ª�y. �

µ5 �K�y²lÛÜÑu, é? 3�Cþ�ÛÜ©Û, 2A^��N. �

,, k�gN�¿ØU�y��·�¤Ï"�(�, Ïd·�æ^4��g�,

ÏLN�Øä%C�ª�n�(�, 2|^�
ëY5�4�©Û, B���

N��8�.

oµ N�{ØAÛ�u,A«A½/ª�N�, 
AÀ��«Ïé(�5

��g�. ù«�xÛÜ(�, �N(�, $�´Ä�(��g�, 3êÆ¿m

�Nõ�¡Ñk­�A^. �©¤Þ�A�~f, �´ù����{ÏL�«

E|¼�(�5�, l
{z¯K. ��, N�{�Ûg©�, ý��©««A

~B��¦, �IÖögCõõa×�&Ï.
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